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ABSTRACT. This paper concerns global existence for arbitrary nonzero sur-
face tension of bubbles in a Hele-Shaw cell that translate in the presence of a
pressure gradient. When the cell width to bubble size is sufficiently large, we
show that a unique steady translating near-circular bubble symmetric about
the channel centerline exists, where the bubble translation speed in the lab-
oratory frame is found as part of the solution. We prove global existence for
symmetric sufficiently smooth initial conditions close to this shape and show
that the steady translating bubble solution is an attractor within this class
of disturbances. In the absence of side walls, we prove stability of the steady
translating circular bubble without restriction on symmetry of initial condi-
tions. These results hold for any nonzero surface tension despite the fact that a
local planar approximation near the front of the bubble would suggest Saffman
Taylor instability.

We exploit a boundary integral approach that is particularly suitable for
analysis of nonzero viscosity ratio between fluid inside and outside the bubble.
An important element of the proof was the introduction of a weighted Sobolev
norm that accounts for stabilization due to advection of disturbances from the
front to the back of the bubble.
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lem, Translating bubbles, Surface tension
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1. INTRODUCTION

The displacement of a more viscous fluid by a less viscous one in a Hele-Shaw
cell is a canonical problem in a much wider class of Laplacian growth problems that
include dendritic crystal growth, electrochemical growth, diffusion limited aggre-
gation, filtration combusion and tumor growth. It has attracted many physicists
and mathematicans. In the recent two decades, there are many reviews about this
subject (Saffman [33], Bensimon et al. [8], Homsy [18], Pelce [27], Kessler et al.
[24], Tanveer [41] & [42], Hohlov [17], and Howison [22] & [23]).

There is a vast literature on zero surface tension problem though the initial
value problem in this case is ill-posed [21], [15] and not always physically relevant
[See [42] for detailed discussion of this issue]. With surface tension, there are
rigorous local existence results for general initial conditions both for one and two
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phase problems [11], [13] using different approaches. Also there are some global
existence and nonlinear stability results [9], [16] for one and two phase Hele-Shaw
for near-circular initial shapes in the absence of any forcing such as fluid injection or
pressure gradient. These have been generalized to non-Newtonian one phase fluids
[12]. There are similar results available for the two phase Stefan problem [14],
[29], which is mathematically close to but distinct from the two-phase Hele-Shaw
(also called Muskat problem) being studied here. It is well recognized that global
existence problem with surface tension for arbitrary initial shape is a difficult open
problem! though there is quite a substantial literature involving formal asymptotic
and numerical computations (see cited reviews above). Even the restricted problem
of stability of steadily propagating shapes such as a semi-infinite finger [45], [46] or
a finite translating bubble [46] for nonzero surface tension remains an open problem
for rigorous analysis. Translation causes complications in global analysis due to a
less viscous fluid displacing a more viscous fluid — a planar front is known to be
unstable [32] in this case.

This paper considers the motion of a bubble in a Hele-Shaw cell subject to an
external pressure gradient that causes the bubble to translate. We scale the fluid
velocity at oo in the laboratory frame to be 1; we choose ug so that the non-
dimensional velocity of the fluid at 4+o00 in the frame of a steady bubble 2 along
the positive z-axis is —(ug + 1). The analysis presented also includes proof of ex-
istence and uniqueness of a steady bubble solution together with determination of
ug. We choose the steady bubble perimeter to be 27; this corresponds to nondi-
mensionalizing all length scales appropriately. The non-dimensional half width of
the Hele-Shaw cell will be denoted by %

The two-phase Hele-Shaw problem in the steady bubble frame is described math-
ematically as follows: Q5(t) C R? is a simply connected bounded domain occupied
by a fluid with viscosity s at time ¢, while a different fluid of viscosity iy > po®
occupies €21 (t), where €1 (t) U§2(t) constructs the strip which half width is 7, i. e.,
{(z,y)lr € R,—F <y < F} (see Figure 1). We define functions ¢; and ¢2, outside
and inside €2 such that

A¢1 =0in Ql,
A¢2 =0in Qg,
(0.1) ¢1 — —(uo + 1)z + O(1), as (z,y) — oo,

901
dy

(x,:l:%) =0, for x € R.

