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ABSTRACT. Using equal arc-length vortex sheet formulation, we prove global
existence of solutions in a two phase Hele-Shaw flow with surface tension for
near-circular sufficiently smooth initial interface shape. Further, the circular
bubble is shown to be asymptotically stable to all sufficiently smooth initial
perturbation.

1. INTRODUCTION.

The displacement of a more viscous fluid by a less viscous one in a Hele-Shaw
cell has been a problem of considerable physical as well as mathematical interest.
Over the years, many reviews have appeared from a range of perspectives (Saffman
[32], Bensimon et al. [7], Homsy [17], Pelce [27], Kessler et al. [24], Tanveer [34],
[35]; Hohlov [16], Howison [21], [22]).

There is a vast literature on the zero surface tension problem though the initial
value problem in this case is ill-posed [20], [14] and not always physically relevant
[See [35] for detailed discussion of this issue]. With surface tension, there are
rigorous local existence results for general initial conditions both for one and two
phase problems [10], [12] using different approaches. It is recognized that the global
existence problem with surface tension for arbitrary initial shape is a difficult open
problem, though there is quite a substantial literature involving formal asymptotic
and numerical computations (see cited reviews above). Even the restricted problem
of stability of steadily propagating shapes such as a semi-infinite finger [37], [38] or
a finite translating bubble [38] for nonzero surface tension remains an open problem
for rigorous analysis. Translation causes complications in global analysis due to a
less viscous fluid displacing a more viscous fluid — a planar front is known to be
unstable [31] in this case.

There are however some global existence and nonlinear stability results [9], [15]
for one-phase and two phase Hele-Shaw for near circular initial shapes in the ab-
sence of any forcing such as fluid injection or pressure gradient. These have been
generalized to non-Newtonian one phase fluids [11]. There are similar results avail-
able for the two phase Stefan problem [13], [29], which is mathematically close
to but distinct from the two-phase Hele-Shaw (also called Muskat problem) being
studied here.
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The unforced two-phase Hele-Shaw problem is described mathematically as fol-
lows: let Q(t) C R? be a simply connected bounded domain occupied by fluid with
viscosity po at time ¢, while a different fluid of viscosity w1 occupies the exterior
region R? \ Q. We define functions ¢; and ¢2, outside and inside € such that

A¢p; = 0inR?\Q,
A(bg = OinQ,

with ¢1 — constant, as (z,y) — 0.
On the free boundary 9€Q(t) between two fluids, we require two conditions:

H1P1 — H2P2 = OK,
Opr  O¢a

= 45 = Un,

on on
o is the coefficient of surface tension, n is the inward unit normal vector on 9€Q(t),
and v, is the normal velocity of the interface.

For the problem defined above, global existence for near-circular and analytic
initial shape 9Q(0) has been established by Constantin & Pugh [9] for ps = 0,
i.e. the one-phase problem. They also showed that the circle is asymptotically
stable to sufficiently small analytic disturbances. More recently Friedman & Tao
[15] proved the similar result for the two-phase Hele-Shaw problem in the exterior
of a small circle. While they allow initial shapes to be non-analytic, they are highly
constrained.

In the present paper, we extend the Friedman & Tao [15] results to more general
non-analytic initial conditions though in the absence of any walls. Our methodology
is also different and uses a boundary integral formulation due to Hou et al [18]. This
formulation has been widely used for numerical calculations for a wide variety of
free boundary problems involving Laplace’s equation. Ambrose [3] has recently
used this formulation to prove local existence for the Hele-Shaw flow of general
initial shapes [3] without surface tension. Given the wide use of boundary integral
methods in computations, one motivation for the present paper is to further develop
the mathematical machinery associated with this method so as to be applicable to
more general existence problems. Indeed, in another paper [40], we use some lemmas
proved here for global existence results for the much more difficult problem of a
translating bubble in a Hele-Shaw channel in the presence of a pressure gradient
for any nonzero surface tension.

Adapting the equal arc-length vortex sheet formulation of Hou et al [18] to the
present geometry, the boundary curve between the two fluids of differing viscosities
is described parametrically at any time ¢t by z = z(a, t) +iy(«, t), where « is chosen
so that z(a+27,t) = z(«a,t). 0 is defined so that a6 for the angle formed between
the tangent to the curve and the horizontal (z-axis), as the boundary is traversed
counter-clockwise with increasing a. Hou, Lowengrub and Shelley in [19] observed
that a choice! of the tangent velocity 7' is possible so that s, becomes independent
of a. Here s denotes arc-length. They also observed that this choice simplifies the
evolution equation for 6.

It is convenient to introduce the map ® : R? — C by ®(a,b) = a + ib. Then the
velocity W (see [18]) generated by a vortex sheet of strength v(a) on the boundary

1 This choice or any other choice of tangential speed of points on the interface has no effect on
the interface shape itself.
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is given by the Birkhoff-Rott integral which has the complex representation:

o

2 /
(1.1) [B(W)]* = LPv/0 )7(_70‘)@/.

i z(a) — z(a)
The unit tangent and normal vectors to the curve clearly satisfy

M2y 2Mi2y
D(t) = 7 ®(n) = 7

The normal velocity U(a,t) of the curve is given by
(1.2) U(a,t) =W -n.

It is known [18] that the equations for the evolution of a Hele-Shaw interface in
the infinite domain with surface tension is equivalent to the following equations:

O, t) = %Ua(a,t) + %T(Ox,t}(l + 0a (e, 1)),
(Al) 2
Li(t) = —/O (1 + 0ol 1) U(a, t)dey,

with
(A.2)

L 27
)= —ZAW-t+ 200,
'Y(Oé, ) T 13 + LU

T(a,t)_/oa (1+9a/(a’,t))U(a’,t)da’—%/0 ﬁ(l—l—@a(a,t))U(a,t)da,

where
L
b=
M1+ 2
The initial condition is given by
(1.3) 0(a,0) = Op(a), L(0) = 2.

In order that z, = 2 exp [icw + i6], the specified 6y () must satisfy the consistency
condition

2m
(1.4) /0 exp [ia + i0p ()] dow = 0.

Definition 1.1. Let s > 0. The Sobolev space H*(T[0,2n]) is the set of all 27-
periodic function f =% " f(k)e'* e such that

I£lls = | D RIZIFR)2 + 1FO) < oo
k=—oc0
Note 1.2. For f,g € H* (T[0,27]), the Banach Algebra property || fgl|ls < Csll flsllglls
for s > 1 for some constant Cs depending on s is easily proved and will be useful
in the sequel.
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Definition 1.3. The Hilbert transform, H, of a function f € H°(T[0,2n]) with
Fourier Series f =Y. f(k)e'*® is given by

1 m 1
Hfl(a) = %PV f(a’) cot 5(04 —a')dd’
0
= Y —isgn(k)f(k)e.
k#£0

Note 1.4. The Hilbert transform commutes with differentiation. We will denote
derivative with respect to a, either by D or subscript a. Also, for the sake of brevity
of notation, the time t dependence will often be omitted, except where this might
cause confusion.

Definition 1.5. We define the operator A to be one derivative followed by the
Hilbert transform: A = HD.

Note 1.6. It is clear that

(/O% (12 +fAf)da)1/2

is equivalent to H/? (']T[O, 271']) norm for a real-valued 2m-periodic function f. Fur-
. . 1/2

ther, if f(0) = 0, then it is easily seen that ( 02 fAfda) = || flli/2- Note that

operator A is self-adjoint in H'/*(T[0, 27]).

Definition 1.7. Following Ambrose [3], we define commutator

(H, flg =H(fg) — fH(9g).

The linear integral operator K[z|, depending on z, is also defined by

1 a—+m 1 1 1
K = ! — t = (o — )| de.

(K[2]f) (@) o ~/af7r fe) [z(a) ") (o)) co 2(a )| da
Remark. For 2m-periodic functions f and z, it is clear that the upper and lower

limits of the integral above can be replaced by a and a+ 27 respectively for arbitrary

a. Further, in terms of the operators {’H, ZL} and IC, we may express W in the

following form (see [1]):

(1.5) [@(W)]" = i {’H ! ] v+ ! Hy + K[z]y.

y -
Za 2124

Definition 1.8. A complex operator G|z], depending on z, is defined by

1
(1.6) Glz]y = za {7—[, Z—} v+ 2iz.K[z]7.
It is also convenient to define a related real operator F|z], depending on z, so that

(1.7)  FlzJy =Re (Z“—(_Q)PV /02# %dd) = Re (%Q[zh).

i ) —z(a)
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From the expressions for U and W - t, it follows that

(18) U= FHb + 7 Re(Gl]).

(1.9) Wt = %}'[2]7.
Definition 1.9. We introduce the projection operator Q1 so that
[Q1/](a) = f(a) = f(0) = f(1)e"* = f(=1)e™,

where f =37 f(k)e™ . In general, > symbol will be reserved for Fourier compo-

nents. Further, we will denote 0 = Q40.

Definition 1.10. We define H® as the subspace of H® (T[0,2x]) containing real-
valued functions so that ¢ € H® implies Q1¢ = ¢. Note ||d||s = ||D°dllo for s > 1.

The significant new aspect of the present paper is a vortex sheet formulation
(B.1)-(B.4) equivalent to the evolution system (A.1)-(A.2) with the initial condition
(1.3) that projects away the neutral linear modes so that exponential decay of
the remaining Fourier modes helps to control small nonlinearities. The equivalent
system involves the evolution of 0, §(0;t) and L, where 6(1;t) and 6(—1;t) are

determined as complex functionals of 6.
The main result in this paper is the following theorem:

Theorem 1.11. There exists € > 0 such that for r > 4, if ||Q16o||, < €, then there
exists (6, L) € C([0,00); H"(T[0, 2n]) x R)NC* ([0, 00); H™~*(T[0,27]) x R), which
satisfies (A.1)-(A.2) with the initial condition (1.3) globally. Furthermore, ||0]..,
0(1;t) and 0(—1;t) each decay exponentially as t — oo, |0(0;t)| remains finite, while
L approaches 2v/7S, S being the area of the bubble, which is invariant with time.

