Lectures 9, 10 and 11: More on WKB

1 TIllustration of matching in a turning point problem
Let y(z) satisfy the linear homogeneous equation:
e’y"(z) — U(z)y(z) = 0 (1)

in the interval (a1, a2) where U(0) = 0, U'(0) > 0, U(z) > 0 for z € (0,a2] and U(z) < 0 for
z € [a1,0). We seek asymptotic solution, which for € << 1 has the asymptotic behavior

y(z) ~ AU Y4 exp [—% /Oz U1/2(s)ds] [1+4 o(1)] (2)

for z >> €2/3.
Now, consider z = O(€?/3). We introduce rescaled variables:

z =P O] P 5 y(a(t) =v()

to obtain
¢II _ t’(b — —62/3[UI(O)]_4/3t2h(62/3t)’¢

where h is defined by U(z) = az+zh(z). As shown before, for t € [-M, M]for M << €2/5¢2/3,
P(t) ~ o(t) = C1Ai(t) + C2Bi(t) 3)

In the regime €2/3 << z << €2/5, both (2) and (3) are valid (after transforming ¢ to x) and
hence must match. To the leading order, note that

1 T . 9 3/2
€ / UY3(s)ds ~ [U'(0)]"/2 5o + o(1)
€ Jo 3e
Hence, (2) in this regime reduces to
2 .'L'3/2
y(a) ~ A[U"(0)] 7 1a™* exp —g[U'(O)]m— [1+ o(1)] (4)
€

On the otherhand, from the known asymptotics for ¢ — +o00, it follows that in the regime
L<<t<<e 2325 .
Ai(t) ~ ———t M5t
®) 2ym

Bi(t) ~ —_t—1/4¢3t"

2y

Therefore, (3) matches to (4) when

O
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On the otherhand, since for t — —o0, it is known that

i) ~ (-0 sin (32 + )

NG 4
Therefore, in the regime 1 << t << e 2/3¢2/5
C _ . (2 ™
9(0) ~ S0 Wsin (507 + ) o)

On the otherhand, in the regime z € [a1,0) for |z| >> €2/3, we know

A~

0 0
o) ~ Col-U@) Hexp |- [ U] + Cu-U@) e i [ UG
Alternately, there exists constants C3, Cy related to C'g and C, so that

y(z) ~ C3(=U(z))~*sin [/:[—U(s)]l/zds + g] + Cy(=U(z))" 4 cos [/:[—U(s)]l/zds + g]

(6)
For €2/3 << —x << €*/5, the expression above has the following asymptotic behavior for € — 0:
g

2
y(.'l:') ~ C3[U’(O)]—1/4(_$)—1/4 sin |:§[UI(0)]1/2(_$)3/2 4 %:|
2
+ C4[U’(0)]_1/4(—x)—1/4 cos |:§[UI(0)]1/2(—:L')3/2 n %] (7)
Taking into account expression for ¢ in terms of x, The expressions (5) and (7) match when
C
G e = S ana 040

This means that constants in the two different outer regions z >> €2/3, and —z >> €2/3 can be
connected. These relations are called connection relation. The constant C3, Cy appearing in (6)
is related to constant A in (2) through (2) and (6):

203 =A and Cy4 =0

which follows from matching solution to inner region solution. There is only one arbitrary con-
stant A in this problem, as we ruled out the growing exponential solution exp [ [; U~'/2(s)ds] U~'/4[1+

o(1)] to (1)

2 Eigenvalue problem to Schroedinger Equation

As an example, we can determine the Energy levels (E) of a particle bound by a potential
V(x) for time-stationary Schroedinger equation in 1 dimension. This corresponds to finding
eigenvalues E of the Schroedinger operator

Sy:=¢y" -V()y=Ey in R (8)



where € is a parameter propertional to Planck’s constant and V(z) — 400 as x = +oo. V()
physically means the bounding potential of the particle. We look for a non zero solution y(z) to
(1), with the property that y — 0 as £ — £oo. This corresponds to requiring zero probability
of particle being outside the potential well. This is a natural requirement for infinitely deep
potential well. We will assume V' € C°(—00,00) and that V'(z) > 0 for any z. If we substitute
U(z) = V(z) — E, then the equation above transforms into (2). We will take £ = 0 to coincide
with the point where V' is a minimum. We will restrict to values of E for which E > V(0), since
otherwise, there can be no non-zero solutions to (8) with desired property y — 0 as z — o0,
as can be checked from WKB solutions.

Define a and b to be the two points where U = V() — E = 0. From given conditions U(z) > 0
for z € (b,00), U < 0 for z € (a,b) and U > 0 for z € (—o0,a). There are three distinct outer
regions, call it regions I, IT and III, characterized by = € [b+ Ke?/3,00), z € [a+ Ke?/3,b— Ke*/3
and z € (—00,a — Ke2/3) for some large enough constant K.

The compliment of these regions in R are the inner regions, where formal WKB solutions are
invalid.