On the free boundary 921 N 02 between two fluids, we require two conditions:
(24 uo)z + ¢1 — %@ = 0ok,
1

06 _ 06 _
on on "

(0.2)

INote the ”stable” problem where a more viscous fluid displaces a less viscous fluid is relatively
simple and will not be considered here; there are many global results available in this case.

2This choice implies that the steady bubble translates along the positive z-axis with non-
dimensional speed 2 + ug in the laboratory frame.

3The assumption g1 > p2 is not necessary in the analysis.
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F1GURE 1. The Hele-Shaw flow in the frame of the steady bubble.

e

where o is the coefficient of surface tension, n is the inward unit normal vector
on 091 N 0N, and v, is the normal velocity of the interface. The first condition
corresponds to jump in pressure balanced by surface tension, while the second is
the usual kinematic condition requiring that the normal motion of a point on the
interface equals normal fluid velocity on either side of the interface.

The global existence analysis for arbitrary surface tension is complicated by the
far-field pressure gradient that causes bubble translation since a planar interface
under the same condition is susceptible to well-known Saffman-Taylor instability.
This difficulty arises both for finite (8 # 0) and infinite cell-width (8 = 0). Lo-
cally, near the front of the bubble, at sufficiently small scale a planar approximation
would appear reasonable. However, some formal arguments [8], [10]. supported by
numerical calculations have suggested that stabilization occurs on a curved inter-
face through advection of disturbances from the front of the interface to the sides.
These conclusions are not universally accepted since formal calculations [49] based
on a multi-scale hypothesis suggest that the steady state is linearly unstable for
sufficiently small surface tension. Here we resolve this controversy rigorously in
favor of stability at least in the case of a Hele-Shaw bubble with distant sidewalls
for any nonzero surface tension.* We have introduced a weighted Sobolev space
suitable for controlling terms arising from bubble translation for any nonzero sur-
face tension 0. We are unaware of any previous work for global control of small
disturbances superposed on a steadily translating curved interface in Hele-Shaw or
any other related problems.

41t is to be noted that the problem tackled here is not equivalent to taking O(1) sidewall
separation and making bubble size sufficiently small for fixed surface tension, since if we scale
down bubble size, we must also scale down surface tension values to make an equivalent problem.
In the small bubble limit any fixed surface tension dominates translational effects; in our choice
of length scale, this would correspond only to the simpler case of only sufficiently large o.
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In the present paper, we use a boundary integral formulation due to Hou et
al [19]. This formulation has been widely used for numerical calculations in a
wide variety of free boundary problems involving Laplace’s equation. Ambrose
[4] has recently used this formulation to prove local existence for the Hele-Shaw
flow of general initial shapes [4] without surface tension. Given the wide use of
boundary integral methods in computations, one motivation for the present paper
is to further develop the mathematical machinery associated with this method so
as to be applicable to more general existence problems.

Adapting the equal arc-length vortex sheet formulation of Hou et al [19] to the
present geometry, the boundary curve between the two fluids of differing viscosities
is described parametrically at any time ¢ by z = x(«, t) +iy(a, t), where « is chosen
so that z(a + 2m,t) = z(a,t). We introduce 6 so that § 4+ a + ¢ is the angle be-
tween the tangent to the curve and the positive x-axis as the boundary is traversed
counter-clockwise with increasing a. Hou et al [20] observed that a choice® of the
tangent velocity T is possible so that the rate of change of arc-length s, = |z4] is
independent of o and corresponds to an equal arc-length interface parametrization.
They also observed that this choice simplifies the evolution equation for 6, and
used it in their computational scheme. Note in this equal arc-length formulation
Zo = T + 1Yo = %ei”/ﬂio‘“e, where L is perimeter length of interface. Then the
unit tangent vector on the interface t = ( — sin(a 4 ), cos(a + 0)) and the unit
normal vector pointing inward at bubble interface is n = (—cos(a+0), — sin(a+6)).