Thus a near-circular bubble is asymptotically stable for sufficiently small distortions
in the H"(T[0, 27]) space.

In §2, we introduce a modified evolution system (B.1)-(B.4) with the initial
condition (2.5), which is shown to be equivalent to (A.1)-(A.2) with the initial
condition (1.3). We formulate a Galerkin approximation (2.11) and show how
Theorem 1.11 follows from Theorem 2.13, Lemma 2.14 and Proposition 2.16.

In §3, we prove several preliminary lemmas. In §4, we prove a priori estimates on
the growth of solutions to the approximate initial value problem (2.11). In §5, first
we use a priori estimates to prove global existence and uniqueness of solutions to
the Galerkin approximation (2.11), then show the same to be true for (B.1)-(B.4)
with the initial condition (2.5). Finally, we also show that ||6],., for the solution to
(B.1)-(B.4) with the initial condition (2.5) decays exponentially in time.

2. EQUIVALENT EVOLUTION EQUATIONS

In this section, we derive an equivalent system of the evolution equations, which
will be analyzed in the whole of the paper. Much of the difficulty in this problem
is to control the energy appropriately. We find that an equivalent system provides
exponentially decaying energy estimates, unlike the original system which contains
the neutrally stable modes corresponding to the bubble translation degeneracy.
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Definition 2.1. We introduce the functions
wo(a) _ /a eia’da/ w(a) _ /a eia’Jrié(l;t)ei‘"/+ié(71;t)e’i°‘/+i9~(a’)da/'
0 0
Remark. It is readily checked that

2w !
wo,a f(o‘ ) /
2.1 R — PV — = .
(2.1) e( i /0 wo(a) — wo(a) a) )
From the expressions (1.6) and (1.7), it is also easily checked that if f(a) =
Sone o f(k)et*@, then we have

(2.2) Glwolf = 1£(0),
which by (1.7) implies
(2.3) F lwol £ = £(0).

O
We will show that the evolution system (A.1)-(A.2) is equivalent to the following

evolution system for (é(a,t),L(t),é(O;t)) with (o, t) = D kt0 41 O(k;t)et* and
(v, t) = 0(0;1) + O(—1; )" + G(1;t)e™™ + O(av, t):

0(a.t) _ 2m o (Ua + T(1+6,)),
ot L
(B.1) dL(t) o
T _/0 (1 +6a)de
dbo;t) 1 [
(B.2) at f/o T Oa)de

with (o, t), T(a,t), 0(1;t) and 6(—1;t) determined? by

2
Yo t) = ~ApFlely + 7 ofaa,

(B3) o 2
T(at)= [ (14 0u(@)Ula)da’ = 3= [ (14 6u@) U)o
0 T Jo
27T A~ . ~ . ~
(B4) / exp (ZO[ “+ 2(9(—1, t)ef'm‘ + 9(1’ t)ela + H(Oé,t)))da _ O7
0
where U is given by
(2.4) U = ZHh] + 7 Re (Glwl)
Remark. The formulae for U in (2.4) and F[w]y are equivalent to those in (1.8)
and (1.7) since (0;t) cancels out. O
The appropriate initial condition is
(2.5) 0(a,0) = Q160, L(0) = 27, 6(0;0) = 65(0).
Note that the first equation in (B.3) can be rewritten as
2
(2.6) (I + A, Flw))y = %aew.

2Since 0(a, t) is real valued, note 6*(1;t) = 6(—1,t).
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Note 2.2. Later we shall see that if § € H (T[0,27]) and 10|l is sufficiently
small, then I+ A,Fw] is invertible from {u € H°(T[0,27])|a(0) = 0} to itself for
any A, € [—1,1]. More general results are available [1], [5] for non self-intersecting
interface; however, since we need the sharper estimates for near-circular interface in
any case, we construct a direct proof rather than rely on the more general theorems.

Definition 2.3. Let r > 3. We define an open ball B:
B= {u € H|||ull» < e}.
We also define the open balls:
0= {(u,v,w) cH" x R?*|u € B, [v— 27|+ w| < 1},
Vz{(u,v)eHTxR‘ueB, lv — 27| <1},
U= {(u,v) = HT(T[O,27T]) X R’Qlu e B, ||lullr+ |v—27 < 1} )

Remark. We choose € > 0 is small enough for Lemma 2.14 to apply. O
For (B.4), we also have the following result:

Proposition 2.4. There exists €1 > 0 so that (B.4) implicitly defines a unique
C' function g : {u € HY|Jul: < e1} — R? satisfying (Reé(l),lmé(l)) = g(0)
and g(0) = 0. Further, g satisfies the following estimates for all u,uqi,us € {u €
H1|Hu|\1 < 61}.’

(27) gl < glulh,
(28) lg(u) 9wl < 3 llur — ual.

Remark. Having determined ~, 6(1;¢) and (—1;¢), (2.4) and the second equation
n (B.3) also determine U and T needed in (B.1) and (B.2). O

Lemma 2.5. If (0,L) € C'([0,S];U) with 0 real-valued is the solution of the
evolution equations (A.1), where v, T and U are determined by (A.2) and (1.2)
with ingtial condition (1.3), then (6‘~ = Qﬁ,L,é(O;t)) will satisfy the equations
(B.1) and (B.2) where vy, T, 0(x1;t) and U are determined by (B.3), (B.4) and
(2.4) with the initial condition (2.5) for t € [0, 5].

Conversely, if (0,L ,6/(0; t)) € CH([0,5);0) is the solution of the system (B.1)
and (B.2) where v, T, 0(£1;t) and U are determined by (B.3), (B. 4) and (2.4)
with, the initial condition (2.5), then 6 = 0 + 0(0;t) + 0(1;1)e™™ + O(—1;t)e ™ is
a real-valued function and (0, L) satisfies the system (A.1) for t € [0, S] with the
initial condition (1.3), where v, T and U are determined by (A.2) and (1.2).

Proof. Let (0,L) € C*([0,S];U) be the solution of the evolution equations (A.1)
where v, T and U are determined by (A.2) and (1.2) with the initial condition

(1.3). Then we define p(t) = fozﬂ eloti0(@t) do, From the consistency condition
(1.4), p(0) = 0. We consider

2
pl(t) _ Z/ eia-i—i@(a,t)etda'
0
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Substituting for §; from (A.1), and using the identity (e!**%), = i(1 + 6, )e!*+,
we have
27

p'(t) T

We integrate the last term by parts; we use (A.2) to substitute for T,,. There is no

2m
/ [iUqe™ T + ("), ]da.
0

boundary term from integrating by parts since T and e**** are periodic. We have
’ 2 [*7 ia+if ia+if 1 ia+ti
pit) = — (iUne —(14+6,)Ue — —Le )dev.
L 0 27T
Since iUye't — (1 +0,)Uei et = (iUelo*9),, we have
P =2y
7P

Note that (0, L) € U implies that L > 27 — 1 > 0. Furthermore, L; is continuous
in [0,S] from (A.1). So p(¢t) = 0 is the unique solution to the above ordinary
differential equation with p(0) = 0 for ¢ € [0, S]. Hence

. 2 . ) . ) 5
e?(0t) / exp (ia +i(0(=1;0)e "+ 0(1;t)e" + (a, t)))da =0,
0
implying
2
/ exp (ia +i(B(=1;t)e ™™ + 0(1; )™ + é(a,t)))da =0for t € [0, S].
0

Thus (67 = Q19,L,9(0;t)) satisfies the equations (B.1) and (B.2) where v, T,

0(£1;t) and U are determined by (B.3), (B.4) and (2.4) with the initial condi-
tion (2.5) for ¢ € [0, S].

Conversely, suppose that (é,L,é(O;t)) € C*([0,5]; 0) satisfies (B.1) and (B.2)
with the initial condition (2.5), where v, T', 6(£1;t) and U are determined by
(B.3), (B.4) and (2.4). Let 6 = 64 0(0;t) + 0(1; t)e’™ + (—1;t)e~ . We note from
Proposition 2.4 that A(+1;t) scale as ¢; and hence is small. We note from (B.4)
that

N 2m . ) . ) N
p(t) = e?(0:t) / exp (ia +i(0(—1;t)e ™" +0(1;t)e"™ + 0(a, t)))da =0.
0

It is convenient to define I'(a, t) = Uy +T'(1 + 6,). From p/(t) = 0, using (B.1), we
obtain

2 N . . e ‘
(2.9) 0=/0 eia+i0((ét(—1;t)—%F(—l;t))e_w‘—i-(ﬁt(l;t)—%l"(l;t))ew‘)da.

Let e'ot = 5~ _ ¢&(k)e™™. Hence for sufficiently small ball size € of B, using
Proposition 2.4 and Sobolev inequality |.|ooc < C||.|1,

10— 0(0:1) |00 = 0(cx,t) + O(1:1)e™ + O(—151)|oe < C|0]]1
is small, which clearly ensures |&(1)| > |é(k)| for k¥ # 1. Note further that (2.9)
implies

27 ~ 27 ~

(6:(—1;t) — fr(_1;t))a(1) + (0:(15¢) — Tr(u))e(_n =0.
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Since I'(av, t) and 6 are real valued, 6;(—1;t) — %’rf(—l; t) is the complex conjugate
of 0,(1;t) — %’Tf(l;t). It is clear that if |aj| # |az|, then the only solution to
a1n+ agn® =01is n = 0. Hence
~ 2 =~ N 2 =

b,(~1;t) — %P(—l;t) =0 and 6,(1;t) — %F(l;t) = 0.

Hence, (0 = 0+ 0(0;t) +0(1;t)e +0(—1; t)e ™ 4+ fe~@, L) will satisfy the system
(A.1) where v, T and U are determined by (A.2) and (1.2) with the initial condition
(1.3) for t € [0, 9. 0

We will henceforth discuss the global solutions of the evolution equations (B.1)
where v, T, 0(£1;t) and U are determined by (B.3), (B.4) and (2.4) with initial
condition (2.5).