In the outer region I,

) = Arexp | [ V/TEs| U@+ o(1)]

From what has been discussed in the last section, this particular solution has the following
asymptotic behavior in outer region II,

b
(&) = S AI(=U ()4 sin l [ U@ s+ 5| i+ ol ©)

This can be written in an alternate manner, which is suitable for matching to solution in region
III.

y(z) = —%AI(—U(%))_I/4 sin [/az[—U(s)]1/2ds + % — 0] [1+ 0(1)] (10)
where .
6 =/a UGN 2ds + 5 (1)
On the otherhand, in region III,
) = Anrexp |- [ 0] D@1+ o) (12

Corresponding to this solution, the solution in region II, that matches with a common inner
solution in z € [a — Ke?/3,a + Ke?/?] is given by (Exercise, left to the reader)

o) = SAml-U@I ™ sin | [ U@ s+ 5] 11+ o) (13)

In order for (13) and (10) to match, we must require either

Ar=—-Arr,0 =2nw + 0(1), or Ar = A, 0= (27’L + 1)71’ + 0(1)



Thus, in all cases, we have the requirement
0 = nmw + o(e)

for some positive integer n (since 6 is evidently positive). This implies

/ab\/mdxz (n—%>w+o(e)

This is the quantization condition that energy E must satisfy. Note that a and b do depend
on E. For example, suppose V(z) = ax? (harmonic oscillator potential). Then a = —\/g and

b= \/g Then,
/:\/mdm:/

—a-1/2\/E

a~1/2VE

1
1
VE — ar?dr = ofl/QE/ V1—y2dy = (n— 5)71’ +o0(1)
-1
Hence, using fil V1 —y2dy = %, we obtain eigenvalues E in the more explicit form:

1
E=2(n- 5)041/2 +o(1)

Similar expressions can be obtained for a more general V(z) in the asymptotic limit n — oo,
when E >> 1 to give us the Bohr quantization condition.



Remark 1 The WKB result
1 /% .,
y=U"Y*exp [i—/ Ul/z(s)ds] [1+4 o(1)]
€
is equally valid for independent solutions to

ey" — (U(z;€) + €'r(z;€))y(z) =0

when U (x;€) and r(x; €) are continous in € in a neighborhood of € = 0. The proof of this statement
is very similar to what we have seen without r(x).

Remark 2 WKB type asymptotics can be applied to certain other equations of the form
Ey" +a(z;e)y’ + V(z;e)y =0

when V(z,€) = U(x) as e — 0. First, we note that Liouville’s transformation

@) =exp |50 [ alsias| +(2)

Then z(z,€) satisfies a second order differential equation without a z' term appearing in the
equation. In this form, the analysis is similar to (1).

3 Asymptotics of solution to Inhomogeneous Equation

The WKB method can also be employed to determine asymptotics of solution to inhomogeneous
equation as well. Consider solving for y(x) satisfying
ey" —U(z)y(x) + R(x) =0 for z € R, y(£oo) =0 (14)

with U(x) > 0, with U(z) >> 272 as || = oo. Consider two independent solutions y1, y2 to
the associated homogenous equation whose asymptotic behavior for € << 1 is given by

(a0 = 0] e | -1 [ W ds| L+ o) (15)
(o) =[0G exp |- [0 2ds| 1+ o(0) (16)

Then, from variation of parameter formula, one particular solution has behavior
v@) = (@) [ nle) s (o) [ (o) s (7)

where the Wronskian W(s) = y1v5 — yay = % in our case. Using asymptotics of v, y2, and
defining H(z) = [“[U(s)]'/2ds, we obtain

—1/4 T
vo) ~ T D [ v e R e |- 2 @) - ()|

R(x)

U) + O(e) (18)

Sy
P [ gy e [ Lpsre) - e as ~



where we employed asymptotics of integrals. Now, if we require y(x,€) not to have exponential
growth at & = %00, then the solution given in (18) is the only one with that property since a
nonzero linear combination Cy; + Cay2 grows at either £ = +00 and/or £ = —oo exponentially.
The result in this case can be anticipated directly from (14), if it were true that e2y" << y(z).

4 WKB for higher order differential equations:

Application of WKB methods are not limited merely to second order differential equations.
Consider for instance,
"y —U(z)y(z) =0

As before, we may apply the ansatz y(z) = e*(*)/¢. Then the equation for w(z, €) is formally of

the form: )
w'™ + 7n(n2— )ew'n_Qw” +0(e) =U(x)

To the leading order, we expect w ~ wq, where
wo(z) = wj /E[U(s)]l/"ds where w} =1, forj=1,..n
If we substitute w = wg + €4,
enwl” '8 = —%n(n — 1) (wp)"2ewy + O(€?)
So, formally, to the leading order

n—1

0=- 2n

log U

This gives rise to n independent solutions:

o)~ exp |y [ U as| w2+ o)

for j =1,2,..n. This result can be rigorously using the methods similar to n = 2.