Definition 1.1. Let r > 0. The Sobolev space Hj s the set of all 2mw-periodic
function f =35> f(k)et*® such that

oo

£l = | S K (R)2 + £(0)]2 < .

k=—o0

Note 1.2. For f,g € H}, the Banach Algebra property | fgll» < Cvl fll+llgll- for

r > 1 with some constant C,. depending on r is easily proved and will be useful in
the sequel. Also, in what follows the” symbol will reserved for Fourier components.

Definition 1.3. The Hilbert transform, H, of a function f € H) (i.e. La) with
Fourier Series f = > F(k)etr is given by

1 m 1
Hfl(a) = %PV f(a’) cot E(a —a)dd!
0
= Y —isgn(k)f(k)e*.
k#£0

Note 1.4. For f € H;, the Hilbert transform commutes with differentiation. We
will denote derivative with respect to «, either by D, or subscript a. Also, for the
sake of brevity of notation, the time t dependence will often be omitted, except where
it might cause confusion otherwise.

5This choice or any other choice of tangential speed of points on the interface has no effect on
the interface shape itself.
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Definition 1.5. We define the operator A to be a derivative followed by the Hilbert
transform: A = HD,,. Following Ambrose [4], we also define commutator

[H, flg = H(fg) — fH(9g)-

(/O% (£2 + £Af)da) "

is equivalent to H;/Q norm of a real-valued 2m-periodic function f. Further, note
/

Note 1.6. It is clear that

the operator A is self-adjoint in H; * Hilbert space.

Definition 1.7. We define a linear integral operator K|z|, depending on z, as

(1.1) Klz)f = L /aa-‘_wf(al){ﬁ(a,a/) —

T 2mi Jo 2z4(a)

cot %(a - o/)}do/,
where for 3 =0,
(1.2) R, ') =

Jor B #0,
(1.3) Rla,a’) = gcoth {g(z(a) — z(a’))} — %tanh {g(z(a) — z*(o/))]

Remark. For 2m-periodic functions f and z, it is clear that the upper and lower
limits of the integral above can be replaced by a and a+27 respectively for arbitrary
a. ]

Definition 1.8. We define a complex valued operator G[z], depending on z, so that
(1.4) Glz]y = 2za {H, i} v+ 2iz.K[z]7.
1t is also convenient to define a related real operator F[z], depending on z, so that
(1.5) Flz]y = Re (%g[z]”y).

From the Hou et al [20] equal arc-length formulation, the Hele-Shaw equations
(0.1)-(0.2) reduce to the following evolution equations for the boundary 9€2; N9y:

2m 2m
0i(c,t) = =Ua(a,t) + =T (e, t) (1 + ba(a,t)),
(A1) L L

27
Li(t) = —/0 (1+ 0a(c, 1) U(e, t)dey,

where U is the normal interface velocity, determined from

2 o a+m
(1.6) U(at) = f” Re (;’—Pv/ ”y(a’)ﬁ(a,a’)da’) + (g + 1) cos (o + 0(a))
™ a—T
= THO+ T Re(Gla1) + (ug + 1) cos (a + ().
vortex sheet v and the tangent interface velocity are determined, respectively, by

M2 . 2
ug) sin(a + 0) + —
p1 + o o) sin( ) L

00ua,

(A.2) Y(,t) = —a, Flz]y(o, t) + %(1 +
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« a 2
(A.3) T(a,t) = /0 (1+ 0o (/1)U t)de — %/0 (1+6a(a,t)U(a, t)da,

where a,, = —ﬁi;ﬁ;
For (A.1)-(A.3), the initial conditions are
(1.7) 0(c,0) = Op(x), L(0) = Ly.

Note 1.9. Since (z¢(a,t), yi(a,t)) = Un+ Tt, (A.3) implies that the interface
evolution at o = 0 is given by (24(0,t),4:(0,t)) = U(0,t)n(0,t). In particular, this
implies

(1.8) y:(0,¢) = —U(0,t)sin ((0,t)), with initial condition y(0,0) = yo.