Definition 2.6. Define O(1;t) = ry + iry. Then since 0 is real valued, 0(—1;t) =
T — i’f‘g.
Remark. (B.4) becomes

2w 00
(2.10) / exp (ia—l—i((rl +irg) et 4 (ry—irg)e T 4 Z e(k)eika))da —0
0 k=—00,#0,41
O
In order to prove Proposition 2.4, we need the following lemma:

Lemma 2.7. Implicit function Theorem([30]): Let G1, Go and G3 be Banach spaces
and F a mapping from an open subset of G X Ga into Gs. Let (ug,vo) be a point
in G1 x Gy satisfying:
(i) F(uo,vo) =0;
(ii) F is continuously differentiable at (ug,vo);
(iii) the partial Fréchet derivative D, F(ug,vo) is invertible from G to Gs.

Then, there are neighborhood Vi of ug in G1 and neighborhood Vs of vy in Go and
a CY map g : Vi — Vs so that F(u,g(u)) =0 for all w € V1 and for each u € Vy,
g(u) is the unique point v in Vs satisfying F(u,v) = 0.

Definition 2.8. In the bubble context, we define
2m
F(u,v) = / exp (ia +i(2(ry cosa — g sina) + u))da
0
with v = (r1,r2).

Remark. Note F : H' x R2 - C. O
Proof of Proposition 2.4: Let us show that the Fréchet derivative of F'(u,v)
with respect to u exists in H' x R?. Since

| exp [in()] =1 = ()| = ||in() / (e Dar| < elnl,

we have

‘F(u + h,v) — F(u,v) — /027T ih(a) exp (ia + i[2(ry cosa — rasina) + u(a)})da‘

= ‘ /027T exp (ia +i[2(ry cosa — rasina) + U(a)]){exp [ih(a)] =1 ih(a)}da’ < ellhli
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Hence the Fréchet derivative of F' with respect to u is
2m
D, F(u,v)h = / ih(a) exp (ia +i(2(r1 cosar — o sina) + u(a)))da,
0

for h e H'. It is clear that Dy F'(u,v) : H' — C is the bounded linear operator for
all (u,v) € H' x R?.
Similarly,

2
D, F(u,v)év = 2i/ (671 cos a—drs sin ) exp (ia—i—i (2(ry cos a—rysin a)—l—u(a)))da,
0

with dv = (dr1,0r2) € R? is a bounded linear operator for all (u,v) € H' x R?,
with

2
D,F(0,0)dv = 2i/ (57°1 cos o — drg sin a)eio‘da = 2m(drg + idr1).
0

Clearly D, F(0,0) is invertible. So by the implicit function theorem (Lemma 2.7),
for (ug,vo) = (0,0), there exist neighborhood Vi = {u € H' : ||jul; < 2¢1} of
0 in H', and a neighborhood Vs, of (0,0) in R?, and a C! map g : Vi — Vs, so
that F(u,g(u)) = 0 for all u € V1. We also have |[Dg(u)|| < 3 for u € V; since
Dyg(0) = 0. Hence we have

sl < | [ Dotwpuat| < 3l

1
1
lg(u1) — g(ug)| < ‘/ Dg(uy + t(ug — uq)) (ug — Ul)df‘ < §HU1 —ualls
0

for all u,u,us € {u € H' : |ull; < e}

Corollary 2.9. There exists sufficiently small e1 > 0 so that for 6 € {{”1 (T[0, 27])
with s > 0, if ||0]|1 < €1, then 0 satisfying (B.4) implies ||0a]ls < 2||0alls-

Proof. We note from the relation between 6 and 6 that

160112 =D [K*210(k) 1 = 2]g(8)[* + [16all?-
k

The rest follows from bounds on g(¢) in Proposition 2.4. O

2.1. Galerkin approximation. From the set of equations in (B.1)-(B.4), it is
easily seen that 6(0;t) does not effect the evolution of § and L, so it is convenient

to first determine the solution (4, L); determination of 6(0; t) is then simply reduced
to an integration of the equation (B.2). It is convenient to introduce a Galerkin
approximations as described in this section.

Definition 2.10. We define a family of Galerkin projections {P,}5° o, as

Pou(a) = Z a(k)e™, for all u = Zﬁ(k)e”m.
k=—n,k#£0,%1 —c0

We define the approximate solution én(a,t) of order n of the problem in the

following way:

O, t) = Z O, (ks t)e*e,

k=—n,k£0,+1
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The approximate equations are
8én(a, t) 27T
ot Ly

dL,(t) /2”
a )

with ~,,, T}, and 0, (1;t) (where % (1;t) = 6,,(—1;t) because 6,, is real) determined
by

o (UM+T (1+9W)),

—~

1+ Hn,a)Unda,

2
(I + AuFlon))1n(t) = 700,00,
« 27
(02) Tn(aa t) = / (1 + on,a’)Un(O/)dO/ - ; / (1 + 9n,a’>Un(O/)dO/7
0 T Jo
2m . ) . ) ~
/ exp (ia +i(0n(—15)e " + On(1;8)e™ + b (av, t)))da =0,
0

where
On(a,t) = O, t) +0, ( e 4 0, (1),
ey = [ o,
0
T T
U, = L_an["Yn] + L_n Re (Gwn]Vn) -

2.2. Main results. Let X,, = (én, Ln). The Galerkin approximate equations
(C.1)-(C.2) reduce to an ODE in the Banach space H” x R:

dX,
(2.11) 7 = Fn(Xn), Xn(()) = (Pnt?o, 271'),
where F,(X,) = (le(Xn), Fmg(Xn)) are given by
2
(2.12) Foi = L—WPn (Up.a + To(1 + Op0))
27
(2.13) Py = —/ (14 0.0 Un(0)dar.
0

For the approximate equation (2.11), we have the following results:

Proposition 2.11. Assume P,0y € B for r > 3. For the sufficiently small ball
size € of B, there exists the unique solution X, € C*([0,S,);V) to the ODE in Eq.
(2.11), where S,, depends on n, r and €.

Remark. We will prove this proposition in §5 using Picard theorem (See for
instance Chapter 3 in [26]). O
Proposition 2.12. Assume X,, = (én,Ln) € C1([0,9);V) is a solution of the

ingtial value problem (2.11). Then there exists € > 0 such that if || Pobol» < € for
r >3, then
18 )l < 1 PaB )l 57, L] —87%] < Ce (1 —e 7).

with a constant C independent of n for any time t > 0 where the solution ezists.

Remark. We will prove a priori estimates in §4. O
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Theorem 2.13. Given the initial condition X,(0) € V, for any n > 2 and r >
3. For sufficiently small €, there exists for all time a unique solution X, (t) €
C1([0,00); V) to the approzimate equation (2.11).

Proof. Proposition 2.11 shows the existence and uniqueness of solutions X,, locally
in time. Then by continuation of an autonomous ODE on a Banach space (see
Chapter 3 in [26]), we know that the unique solution X,, € C'([0,5]);V) either
exists globally in time or S < oo and X, (t) leaves the open set V as t A~ S.
Suppose S < oco. Combining Propositions 2.12 and 4.3, we know that solution
remains in the open set V as ¢t ,*S. Hence it shows that the solution to Eq. (2.11)
exists globally in time. (I

From the solutions to the approximate equation (2.11), we will deduce the ex-
istence and uniqueness of solutions to the evolution system (B.1), (B.3) and (B.4)
globally in time (Theorem 1.11) using the following lemma and proposition:

Lemma 2.14. For r > 4, there exists sufficiently small € > 0 such that for any
S > 0, solutions X, = (0, Ly,) € C1([0,00); V) of the approzimate equation (2.11)
for different n form a Cauchy sequence in C ([O, ST; H' x R). Asn — oo, the limit
X = (é, L) € C([o, S} H” x R) nC* ([O,S];HT_3 X R) and is the unique classical
solution to (B.1), (B.3) and (B.4) satisfying the initial condition (2.5).

Remark. The proof is given in §5. O
Definition 2.15. The area of bubble is defined by S(t). That is

2m
(2.14) S(t) = %Im/ zo 2" da.
0

Proposition 2.16. Let (,L) € C([0,00); H" x R) N C* ([O,oo);HT*?’ X R) be a
solution to the system (B.1), (B.3) and (B.4) with the initial condition (2.5) for

r>4. If 10y € B, then the area S is invariant with time and for sufficient small
€, we have

||é(at)||7“ S ||Q190(~)||T67%‘7t,
. ) ) 1
6(156)] = 16(=1:8)] < F11Q100(-)[lre~ %",

IL(t) — 2V7S| < C||Q16p]|,e 5,

10(0;t) — 00(0)| < C||Q180]:»
where C' depends on S.

Remark. We will prove Lemma 2.14 and Proposition 2.16 in §5. Further, the
result above together with Proposition 2.4 shows that 6(c,t) — 6(0;t) goes to 0
exponentially as t — oo. O
Proof of Theorem 1.11: This immediately follows from Lemma 2.14 and Propo-
sition 2.16 since Lemma 2.5 gives equivalence between (A.1)-(A.2) and (B.1)-(B.4).
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3. PRELIMINARY LEMMAS

We will need to use a variety of routine estimates for integral operators and
other functions in terms of  and 6(0;¢). Recall tangent angle of the curve is
a+0(a) = a+0(a) +0(0;t) + 0(—1;t)e™ + 0(1; t)e™, where 6(1;t) and 6(—1;1)
are determined by g(6).

The next lemma gives a bound for w, in terms of 6.