Definition 1.10. We denote the bubble area by V. From geometric consideration,
1 2w

(1.9) V== Im/ zo 2 da.
2 0

Remark. It is well known (indeed easily seen from (O.1)) that the bubble area V'
will remain invariant in time. That this is also implied by the boundary integral
formulation (A.1) is not as obvious and is shown in §2. O

Definition 1.11. We introduce a family of projections {Qn} such that

Quf=f— > flk)ete

k=—n
where f =32 f(k)e’™ and n € Z+ U {0}. Henceforth, we will define § = Q10.

Definition 1.12. We define H" as a subspace of H} containing real valued func-

tions so that ¢ € H" implies Q16 = ¢. Note in this subspace, ||¢||, = | DLollo for
r>1.

Without sidewalls, i.e. for § = 0, our main result is as follows:

Theorem 1.13. For any surface tension o > 0 and r > 3, there exists € > 0
such that if ||0ol, < € and |Lo — 27| < € < 3, then there exists a unique solution
(0,L) € C([0,00), H} x R) to the Hele-Shaw problem (A.1)-(A.3) with the initial
condition (1.7). Further, ||0]), and |0(%£1;t)| each decay exponentially as t — oo,
|é(0;t)| remains finite, while L approaches 2v/7V exponentially implying that a
steady translating circular bubble is asymptotically stable for sufficiently small initial
disturbances in the H, space.

Remark. The proof is completed at the end of §4 (see Note 4.3). O

We also consider the problem with finite cell-width (3 # 0). Here, we first prove
the existence of a translating steady bubble; more precisely we have the following
theorem:

Theorem 1.14. For any surface tension o > 0 and r > 3, there exist for e > 0,
T > 0 two balls O1 = {BeR:0< < T} and Oy = {(u,v) € H x Rl|ull» <
€ v < 6}, so that for sufficiently small ¢ and T, (9(5),u0)T : 01 — Oy 1is the

unique real valued map (9(5),u0) determining the shape and velocity of a steady
translating bubble for B € O1.
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Furthermore, there exists C' independent of € and Y such that
1691 + ol + [V = 2sin()||,—2 < CB?,

and 0 is an odd function implying that the bubble shape is symmetric about the
channel centerline.

Remark. We will prove Theorem 1.14 in §5.3. Note results for steady bubble
and finger without restriction on § but small o is available in [45], [46] and [47].
Here, there is no restriction in ¢ > 0, but it is held fixed as 3 is made sufficiently
small. Existence of at least one steady translating finger solution for ¢ > 0 has
been proved earlier [35] using different methods. O

For 8 # 0, we also consider the time evolution problem, though only for initial
conditions for which the bubble shape is symmetric about the channel centerline.
Symmetry implies 8 is an odd function of a.

Definition 1.15. We define unsteady perturbation
(1.10) O, t) = 0(a,t) — 6% ().
We also define é(oe,t) = 0:10(q,t).

The main result for the evolution of a translating bubble with side wall effects
(6 #0) is as follows:

Theorem 1.16. For any surface tension o > 0 and r > 3, there exist ¢, T > 0
such that if |O(-,0)||, <€, [Lo—2n| < e< 3 and 0 < 8 < Y, with O(—a,0) =
—0(«,0), then there exists a unique solution (G,L) € C'([O,oo),H; X R) with
O(—a,t) = —6(a,t) to the Hele-Shaw problem (A.1)-(A.3) with initial condition
(1.7).  Furthermore, ||©||, decays exponentially as t — oo, while L approaches
V7TV exponentially. Thus the translating steady bubble determined in Theorem
1.14 is asymptotically stable for sufficiently small symmetric initial disturbances in
the Hy space.

Remark. This theorem is proved in §6 (See Note 6.4). O
We organize the paper as follows. In §2, we introduce equations (B.1)-(B.6)
equivalent to (A.1)-(A.3). It turns out that linearization of (A.1)-(A.3) about a
steady shape gives rise to neutrally stable modes, including 6 (£1;¢). Tt is therefore
convenient to project away these Fourier modes and introduce instead a constraint
to determine é(:l:l;t) for given 6. Further, we find it convenient to replace the
evolution equation for L in (A.1) by an area constraint relation (B.4) since it is
otherwise more difficult to obtain exponential control on L directly. In §3, we
prove several preliminary lemmas about some integral operators. In §4, we prove
results for near-circular initial shape in the absence of side walls (8 = 0), but
without any symmetry assumptions. In §5, we consider the problem of determining
a steady translating bubble with side-wall effects (8 # 0) and complete the proof of
Theorems 1.14. In §6, we consider the global evolution problem for 3 # 0 for initial
shapes symmetric about the channel centerline and complete the proof of Theorem
1.16. Because of technical problems in controlling é(O;t) for nonzero 3, we have
restricted our attention to only symmetric initial condition for which 6(0;¢) = 0.
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2. EQUIVALENT EVOLUTION EQUATIONS
Definition 2.1. We introduce functions
o o N s ! ~ P ~
(2'1) wo(a) _ / eialdo/, w(a) — / eia’+i9(1;t)em +i0(—1;t)e” " +i(~)(a’)da/'
0 0

Note 2.2. Given the geometric description of 0 in terms of the tangent angle, it
is clear that

L =600
(2.2) 2(a,t) = —e TN (1) + 2(0,1).

2m
Further, from (1.9) and (2.2), it follows that

L2 27

(2.3) V=—In / (waw™) da
87T2 0

The above relation implies equation (B.4) in the sequel.

For 8 # 0, it is seen that y(0,¢) is not decoupled from (A.1)-(A.3); thus (1.8)
has to be solved at the same time as (A.1)-(A.3). We will show (A.1)-(A.3) and
(1.8) with the initial conditions (1.7), y(0,0) = yo is equivalent to the following
evolution system for (0(e,t),0(0;t),y(0,t)) € H" x R:

il t) = 2 Q1 (U +T(1 +62),

(Bl) nn. 2

% = %/0 T(a,t)(1+ ba(a,t))da
(B.2) y:(0,t) = =U(0,¢)sin (6(0,¢)),
where
(2.4) 0 =0(0;1) 4+ O(—1;t)e™" 4+ 0(1;t)e'™ + 4,

with v(a, t), L(t), T(a, t) and §(£1;t) determined by

2w L U2 .
B.3 I+ a,F2)7 = Loboa + = (1 + +0),
B (ol = Lot + 20+ L) sina+0)
(B.4)
2 2 27
= S smV ,where V' = L—02 Im {/ wa(a,O)w*(a,O)da} )
Im fo Wa(a, t)w* (i, t)da 87 0
«@ a 27
(B.5) T= / (1+0,)U(/)da! — — / (1+60,)U(a)da,
0 21 Jo
2T T R ) . ) 5
(B.6) / exp (15 +ia+i0(—1;t)e " +i0(1;t)e'™ + if(a, t))da =0,
0

and U determined by (1.6). The initial condition is

(2.5) 0(at,0) = Q160, H(0;0) = y(0) and y(0,0) = yo.
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Definition 2.3. Let r > 3. We define open balls :
Br = {ue ilull, <}
Su = {y € Rlly[ < M},
for some M independent of 3.

Remark. We will eventually choose ¢ > 0 to be small enough for Theorem 1.13
and Theorem 1.16 to apply. O
For the constraint (B.6), we have the following result:

Proposition 2.4. There exists e > 0 so that (B.6) implicitly defines a unique C!
function G : {u € HY|lul1 < 1} — R? satisfying (Reé(l;t),lmé(l;t)) = G(é(t))
with G(0) = 0 and G5(0) = 0. Moreover, G satisfies the following estimates for all
u,uy,up € {u € HY|Jul1 < €1}:

(26) Gl < lulh,
(27) Glw) ~ Gzl < 3 llur — ual.

Furthermore, zfé is odd, then the corresponding é(l;t) is purely imaginary.