Lemma 3.1. Assume ||0||; < e where €, is small enough for Corollary 2.9 to
apply. o

If w determined by 0 € H?®, then for s > 1,
(3.1)

lwalls < C1(18lls + 1) exp (Callflls-1)

1 R .
| <t + vesp (2l ).
where constants C1 and Cs, depend only on s, and particularly for s=1,0y=0.

Further, if ™, w® correspond respectively to 6, 02 ¢ H*, where ||V,
101 < €1, then for s > 1,

(32) [l —w@|l < G0N 8D exp [Co (10 + 16%]) .
1 1 - . . .
33 |5 - = =cs -8 e ca (1600, +1691.)].
Wa Wa " llg

while for s > 2,

IN

(34) ol = W@, < (169 = 8D, + 62,169 - 62, )

x exp [Co (18 ]sr + 162 ,)]

1 1 = 5 i ; i
(3.5) Hﬁ - < (||9(1) — 0| + 1169510V — 9(2>||571)
Wa Wa " s

X

exp [Ca(180) o+ 17 )]
where the constants C1 and Cy depend only on s.

Proof. For the formula w, = eio““i‘g_ié(O?t), it is easy to obtain

[wallo < C.
Let us consider for 0 < k < s. The chain rule gives
DFw,, = Z CsDP (a+0) - DPr(a + 0)w,.
B1t++Bu=k,B:>1
So by Sobolev embedding Theorem, |f|s < C||f|l1, we have
(3.6)
[D*wallo < I+ Oallk—1 (1 + [alli-1 + - + 16ali=1) < Crexp (Collfallk—1),
where the constants, C; and Cs, depend only on s.
For s = 1, we have

| Dwallo = [T+ Ballo < C(1 +[16]11)-

For s > 2, we note
D3w, = D! [z(l + GQ)wa} .
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Hence, by noting Banach algebra property (see Note 1.2), Corollary 2.9 and (3.6),
we get

1D wallo < [[i(1 + o)

<G8+ 1) exp (a1 )

—ia—if(a)+i0(0;t)

)

where the constants, C; and Cs, depend only on s. Since WL =e

the preceding arguments are clearly applied to wi as well and (3.1) follows from
Corollary 2.9 for a modified constant Cs.
To prove (3.2), we note that

o) _aW0-4)—p(2) 152 (- : i90(2 _;0(2 (-
W) @ = |:ez(0 00 (0:6) -6+ (03¢) ) _1} gia+i® —i0® (0;1)

From the series representation of the exponential and application of Banach algebra
property of ||.||s norm to each term in the series, we deduce

(0 _6D (0.6 0 163 (o
61(9 0D (0;t)—0@ 16 (o,t))_1

S

< C1]|0D =D (0;£)— 9D +0P (0; £) | exp (02He<1> — 0 (0;1) — 0 + @ (0; 1)

N—

S

where the constants, C; and Cs, depend only on s. Using Banach algebra property
and Corollary 2.9, (3.2) follows. Almost identical arguments are applied to prove
(3.3).

Further, if s > 2 we have

[e3%

D8 o], = o i1+ 600 — i+ 02|
0 0
<G (Hé<1> — 0|5+ 16@],)16D — g<z)||s_1> exp (02Hg<1>||s_1 T Cz|\9(2>||s_1) 7

where the constants, C; and Cj, depend only on s. So (3.4) follows. Almost
identical arguments are applied for (3.5). (I

In simplifying our integral operators, we find divided differences to be very useful.

Definition 3.2. The divided differences q1 and q2 are defined as follows:

—w 0/ 1
a1 w](e, o) = % = /0 wa(ta + (1 —t)a')dt,
w(a) —w(a') —we(a)(a — o ! ,
wlllaa) = ANZHEIZ =) [ (1 - ta+ )i

Proposition 3.3. There exists €, > 0 so that |||, < e, implies
1

(3.7) g1 [w](a, &) > g for0<|a—d| <7

Proof. We note that

f; eITHIO(T)+i0(1)e’T +if(—1)e ™" g

q1 [W](av O/) = a—ao
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Further,

‘fa/ EITHIO(T)+i0(1)e T +i6(—1)e T 4 fa/ T dr
a _ Ja

a—ao a—ao
0‘/eiT(eié(T)Jrié(l)e”+ié(71)e’” _ 1)d7’}

a—of

2V3 max |6(r) +6(1)e’ +b(—1)e |,

T€[0,27]

IN

This bound is a consequence of the inequality
¢ — ei¢'| < V2|¢ — ('], for all ¢, ¢" in R.

We choose €1 > 0 small enough so that Proposition 2.4 holds and from Sobolev
embedding theorem,

Ao , ~ 1
2v2 max |0(7) +0(1)e" +0(—1)e 7| < c[|f]]1 < =,
T€[0,27] 8

where ¢ is some constant.
It is easy to see that

o
o erdr
a— o

Thus, if ||0]|; < €1, we have

1
Z for 0 < |a—do| <.

f‘l iT+if(r +1§(1)e”+ié(71)67”d7_
| E

ool —

a—ao

O

Lemma 3.4. (See [1] or appendiz for proof) Let wo, € H*(T[0,2x]) for k > 0.
Then DEqy, DX, q1 € HC[a,a + 2] in both variables o or o/ and satisfy the bounds
D& [wlllo < Cllwallk 5 D5 awlllo < Cllwallx

with C' only depending on k (in particular independent of a). Further if wWaa €
H*(T[0,27]) for k > 0, then DXqz, D%,qo € H%a,a + 2] in both variables o and
o' and satisfy

IDAg2w]llo < Cllwaallr » D& @2wlllo < Cllwaallx
with C' only depending on k.

Lemma 3.5. Let wM),w® e HF1(T ]) for k> 0. Suppose

00| — .—|

(T[0
a1 [w)(a, )] >

, for0<|a—a| <.
Then
a+tr ) "2 1
g2[w?](a
33) ( / DW )P < CLle@ s ep(Calll 1),
k Q2[W(2)

a+m
([ et ') < Cullol® s explCallal ),

where Cy and Cs depend on k alone, but not on «.

fh [w(l
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Proof. Clearly for k = 0, (3.8) holds. Consider k > 1. It is easy to have
k 1
DE® =Ny DY gD —
q1 —o q1
=
We have from Lemma 3.4, for 0 < j <k,
IDE gow™®] (v, @) o < CrllwiRlk—j

and
ID4q1[w M), ")llo < Cul|wsP ;-
Further, since ¢; is bounded below by %, it follows that for 0 < j < k, Hence

j
c2 > IDFaillo

m=1

-1
104 llo < Cexp < Crexp [ CalwlM;]

< C1llw® |1 exp(Collw 1),
0

k
< ch,j

0 j=0
since ||qilD§q2||0 < |qil|oo||D§q2||0 and for 1 < j <k,

q2
DFZ=
H “q

o
D!, ](J2Diq—1

. 1 . 1 o1
IDE g2 DI —llo < |DE 7 ga|so |DZ—ll0 < cllgallk—j+111D4—lo-
q1 q1 q1

The second part follows in a very similar manner since Lemma 3.4 can be applied
by switching variables o’ and « in the expression. We note that Lemma 3.4 gives
the same H[a,a + 27| estimates for derivatives of ¢; and go with respect to a or
o, independent of a. O

Definition 3.6. We write the cotangent as a function which is analytic at the
origin plus a singular part:

cot(B) = % +1(B).

Lemma 3.7. (See [1] or appendiz for proof) Let s > 2 and w € H*(T[0,27])
with corresponding ||0||; sufficiently small to ensure |q[w](c, o')| > 1. Then Klw] :
HO(T|0,2n]) — H*"2(T[0,2x]), and in particular, there are positive constants C
and Cy depending on s such that

(3.9) [K[w]flls—2 < Cullflloexp (Caflwalls—1)-
Further, Klw] : H'(T[0, 27]) — H*~*(T[0,2x]), and
(3.10) IK[w]flls—1 < Crllfllvexp (Caflwalls—1)-

Lemma 3.8. If f € H! (11‘[0,27r]),~w(1) and w® correspond to 8V and 62, each
in H', respectively with |01, 0@ |1 < e1, then for sufficient small €y,

IKwD]f = Kw®fllo < Cillfllollf™ —6@);.
Suppose 0,62 € H*. Then fors>1,
IKw™M]f = Klw®]£]s
< Crexp (G211l + 1811) )10V = 811,
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while for for s > 3,
K[ ™1 = Kl £]ls
< Crexp (Co(10V ot + 102 s-1) ) (18D s + 16 )18V = 64y
IO = 5D )11,
where the constants C1 and Cy depend on s only.

Proof. We note that

1 [ () (@Y a) @], aq) ,
Ko™ K] f = - - (ﬁwwmww_;wwwmm>“

271 (1)(a’)
atm w(,
_ L f(O/) ( 1 _ 2)1 ) q2[ ]( ) )dOA/

a—m Wy

270 Jox Py wP()) alw®](«, o)
Y 1 1 1
- — - I(z(a—a'))do.
— aﬂf@)<%&mw QJPWW><ga o)) da

We also have

@M@, o) @) q)  gw? —w?)(d,a)
@l ) alw®](, a) @ lwM](a, @)
42 [w(2) (o, a)q [W(l) — w(2)](alv @)
0 [W@)] (o, a)qa [W(l)] (o, )

Therefore, using Sobolev inequality |.|oo < C||.]|1, we obtain

1K™ f = Klw]£llo < Cullfllo

1
5| (1o = w21
W 1
1

1
Hlaw® = @] llaslw@ o) + Callfllo | 5 — —5
We Wa

(laelw®1l0 +1)
1

The first statement follows easily from Lemmas 3.1, 3.4 and 3.5. Further, using one
integration by parts, the sth derivative of K[w]f is

Pafrte) = Dg_lﬁ /(:J:T Dor (ci(z;?)) :w(oj;a—(oc:)(o/) a % cot %(a - O‘/)} do’
axm o 1T Wa , ,
= % o Dy (oi((a,)))Di 1 _W(w)(a’) -3 cot = (o — & )} do
atm o 1[ Wa ,
— % o Da/(ja((a,) )D(S; Lo(a) —(Lj(o/) T _1 a/}da
(3.11) —ﬁ ;T Dy (2£i‘z‘2,))D; 11(%(04 —a))de.
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Hence, we have

(3.12)  Di(Kw™M]f (@) — Klw®]f(ev))