Proof. The proof of the first part appears in [50] (See Proposition 2.4). Further-

more, if §(—a) = —f(a), then on complex conjugation of (B.6), replacing inte-
gration variable a — —a and local uniqueness of the mapping G, it follows that
0(1;t) = —6*(1;t), hence it is imaginary. O

Note 2.5. Note that calculation of 0(1;t) (and therefore of O(—1;t) = 6*(1;t))

from 6 in Proposition 2.4 allows compuation of

Quf = O(ar, t) + O(1;8)e™™ + O(—1;t)e
and this is an odd function of a for odd 0. Also, note that having determined -,
0(1;t) and 0(—1;t), (1.6) and (B.6) determine U and T needed in (B.1)-(B.2).
Proposition 2.6. Suppose forr >3, (6(a, t), L(t), y(0,t)) € C* ([O,S],Hg x R x Sa)
with |L = 2nt| < % is a solution to the system (A.1)-(A.3), (1.8) with initial condi-

tions (1.7), y(0,0) = yo. Then the corresponding bubble area V is invariant with
time.

Proof. Taking the derivative with respect to ¢ on both sides of (1.9), it is readily
seen that

dV 1 2T . . L 2T
(2.8) e §Im/0 (2azi — z2))do = 2, Uda.
Using (1.6), we have
dV 27 o a—+m
(2.9) i Re (/0 22—(:)13\// (") R(a, a’)da'da).

Since

T za(a) _ N ()] =

the Proposition follows. O
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Lemma 2.7. Forr > 3 and sufficiently small €1, the following statements (i.) and
(ii.) are equivalent:

(i.) (0,L,y(0,t)) € C* ([O,S],HIZ x R x SM) satisfies (A.1) and (1.8) with initial
conditions (1.7) and y(0,0) = yo, where 0 is real-valued, || Q101 < €1 and |L—27| <
€1 < &, while v, T and U are determined by (A.2), (A.3) and (1.6).

Gi.) (6,000;t),y(0,1)) € Cl([O,S],HT X R x SM) satisfies (B.1)-(B.2), initial
conditions (2.5), with ||0]|, < e1, where v, T, (£1;t), L and U are determined by
(B.3)-(B.6), (1.6) and

0=0+0(0;t)+0(1;1)e™™ + 6(—1;t)e™.

Proof. The first part involves essentially the same arguments as Lemma 2.5 in [50],
except that (2.3) is used to derive (B.4) with V' determined from initial conditions
(see Proposition 2.6).

For the second part, assume (é(a, t),6(0; ), y(0, t)) € C* ([0, ST, Hjy x R x SM) is
a solution to (B.1)-(B.2) with ||0||; < e; and ~, T, 6(£1;t), L and U are determined
from (B.3)-(B.6), (1.6). From Lemma 2.5 in [50], & = 6 + 6(0;t) + 6(1;t)e'™ +
O(—1;t)e @ is real valued solution to the equation for @ in (A.1), where v, T and

U are determined by (A.2), (A.3) and (1.6) for ¢ € [0, S].
For the evolution of L, we note that taking time derivative of (B.4), we have

Lt 27 . L 27 .
(2.10) —Im wow*da + — Im wawyda = 0.
2 0 27 0
Using integration by parts, we also have
L Li [* ...
—w = — 614+19(C)9t(<)d<
2 2m Jo

™

— (iU(a) + T()) wa — iU(0) + 2iw/0 "(1 4 6.)Uda

In Proposition 2.6, we noted fo% U(a,t)da = 0. Plugging the above formula into
(2.10), we obtain

Lt 27 1 27 27
a1 (1 " = e o —0.
(2.11) 27T<m/0 wwda)—l—%_(lm/o wwda)(/o (1+96 )Uda) 0

Furthermore, if ||0]|; < € is sufficiently small, then using Im fozﬂ el [ e~ da/da =
27, by Sobolev’s embedding theorem and Proposition 2.4, we have

(2.12)

27 27 «
}Im/ Wow*da — Im/ eio‘/ e_m/do/da‘
0 0 0
27 ) ) @ . , 27 ) [e% ., ) ,
S’ / et (610 _ 1) / et —i0(a )da/da + / et / el (efle(a ) 1)d0/d0[’
0 0 0 0

<16V27%|60] 0 < C|10])1.