1 o+

o 1G2[w , o 1w (a, o
T2 Jos (Da'(wg)(i/))l)i q{w } o ; D“/( {2()(03,))% Zl{w@)ﬁa,ai

(a
(e
a+m
_ﬁ o (D’( f(l) ) Da'(g D(a )) 311(%(6“_0‘/))“/'

T

Let us see the first part on the rlght side of (3.12). It can be split as

atm o ! olwM] (e, o) |,
(3.13) %/ Do (fla) =2 1(() (o ))Dgfliq[ I ;da

i Jo—r New <2>( " a1 {w®](a, o

w1 [e2w® —w®(a,a)]
e s vl
Lo f(@) N\ e [20®](0,0) @ w® — wM](a,0)]
T o, P ’(wg”(o/))D 1[qf[w<2>1<a,a/> ) Jdo

By Proposition 2.4, Lemma 3.1, Lemma 3.5 and Note 1.2, the L°°-norm of the first
part of (3.13) is bounded by

[ fe)
+ — Da’(w((f)(

2mi o)

0|~y @ — )| 1Pl exp (Calo®l )

(1) (2)(
<Gy (He Dy + 1021, + 1) exp (Co (10D -1+ 18P]5-1) ) 18D = 6 1 1,

with C and C depending on s. For the second term in (3.13), we use the Cauchy-
Schwartz inequality, Lemmas 3.1, 3.5 to obtain the bound as quoted in the lemma.
For the third term, we apply the similar argument. We note that for 0 <[l < s—1,

s it

{qz[w@)](a, 0/)] ’

01 [w®](e, )

0
et [@le® —w®)(a,a)
- a1l (a, )

(e

0
It is readily checked that
g2[w®](a, o) g2[w®](’, @)
Dy | —F+—7—=5| =Dy | V57— .
@ [w®](a, o) @ w®] (o, @)

Since |.|ooc < CY|, |1, it follows from Lemma 3.5 that for | < s — 1.

(2) !
q2|w o, Qo
D}, [W] ’ < C1)|lw®@ ||, exp (C2Hw&2)||s_1)

with C; and C5 depending on s. When [ = s — 1,

HDH [QQ[W@)](%O‘/)} aw® —w®](a, ) ‘
0

@1 [w®](a, o) 01 [w](e, )

< | Ll [Eee]

0
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Once again using Sobolev inequality |.|oc < C|.||1 and using Lemmas 3.1, 3.5 we
obtain the stated bounds.
Since the function [ is symmetric about o and o/, it is easy to see that the stated
bounds also hold for the second part on the right side of (3.12).
For s > 3, we use the more refined estimates in Lemma 3.1 to obtain the third
statement.
O

Lemma 3.9. (See [1] or appendiz for proof) For ¢ € H*(T[0,2x]) with s > 1, the
operator [H, 1] is bounded from HO(T|[0,2n]) to H*~'(T[0,2x]). And we have
I[H, 1 flls—1 < Cll flloll¥lls,

where C' depends on s.

Lemma 3.10. For s > % and v € H*(T[0,2x]), the operator [H, ] is bounded

from H*(T[0,27]) to H*(T[0,27]), and
IH, ¥1flls < CllA Al

where C' depends on s.

Proof. We know that

M2 = S KPR (K) — GHFR)| + [H@F)(0) — 5HF ()]

por
Since
H@OD(K) = (i) sen(RTFE) = (~i)sgn(k) S 40 ), for k #0,
and o
OHT (k Z D()HF(k— j) ;w sgn(k — ) f(k = ),
P j

by Cauchy’s inequality and the inequality ||gh|lo < |h|oollgllo < C||R]I1llgllo, we have

7wl
= S| isd) 3 G )i 0 st )05
k#0 S j#k
+ =i > 00) sen (i) f (- )’
J#0
YRS G050 - ) + i >f<o>\2
E>0 >k
E SRR G k- ) + bk }+}Zw san(—)f ()|
k<0 i<k j#0

IN

S Ik S 97— )| + Sk | 0] \

k>0 i>k i<k
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~ ~ ~ 2
221 F(O0) + | 3 90) sen(—)F(-5)]
J#0
~ ~ 2 “ ~ 2
S8 YLl = DI+ o8 Db fk - )|
E>0 >k k<0 j<k

221 (0)2 + [l1£13
o0 o0 . . 2
< 8 3| S0 FP@IIFG - D] + 31w

k=—oc0 j=—00

IN

We define R R
PR}, oy = ¥ and {F(1)} oy = f-
By Proposition 3.1999 in [23], we know that ||f * ¥|2 < || f]]1]|¥|2. Hence we

obtain the result of the lemma. -
O

Lemma 3.11. If f € H'(T[0,2x]), v and w® correspond to 6V and 6
respectively, each in H*, |00y and |0 ||, < €1, then

IGlw®1f = Glw®1fllo < Cullflol§Y =P

Suppose 0,62 € H*. Then fors>1,
1G9 M1f = G111

< Crexp (G211l + 1811) )10V = 81 ],

while for s > 3,
IGLD1f — Gl s
< Crexp (Co(10 -1 + 102 s-1) ) (18D + 162 ) 18D — 6
HIPD = 8D )11,

where the constants C1 and Cy depend on s only.
Proof. From (1.6), it follows that

+
0

+ 2|l — @) + 2]l (Klw®) - Kw®)) 1] .

16017 ~Ge 1l < [l - o) |15 | 1

1
ws

1 1
2oy
w,(xl) w((f) 0

Using Lemma 3.1, 3.8, 3.10 and ||hg|lo < |h|eollgllo < C||h]l1llg]lo, the first statement
holds.
Now, consider

161w @] f ~Glw®]f s < H(wéf) —wi) [H %] d

Wa

]

1 1
2
Wy {H,—)—W]f

(1
Wa We

S S

+2 (@ - @)K

2l (e x|

Using Lemmas 3.1, 3.8, 3.10, using ||hg|ls < Cs||h||sllglls for s > 1 and ||hg|ls <
Cs(J|hlls=1llglls + |Rllsllglls—1) for s > 2, we see that the last two statements hold.
O
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Proposition 3.12. Assume 0 € H* for s > 3. If |0||1 < e1, then for sufficiently
small €1, there exists unique solution v € {u € H*~2(T[0, 2x])|a(0) = 0} satisfying
(2.6). This solution -y satisfies the estimates

OQO'
Ivllo < =12,

c1 - -
Vlls—2 = == exp(Caf|0ls—2)l10]s,

Cso ~ oA
% exp(Cal|0]|s—1)[101110]]s,

IN

2
-]
where C1, Co, Cs and Cy depend on s, but all are independent of L. And for s = 3,
Cy = 0.

If vV and v? correspond respectively to (01, LYY € V and (0, L?) € V,

then for 3 <s <r,
Iy ® =1@ sz < € (180 = 82|, + LD - 22)).
2no 2no
W _ 290y @ 2)
‘7 70 Ve T T oo

where C' depends on the diameter of V and s.
Proof. From (2.3), since 4(0) = 0, Flwo]y = 0. Therefore, (2.6) implies

<0 (110 = 0Pz +120 - L@)),
—2

I+ Ay (Flw] = Flwo])] 7 = ——baa
Therefore, if 6ecH 2. then Lemma 3.11 implies
IFlwly = Flwolvllo < Cll8I Iy lo-
where C' depends on €;. So, for sufficiently small €1, if ||6]|; < €1, then
[1+ Ay (Flw] = Flwo))]

exists and from the bounds above and Corollary 2.9,

CQO' C()O'
Yl < == 1faallo < = 116]l2.

Further, we obtain from the second part of Lemma 3.11,

| Fwly = Flwolvlls—2 < Crexp(Collfls—2) 1015 —2lv[lr,
where C; and Cs depend on s. Therefore, for s > 3, it follows from (2.6) that

2mo
[7lls—2 < —||9Hs+016Xp(Czll9Hs 2)[16]]s—2[lIl1

which Cy and C5 depend on s, which implies for sufficiently small €; that the second
statement holds.
For the third statement, we note that (2.6) and the third part of Lemma 3.11

implies that

2mo

Cyo ) I
= %00 < S sl 101,

where C5 and Cy depend on s.
From (2.6), we obtain

2mo a 2mo

=9 =)

1) aq 2) aa

y® = 4@|[,_s <

+[IFW Y = Flw®y @[,y
-2
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Using

(S g e Al 17T Y P B
<1> aa T @) aallem2 = M pE) Maalls—2 2) s

and using Lemmas 3.11 and the first part of the proposition,
(3.14)
|FO® = Flo® )@,z < ||Fw®)D =) = Fluol(7 =)

s—2

4 H FlwW]y® = Flo@)y®@

s—2
) P ~
< OO fls-2ly™ =72 + 7 10 = 0P [ 102l3

with C' depending on s and the diameter of V. The fourth statement in the propo-
sition follows since (§(), L)), () L(3)) € V. The fifth statement follows from
(2.6) by the same set of arguments as above.

O

Lemma 3.13. Assume 6 € H® for s > 3. If |0]|1 < e1, for sufficiently small e,
the corresponding U and T' in (2.4) and (B.3), with 0(1;t) and §(—1;t) determined
from 0 using (B.4), satisfies the following estimates:

2120 Cio
|- 22 mi| < S 11101
2o Cyo ~ ~ -
o 2000 | < G exp(Call- 12l
s—2
2120 Cso
o= 20| < G exp(Calll I 6,

CQO' ~ ~
1Ulls—2 < 5~ exp(Csl|]s—2) 1]l

020' ~ ~
ITlle-1 < 5 exp(Clldl1) 18]

where Cy depends on €1, Cy and C3 depend on s.
IfFUDY and UP (or TY, TR)) correspond respectively to (é(l), 1)) €V and

(5(2),L(2)) €V, then forr > 3,
IU® U@, _, < ¢y (”g(l) |, 1LV L<2>|) 7
o 2

(L(2))2 -
< Cy ()01 + 1811,) (189 = 6@z + LD = L)),

H[g(l)] U@ _

ao

SHIO)]

IT® — 7@, _, < ¢y (”g(l) |, LD L<2>|) 7

where Cy depends on the diameter of V and r.



GLOBAL SOLUTIONS TO THE BUBBLE 23
Proof. From (1.6) and (2.2), Lemma 3.11 it follows that

T T Ci 5
_ < = — < —
o= F#a]), < TGkl = Glwobrllo < 218,

with C; depending on €;. Using Proposition 3.12, we obtain

2
U - %—UIH[eaa]
0

Cio
e 5 10111612

with C; depending on €;. Again from (1.6) and (2.2), Lemma 3.11 and Proposition
3.12, we obtain
2120

bl

IN

U —
| ;

2
F1G0uty = Glualyl + [ [+ - %00

S S

C . _ Coor _ I
< 72exp(Cs||9H571)H9||5H”YH1 < %exp(Cs||9Hsf1)|\9||s|\9||3,

where Cy and Cs depend on s. Similarly, we can get the second and fourth state-
ments. This gives all the desired results for U in terms of 0.

Again, from noting that the second equation from (B.3), and the above estimates
on U, we obtain

Cyo ~ ~
(3.15) [T]lo < CIIUM+6a)]l1 < %exp(csles)II@Hsa
and
220
’ Ta — ?H[eaa] .
220
< U - 77{[904&] s + HU90¢||S*2

Cyo _ _ o
< Ir exp(Cs]|6)]| s )[H9llslel9lls+H9HSII9H571 ;

where C3 and C5 depend on s. Hence the fourth statement holds.
Also, we obtain from (1.6), (2.2),

272 T
1) _ W1_717(2) (2) o (1) _ (2)
||U (L(l))27_[[00‘0‘] U +(L(2))2H[9aa]”7"*2 S || 1 [ ] g[ ] ||7"*2
LW — L o ) ) W _ a0
< WHQ[ v = Glwolv -2 + L(2 ||g[ Uy Glw IV -2
(2 (1) _ ~(2)
+ 7 |1 (0 =),

The stated results on the differences between U(1) and U2 ~follow from I:,emma 3.11
and Proposition 3.12 on using the condition that each of (9(1), L(l)) , (9(2) , L(Q)) €

V. We note the second equation from (B.3), so the stated result follows for 7(1) —
T® as well. O
4. ENERGY ESTIMATE

We define energy we will use is the H" (T[0,27]) norm of 0,; it is defined by

1 27
En(t) = 3 /O (D"0,,)?da.
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We first need to estimate the following terms in the evolution equations.

Lemma 4.1. Let X,, = (67”, Ln> et ([07 S); V) be the solution to the initial value
problem (2.11) for r > 3. If the size € of the ball B is small enough, then the
corresponding energy E,,, as defined above, satisfies the inequality

dE, 2o
— < -——F,.
dt — L2

n
Proof. For r > 3, taking the derivative of E, (t) with respect to ¢, we have

d

EEn(t)z/o (D"0,,)(D"0,,.+)da.

Using (C.1) and (C.2), on integration by parts we find
d

EEn = I+ I+ I3+ I4, where

27

L = - D™, D" (P,U,) da,
0
27 B

I, = D0, D" (P,U,) da,
0
2 5

Iz = D"0,D" P, (0,.oUy) da,
0
27 5

I, = D"0,D" P, (T0,.4) da.
0

On using 0, = P,0,, we can rewrite

2 2 2 ~ ~ 27 ~ 2 2
"o [ D*6,D*H0,)da— [ D+'6,P,D" |U, — =7

I = — -
' Ly Jo 0 Ly

H[On a0l | do.

Using Lemma 3.13 to bound the second term I, it follows from Cauchy-Scwartz
inequality that

2120 | ~ Cio ~ ~ ~ ~

I < =5 10nll7 372 + 7 exP(Callbnllr—1)l10n I 6]]r-+1 116 5,
where C7 and C5 depend on s. Applying Lemma 3.13 once again, we obtain
2w 2

2 2 - - ~ 2
I2 = o DrenDT+1H[9n]da+ DrenDT_lpn Un - EH[HH OtOl] dOé
L3 Jo 0 Ly ’
2120 ~ Cro ] 7] ]
< L—%H@n”f_,_l/g + L—% eXp(C2H6‘nHT—1)”9n”zHenH&
) 2 27 ~
L = 17;20 D 0, D" Py (0,0 H[0n,00]) dor
n 0
2 TN r—1 210
“+ D enD Pn 97“1 Un - L—ZH[GH’QQ] do
0 n
Cld

By o Cio _ o
”971||T+1||9n||r||9n”r—1 + T2 eXP(C2H6‘n”T—1)”9n”%”971”37

n

< -
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2 T
I, = D 0, P, (Y Cr;DIT, D0, ) da
0 =0
27 ~ 27 5
= D"0,P,(T,D"6,)da + C, 4 D"0,, Py, (Ty.oD"0,,) da
0 0
2

+ [ D"6,P, ZC”DJ 2(Un(140p.0)) D'T1790,, | do

0
Clo
L2

(exp(03||9 1) 181316217 1 + exp(Col1fnllr—1) 16216l - 1)

where C7 and Cg depend on s. Adding up I; through I, using 6,, € B and the fact
that [|6,]|2 i1z <1 L116,,1? since the Fourier 0 and +1 modes for 6, are zero, we
obtain for r = 3,

r+3/2

d 320
R A P LA A
3 3o 2C 1/2
<~ 10y (352 - Clall) < -2, (1- 25 8.072).
and for r > 3,
d 3nlo
(42 5B <~ Iall o+ T 10l

3 3rio 2C 1/9
L1l (37 = Ol ) < -5 (1= 25 o).

where C' = C} exp(Cy]|f]|,—1) with C; and Cy depending on r. It immediately
follows that if 1 — C'525(2E,)'/? > 0 initially, then E,(t) decreases in time and
E,(t) < E,(0) for all . This implies that for small enough e, if 6,, € B initially, it
remains there for any t for which the solution exists. More, generally, we have

dE, 2o
7
dt — L2

n

E,.
(Il
Corollary 4.2. Let (én,Ln) € C'([0,5); V) be the solution to the initial value

problem (2.11) with r > 3. Then for the sufficiently small ball size € of B, as long
as the solution exists, we have

L AT R
dt L2 r
d”9 ||7“+1
Wt < ||9 12,

Proof. The proof of the first statement comes from (4.1) and (4.2).
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Replacing r by r + 1 in (4.2), we obtain

Aol _ 3%

4.
@43 =32

- Co - -
||9n||§+5/2 + L_2||9n||%+2”9n||r
3072 ~ 9 2C -
< —ﬂH@n”r%/z (1 - W”@l”T) )

where C' = C1 exp (Cg||§n||r> with C7 and C5 depending only on r. Hence for small
enough e, if 6,, € B, then by (4.2), we have

d”9~n”72"+1 on? Z 2
= —L—%H@nHrﬂ-

O
Proposition 4.3. Let (0,,L,) € C*([0, S); V) be the solution to the initial value

problem (2.11) with r > 3. Then for the sufficiently small ball size € of B, as long
as the solution exists,

(4.4) En(t) < By (0) exp [—;’—;] ,
(4.5 160012 < 1O 0 |- T5 .
(4.6) L3 (t) — 88| < C\/En(O)(l—exp(—l—lgat)),

where C' is independent of n.

Proof. We note from the evolution equation for L,, may be rewritten as

dLn 27 2 2 27
2o — _Lg/ {Un - Ligﬂ[en,m]] da — Li/ Unbn.ada.
0 n 0

Using Lemma 3.13, on integration, it follows that
t t
(47) L0 - enl < [ 6ol <o [ B,
0 0
where C' is independent of n. Since E,(t) < E,(0), it follows that
L3 ()| < 8n° + CE,(0)t,

where C' is independent of n. Using Lemma 4.1, we obtain preliminary estimates:

3om? 1/3
< — 3 — )
En(t) < En(0) exp{ B0 [(&r + CE,(0)t) 27@}
Going back to (4.7), it follows that for sufficiently small E,, (0), for any ¢,
(4.8) |L3(t) — 87| < 1

which implies that L, cannot escape the interval (2w — 1,27 + 1). Going back to
Lemma 4.1, this implies that
d 2o

g
—Ep < ———— B, < ——FE,
at "= T 2t 1)2 18
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and therefore (4.4) follows. (4.5) follows from Corollary 4.2 once we use (4.8).
Furthermore, plugging estimates (4.4) into (4.7), we have

L3 (1) — 873 < w [1 —exp (_%ﬂ .

O

Proof of Proposition 2.12: This follows readily from Lemma 4.1 and Proposition
4.3, since Lemma 4.1 assures that as long as the solution X,, to the initial value
problem (2.11) exists, the corresponding 6,, does not exit the ball B and therefore
Proposition 4.3 can be applied to obtain estimates on E, (t) and L,(t).

5. EXISTENCE OF SOLUTIONS

In this section, we demonstrate existence of solutions to the initial value problem
(2.11). We then show that these solutions converge (as the truncation n tends to
00 ) to a solution of (B.1), (B.3) and (B.4) with the initial condition (2.5). We
demonstrate that this solution to (B.1), (B.3) and (B.4) with the initial condition
(2.5) is unique and has the same regularity as the initial data.

Definition 5.1. We define
XN = lfullr + ol
for X = (u,v) € H"(T[0, 27]) x R.