This implies that Im fo% waw*da # 0 and so (2.11) implies

2
L= —/ (1 + 0,)Uda,
0
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which is evolution equation for L in (A.1). O

Remark. Because of the equivalence shown above, it turns out to be more con-
venient to study solutions to the system (B.1)-(B.6), where U is determined from
(1.6). Further, without loss of generality, we take 6(0;0) = 0 since it only deter-
mines the origin of a. O

3. PRELIMINARY LEMMAS

Definition 3.1. We decompose coth and cot functions into the singular and regular
parts at the origin:

1
coth(w) = p + 1 (w),
1
cot(w) = p + la(w).
We decompose operator
(3.1) K=K+ Ks,
where
I T 1 1 1 , ,
Kildf = omi f, . us ){z(a) —2(a)  zal) cot 5(04 @ )}da ’
I T S AN S S / p p w1 /
Kalzlf = i) f(a ){le(zﬁ(z(a) —z())) — vl tanh [Z (z(a) = 2*(c ))} }da .
Definition 3.2. Related to G and F, we define operators Gy, F1 so that
(3.2)
1 1

Gulely = 20 || 4 2isasloh, Gulely = 2izakalsly, Filly = Re (161leD ).
Note 3.3. It is readily checked that for any f € Hg,

27 / /

Wo. f(a)da o

3.3 —=PV ———— =H[f](a) + i f(0),
(33) Lepy [ L~ (A1) + /(0

implies that
(3.4) Gulwol f = if (0),

which is imaginary for real valued f.

Definition 3.4. We define operators =, =Zs, =, so that

Zelu](e) = €™ —1—ju(a),
Es[usal(a) = sin(u(a) + a+a) —sin(a + a) — u(a) cos(a + a),
Ecusa](a) = cos(u(a) + o+ a) — cos(a + a) + u(a) sin(a + a),

for a real function v € Hy with r > 1.

In the rest of this section, we find some estimates for integral operators and
functions in terms of 6 and 6(0;¢), which will be useful later. Recall tangent angle
of the curve is z +a+ Oa) = 5 +a+0(a) + 9(0;t~) +0(=1;t)e ™ + 0(1;t)et,
where 6(1;t) and 0(—1;t) are determined through G(0).
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Lemma 3.5. (See Lemma 3.1 in [50]) Assume ||6]|; < €1 where €, is small enough
for Proposition 2.4 to apply. Then w determined from 0 € H' through (2.1) satisfies
the following estimates for r > 1,

(3.5)

wall < C1(1All: + 1) exp (Calldlly 1)

1 ~ -
—|| =118l + vexp (Call—1)
where constants C1 and Cs, depend only on r, and particularly forr=1,Cy=0.

Similarly, if z determined by (9,9(0;t),L) € H" x R?, then forr > 1,

(36) Izalle < CL(l + D) exp (Coldl )
where constants C1 and Cy, depend only on r, and particularly for r =1, Cy = 0.

_ Further, if w® W@ correspond respectively to 0V, 02 € HT, where ||§(1)||1,
0@ |1 < €1, then forr > 1,

B.7) el —w@, < CIID = 89 exp (Co (D] + 182, ) ),
1 1
o9 |om o

1
wi

< CFD = 0|, exp (C2 (1001, + 101, ).

T

while for r > 2,

(3.9 ol = wP,

IN

Cr (1164 = 6, + 18|, 169 — 621

% exp (CoI8D 1 + 6, 1))

1 1

Wa Wa

C1 (164 =62, + 18|, 169 — 621

T

xexp (Co (1001 + 162]-1))
where the constants C1 and Cy depend only on .