Proof of Proposition 2.11: First we show that the operator F,, : V — H" ('H‘[O, 27r]) X
R is bounded, i.e. ||Fy1]l» 4 |Fn2] < 00,VX,, € V. It follows from Lemma 3.13 that

|PuUn.a + PaTu(1+0n0)|,. < Unalle + 11 T0llr + 1701000l
¢ (||9~n||r+3 + ”én”T-i-l + ||én||z+1) < Cn?)”én”m
Clull2 (1 + 18a]1)

where C' depends on n, r and the diameter of V.
Consider X,(ll), X,(f) € V. We have

IN

|Fn,2| < ||1 + on,a”OHUn”O

IN

2m 2w
Po(TP(+000) = T2 (1 +672))

(5:1) [Fua(X) = Fua (X)), < |

) n

VP (U, + TV (1 +681)))

T

T

2
+ FIII%(U% U2, + @

It follows from Lemma 3.13 that

52) (5 = 2P+ T+ 1)

<Cn’(|LY = LY < eI XY = X2,
where ¢ depends on n, r and the diameter of V. Further, using Lemma 3.13
S -FAl < C (100 = 0Plo(1+ 18D]1) + 102116 - 9)

< O (1B = Lol + 180 = 8P)1) < e XD = X2,
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where ¢ depends on n, r and the diameter of V. Therefore, from ODE theory, it
follows that there exists local solution X,, € C1([0,5,]; V) over some time interval
S, that may depend on n, r and e.

Lemma 5.2. There exists sufficiently small € > 0 such that solutions X, =
(O, Ly) € C1([0,S];V) of the initial value problem (2.11) form a Cauchy sequence

in C ([O,S];Hl X R) for any S > 0.

Proof. We define difference energy function E,,, as
Emn = Evlnn + (Ln - Lm)2

where E},, = 3 0277 (D(0n —ém))2da. Notice that E,,,(0) = E.,. (0). Without loss
of generality, we assume m > n as otherwise we can switch the role of m and n in
the ensuing argument.

Using the first equation in (C.1),

dE} ™ o o
5.3 mn _ D(,, —6,,)D*(=—P,U,, — —P,,U,,)d
(63) === | D JD*(3 TPy de

27
+ D(6,, —ém)D(z—”Pn (Tn(1+6,.0)) — z—me (Tm(1+9m,a)))da =1+ L.

0 n m

Defining énm = én — ém, it is clear that

1 1 271' - 27T 271' ~
L = 27— - — D?0,,,, P, DU, dov + — DO, (P, — P.,)D*U,
! " (Ln Lm) 0 ot Lm 0 ( )
27T 271' - 2
+ — D0,y P D*(Uyp, —Up) =g +Tho+ 13

Lm 0

From estimates in Lemma 3.13 and restrictions due to (én, Ln) , (ém, Ln) €V, we
obtain R
[1a] < ceE%ﬁH@anQ,

where ¢ depends on the diameter of V. We note that since P,6,, = 0,, and P,,,0,, =
0, as m > n, we can write I; »

o [T om0
I, =~ DO,,,D?[P, — P] | Up — ——H[0n.aa] | dev.
Therefore, using Lemma 3.13,
2
|Il 2| S Equ;{r% Un - 2n UH[on aa] S ﬁErln/gv
’ n L2 ’ s n
where C' depends on the diameter of V. Using P,,0,, = 9~n, P60, = 9~m,
or [T 220 220
Il,3 = T DenumD2 (Un - L—QH[en,oza] - Um + LTH[em,aa])
m JO n m
A3 [T ~ 430 (1 1 o ~
Dean2 enm aal] T To ~ 19 D29an em ao da.
Ry Hliamoe =27 (32~ 72 [ Hlbm aclder

Integrating by parts the second term in I 3 above and using Lemma 3.13 again,
we obtain
4o

L4 < -2

HéanS/Z +CeEpp + CEEyln/r%”éan?v
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where C' depends on the diameter of V. Now using Lemma 3.13, we obtain

d(L,, — L;,)2 2
( dt—) = 2(Lmn—Ly) / [(Un = U)X+ Ona) + Unn(0n,0 = Om,a)] dov
0
o220 Y elos
1/2
< cEM? (eHUn —Upnllo + ‘ U, — L—%H[en,m] — U + ﬂﬂ[em,m] i

81 [V ll0) < Ce (Bams + B2 Bamllz)

C depends on the diameter of V. So for I, we use the same method as we did for
I; and combine all the terms. So we obtain

dEn A0 | - 9 A0 | ~ 9 anF C 19
S —mH@anwz‘F m”enm|‘3/2+C€E7n/nH9an2+ 5€Em/n + ceEmn
3mdo

~ c s c
_W|W"WH§/Q + §€||9nm||§ + 5E71n/3 + c1€Emn,

where ¢ and ¢; depends on the diameter of V. Since ||9~nm|\5/2 > |G |2, it follows
that for e sufficiently small

o + el < 0
So,
dEd;”" < By + %E},{j
This can be restated as
dE:

c

< cEM? 4 .
a — ™ * n
We solve the differential inequality to see that

1
EY2(t) < BY2(0)e + (e = 1).

Since . -
Emn(o) = Erlnn(o) < EHHOH%
we have -
EMN2(t) < = (l1follr + 1)e".
n
Thus, solutions do form a Cauchy sequence in C ([O, ST; H' x R). O

Remark. We now know that the solutions of the initial value problem (2.11),
(6, Ly,), approach a limit as n — co in C ([O, S} H' x R). Call this limit X =
0,L). O
Note 5.3. By Proposition 2.12, we know that ||0,(-,t)|, < |@16o][; for all t > 0.

Since H" is a Hilbert space, its unit ball is weakly compact. Thus, 8, — 6 in H".
Furthermore, by Fatou’s Lemma, we also have

18], < liminf 4, < [|Qi60]l.

Lemma 5.4. Forr > 3, there exists the sufficiently small ball size € of B such that

as n — oo, the limit of the initial value problem (2.11), X = (6,L) € C((0,S5];V)
for any S > 0.
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Proof. Note that estimates in Corollary 4.2 and Proposition 4.3. Since L, €
(2m — 1,27 4+ 1), we have

dFE,
7 = ——||9 [y

It implies
1
# 5 [ 1Bl < 3Eal0) < S0

Hence 6, is a bounded sequence in L2 ([O, oo),HT+3/2). So, there exists a sub-
sequence that converges weakly, and it is easily argued that the limit can only
be #. This means that for any interval (0,5’) there exists So in that interval so
that ||é(-780)||r+3/2 < oo0. Now consider the solution to (B.1), (B.3) and (B.4)
with Sy as the initial time. In particular, 6(.,So) € H"*' N B. Taking (., So)
as initial data in H"*1 N B, repeating the proof of Proposition 2.11 with r + 1
instead of 7, and by Corollary 4.2 and Proposition 4.3, we have global solutions
éﬁ“ et ([So, 00), H™n B) for sufficiently small e. Again, by uniqueness of so-
lutions to the approximate equation (2.11) (Proposition 2.11), these solutions are
identical to 6, in their intervals of existence. Also, by Proposition 4.3, we have
(5.4)
~ ~ o ~ _at=Sg)
16 )1 < 110 (-, So) 416”5750 <A, So) 16”55, for all ¢ > Sp.

From interpolation theorem in Sobolev space, we have
~ ~ ~ ~ ]—_s5_ . ~ s
(5'5) Hem - 971”8 < CHem - 971”0 B Hem - en”rr-ﬁ

By Lemma 5.2 and (5.4), we know that the right side of (5.5) goes to zero uni-
formly on [Sp,S], as n,m — oo for any 1 < s < r + 1. This implies X €

C ([SO,S];H 5 x R). Since the choice of S’ is arbitrarily small, it follows that
éeC((O,S],H’“). 0

Proposition 5.5. (continuity at t =0 in H") For r > 3, we have
(5.6) t£%1+ 16, ) — @160l = O.

Proof. Replacing r + 1 by r in (5.5), using the uniform bound of 6, in H" and
6, € C! ([O,oo);HT), we find that 6, — 6 in C ([O,S];Hs) as n — oo for any
S >0, where 1 <s<r.

Let n > 0 and ¢ € H’T(']T[O,Qﬂ']). For any s satisfying 1 < s < r, choose
¢ € H=*(T[0,2n]) so that

(5.7) 6 —ell-r <3

We know that such a ¢ can be found since H~*(T|0, 2]) is dense in H~"(T[0, 27]).
We have

(5.8) (0,0n) = (6,0) = (6 = ¢,0n) + (¢ — &, 0) + (0,00 — 0),

where (-, -) denotes the pairing with dual spaces. The first two terms can be bounded
by % using (5.7) and uniform bounds on 6 and 6, in H". For the third term,
we choose n large enough so that ||¢ — 0,]|s < n/3. Thus, (5.8) is bounded by
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1. Since 7 is arbitrary and these bounds are uniform in time, we conclude that

0 € Cw ([O, ST; HT). To prove the lemma, it is enough to show lim; o4 ||6(-, )|,
Q160 = 0.

By Note 5.3, we know [|0(-,t)||, < ||Q160],. This means limsup,_,q, [|0(-, )] <
|Q160]|-. From the fact that 6 € Cy ([0, S]; H"), we have liminf o4 [|0(-,2)]|, >
[|Q160]|-- Hence, (5.6) holds. This gives us strong right continuity at ¢t = 0. O

By Lemma 5.4 and Proposition 5.5, we have

Corollary 5.6. For r > 3, there exists the sufficiently small ball size € of B such
that X € C ([0, S];V) for any S > 0.

Proposition 5.7. Forr >4, X is a classical solution to the initial value problem
(B.1), (B.3) and (B.4) with the initial condition (2.5) for any S > 0, where 0 €
C ([0, S]; €3 (T[0,2x])) N C* ([0, 5]; C (T[0,27]) ) and L € C*[0, S].
Proof. For r > 4, by Sobolev embedding theorem and Corollary 5.6, we know
X € C([0,5];C*(T[0,27]) x R) and 6, — 6 as n — oo in C ([0, S]; C* (T[0, 27])) N
C([O,S];HS), for 1 <s <.

Since g is C' in the open ball H', g(6,) — g(0) as n — oo. So 0(1;t) = g(0)
and 6 satisfy (B.4). By Proposition 3.12 and (3.14), we see that both {~,}5%, and

{Flwn]yn}rey are Cauchy sequences in C ([0, S]; H' (T[0,27])). Hence, it allows us
to pass to the limit as n — oo in the equation

2
(I + Ay Flwn]) n = L_ﬁ(’”v““’
and obtain
2
(I—i— Au]:[w])’}/ = f%a.

By Proposition 3.12 again , we have y € C ([0, S]; H"~2(T[0,27])). We also have
t

(5.9) On(a,t) = Prbo(a) +/ Foa(Xn(t'))dt'.
0

From Lemma 3.13, it follows that {F,, 1}, is a Cauchy sequence in C ([O, ST; HO).
Replacing r + 1 by r — 3 and 0, by F,.1 in (5.5) with the uniform bound of F,, ; in
H™3, we see {Fn1},., is a Cauchy sequence in C ([O, S];HS> for 0 < s <r—3.
Hence, we take the limit in (5.9), yielding

¢
O(a,t) = Q16p(c) +/ FY(X(t)at,
0
where F'! is the right-hand side of the first equation in (B.1). This is differentiable in
time, giving 0; = F1(X) € C ([0, S]; C (T[0,2x])). Similarly, L satisfies the second
equation of (B.1) and L, € C[0,5]. Thus, X is a classical solution to (B.1), (B.3)
and (B.4) with the initial condition (2.5). O

Lemma 5.8. Forr > 3, there exists the sufficiently small ball size € of B such that
if XMW XA ¢ C([0,S]; H" x R) N C*([0, S]); H™ =3 x R) are solutions to the initial



32 J. YE & S. TANVEER

value problem (B.1), (B.3) and (B.4) with the initial condition (2.5) for any S > 0,
and the corresponding initial data X (a,0), X (a,0) € V, then for 0 <t < S,

-0, ¢ 2000~ 20
< (000 -2, 0)| +|LD0) - L2 ) exp{Bt).
Proof. This proof is very similar to the proof of Lemma 5.2, and we re-use some

notation. Define F4, the energy function for the difference of two solutions, by
E}+ (LM — L®)2, Here,

1 27 ~ ~
E} = 5/0 (Do (0% — 0@)))2da.

We now wish to estimate how this energy changes over time.

1 27 _ B 5 5
aEy Do (0 — 9(2))Da(9§1) _ 9§2))da
dt )
_ [T p.m _gop2g (2 g~ 2T ) 4o
o - a=I\Tm < )
+ QWD (6" —6*)D,Q ( (T +00)) —2—”(T<2>(1+9<2>)))da
0 ' L@ e '

Using the same estimates as that in Lemma 5.2, we have

dE} 473 ~ oy 112 ~ ~ oy 112 ~ 0N 112
d—td =7 (L(2 (H9(1 9(2)"5/2 - He(l) o 9(2)"3/2) + CE(HG(I) o 9(2)"2 + Ed)’

with ¢ depends on the diameter of V. We also have
d(L™M — L(2))?
dt

with ¢ depends on the diameter of V. As what we did in Lemma 5.2, for sufficiently
small €, there exists a positive constant B such that

dE,
R - pp
dt d

We solve the differential inequality to see that

< ce(||§N — 03 + By),

Eq(t) < Eqy (O)GBt.

This proves the theorem. (I

Hence, uniqueness follows from Lemma 5.8.
Lemma 5.9. Forr > 3, there exists the sufficiently small ball size € of B such that
solution X = (9, L) € C([O, S); H™ x R) nct ([O, S|, H =3 x R) to (B.1), (B.3) and
(B.4) with initial condition (2.5) is unique in H' x R.

Proof of Lemma 2.14: This follows from Lemmas 5.2, 5.4, 5.9, Corollary 5.6 and
Proposition 5.7.
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Proof of Proposition 2.16: Taking the derivative with respect to ¢ on both sides
of (2.14), we have

dS(t) 1 o, ;
— = 5Im/o (zazf — 22%)do

L 2m . .
——Re/ (Zez2+za+19(a) *+Zt( 127104710(04)))6104

27 2w
——/ (@, 9t) nda———/ Uda

— _Re (/0 Z‘;(W)Pv/a: 72@7(_0‘2@)@'@).
Since

2 za(au
Re (Pv /0 Z(a)%z)(da)

_ “ ’
—Re %gr(l) /a+b ™ log(z(a) — z(« )))

:log| (27) — 2(o/ ‘—log‘z(())—z(o/ﬂ:(),

we have
dS(t)
Cdt
Hence the area of the bubble is invariant with time.
Since (én, Ln) converges to (6‘~, LyinC ((0, ST; HT x R) for any S > 0, by Propo-
sition 2.12 and || P8l < ||Q160]|r, we have

(5.10) 16¢, 8)llr = lim (18 ()]l < [|Qubollre™55".

=0.

By (2.7) and (5.10), the statement for §(£1;¢) hold.
Since the area is invariant with time, we have

L2 27 1 2
(5.11) 52 Im/ Waw da = S% Im/ wo,awpda.
0 0
(5.11) gives us

2 27 21
(L2 — 47r8) Im/ waw do + 47r8(1m/ waw do — Im/ w07aw3da) =0
0 0 0

It implies that

L2 27 27
L—2vVnS = ——(Im/ waw*da—lm/ w aw*da).
21(L + 2V/78) 0 o o

Hence, using 27 — 1 < L < 2w 4 1, we induce the following estimate:
IL —2vxS| < C|lf]

with C' depending on S. From (5.10), the result for L follows.
From (B.2), using (3.15) and 27 — 1 < L < 27 + 1, we have

:12) [000:0) = 600)| < € [ 6l (1 162 w<c/ne lsdt
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Hence, plugging estimates (5.10) into (5.12), the result for §(0;t) holds.

6. APPENDIX
Proof of Lemma 3.4 ([1]):

Proof. We note that
1 1
DF gy [w] :/ th DFw, (ta+(1—t)a’)dt , D, q1[w)] :/ (1—t)* D w, (ta+(1—t)a’)dt.
0 0
Then, using 27 periodicity of D*w,, we obtain

/a+2ﬂ'
a

1 2
/ tkDFw, (ta + (1 — t)o/)dt’ do/
0

a+2mw 1 1
< / (/ |DFwa(ta+ (1 — t)a)(1 —t)1/4|2dt)(/ tQk(l—t)*l/th)do/
0
a+27'r
< c/ / Drwalta + (1 = )a’)(1 — )4 2dodt
(a+27)(1—t)+ta
< / / |D*we(w)?(1 — )Y 2dudt
1— t+ta
2w
< c/ (1—t)_1/2dt/ | DF e (1) 2du < C||D¥wal|2.

So Dfq € H*[a,a + 27] in variable o/ and ||D¥q;[w][lo < C|lwallx with C only
dependent on k. Again

a+2m7
/a

1 2
/ (1 —t)*Drwy(ta+ (1 — t)o/)dt‘ da’
o

a+27'r 1
0
a+27r
< C/ / |DFwe(ta + (1 — )/ ) (1 — t)4?do/ dt
(a+27)(1—t)+ta
< / / |DFwe(u)2(1 — )~ 2dudt < C||D*w,||2.
t)+ta

So D¥,q1 € H*[a,a + 27 in variable o’ and || DF,q1[w]|lo < C|lwallx with C only
dependent on k.
We note that for kK > 0

1
DF gow] = —/ tF(1 = ) D*wan (ta + (1 — 1)’ )dt,
0

1
D, golw] = _/ (1 =) D*wga(ta + (1 — t)a)dt.
0

Similar arguments as above leads to the stated bounds for gs.

From symmetry of ¢1, g2 in « and o/, clearly the same results hold with respect
to « instead of o/ integration. ([

Proof of Lemma 3.8 ([1]):
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Proof. We begin by taking r — 2 derivatives of K[w]f.

I i 1 1 1
DI 2K W) f(e) = D272%/7 f(a) FOEECIEA) cot 5(04 —a’)}da’
1 ot / T— [ 1 1 1 / /
= 5 e s - cot 5 (o — o) da
1ot - 1 1
- /Dr—2 _ do/
278 Joy He) D, lw(a) — w(a') wa(a’)(a—a’)} “
1 arm fle) o1 / ’
"3t ) Bwaay Do (Gl e))da
= P+ PB.

Since the function /() is analytical for —5 < 3 < 7., it is easy to have

C
[I1P2]lo < f”f”()’ where C depends on 7.

Let us see P;.
i a+m f(O/)
271 Jo_r wal(a)
a—+m / /
1 f(a) Dg_2(Q2[w](a/7a))da/.

ﬁ a—T Wa (O/>

P =

e

)
a)—w(@) a-—a«

q[wl(e/, a)
.7) implies that |g1|w|(a, )| > 7. So emma 3.9, we have
(3.7) implies that |g1[w](c,a’)| > . So by L 3.5, we h
C C.
1P1llo < 1o exp (Fllwall-—1).

Hence first result follows. Taking a-derivative r — 1 times K[w]f and integrating
by parts once,

DIKf(0) = DL /;”Da/(f ) [l Lot 2o - /)] e

270 Jo_r we(a) /) lw(a) —w(a!) 2
I ' o 1 1
= -— Do/( f(e) )Dgf2 {7w (@) — —cot =(a — o/)} do/
270 Jo_r wa(a) wla)—w(@) 2 2
= _L ot Da’( f O/) )D(7;72 a2 [W](Oé, O/) do!
2m a—m Wa (a/) q1 [W] (Oé, O/)
1 [t ! 1
N Da/( () )DZﬁQZ(—(a —a))dd’.
270 Jo_r 2wq () 2
Using Lemma 3.5, the the second inequality follows from Cauchy-Schwartz inequal-
ity after noting that ||D (wi) lo < Cliflllwalls O

Proof of Lemma 3.10 ([1]):
Proof. We begin by writing [H, ] as an integral operator:

1 a+m 1
~on /Q_Tr f(a) (¢(O/) — w(a)) cot (5(04 — a/))do/.
We can write the kernel as

(M) ((a — o) cot (%(a - 0/))'

a—ao

[H, ] f (@)
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The first part of this product is a divided difference, and the second part is an ana-

Iytic function on the domain [-7F, Z]. The lemma now follows from the Generalized

Young’s Inequality. (]
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