Lemma 3.6. If I is an entire function of order one® with F(u) = Z?ijo aju’ for
jo=1 or2. Then foru € H;‘H with r > 1, F(u(a)) satisfies
(i) jo = 1:
[EO), < Crexp(Callull1) [fully,
[FuO), oy < Crexp(Collully) ullrr1s
(i) jo = 2:
IF @O, = Crexp (Callully) llull,
1E @), < Crexp (Callulle) [ullrsallul,

where the constants C1 and Cy depend only on .
Further, if both u™ and u(? belong to H;“, then forr > 1,

6An entire function f of order m satisfies

lf(z)] < eClZ™ for z € C.
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(i) jo =1:
|F®0) = Fa®0)| < Cullu —u®]yexp [Co (Ju®h + [u]),)]
[F@OO) =P@@O)]| < (Iu® = u® e+ 0 = a1
xexp [Ca (Ju®ll, + w1, ) |;
(ii) jo = 2:
[FVO) - FE@0)| < cullu® —u@ e [0 (s + 16®]:)] -1}
[F@®0) =P < (I = a® el + D = 6 0@ )

xexp [Co (Jl@ 1+ [u @], )],
where the constants C1 and Cy depend only on r.
Proof. The proof is fairly routine and is relegated to the appendix. O

Note 3.7. In particular, Z., 25 and =Z. satisfy Lemma 3.6 with jo = 2. sin(a +
a+ u) — sin(a + a) also satisfies Lemma 3.6 with jo = 1.

The following divided differences are useful.

Definition 3.8. For z € H, we define operators q1 and q2 so that

—z(d! !
a1 [2)(a, ') = Ho) = 2(a) /0 Dz(ta+ (1 —t)/)dt,

a—ao

pld@a) = A=A —zwle-d) /O (t = 1)D22((1 — t)a + to')dt,

(a—a')?

where D and D? denote first and second derivatives with respect to the argument.

Proposition 3.9. There exists €, > 0 so that |||, < 1 implies

1
(3.11) e, > 1,
and
1
(3.12) ‘ql[z](a,o/)‘ > — v , for 0 < |a—d/| <,
2r 'V 24

which implies that the curve z(«) is non-self-intersecting.

Proof. The first part follows from Proposition 3.3 in [50]. Since Im fo% wo,awida =
27, using (2.12), we obtain for Ce; <,

27
(3.13) T < Im/ waw*do < 3.
0

From (B.4), we obtain

8V
(3.14) ‘/WT < L <8V,
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Combining (3.11) and (3.14), if ||f]|; < €1, then

L 1 [nV
|1 [2] (e )| = E’ql[w](a,a’)’ > o\ o for all 0 < |a— o' < .

Lemma 3.10. (See Lemma 5 in [2]) Assume z and w are related through (2.1) and
(2.2). Let z, € Hg for 5 > 0. Then for any real a, Diq1,D?,q1 € H%[a,a + 27] in
both variables o or o and satisfy the bounds

ID4a1l2]llo < CL|lwallj 1D ail2]llo < CLllwall;

O

with C' only depending on j (in particular independent of a). Further if zoa € Hg
for j >0, then D/ g, Dg/qg € Ha,a + 27| in both variables o and o/ and satisfy

ID%a2lz]llo < CL|waallj » 104 ¢2[2]llo < CLllwaall;
with C only depending on j.
Lemma 3.11. Let v, w® e Hfl for 7 > 0. Suppose

1
1w (e, o)| > g foro<ja—d|<m

Then for j =0, there exists constant C1 independent of o such that

(/ | @2, o) 2
a—m ql[w(l)](aaa/)
Further, for j > 3,

| el )

2 1
/2
@19 ([Pt )
< G (Jw@ i1 + N2 li-alwP15) (P2 + 1),

1
al) ) < Cl”‘”g?)Hl-

where Cy depends on j alone, but not on «.

Proof. We note that
1
Z C; DI~ (J2Dl

Using Lemma 3.10 with L = 27 it follows that for [ > 1

1 . _
24| < cullals 1 Nl < a1zt +1).
0
and
j 42 - j—l 14 i1 1
02| <o [pitnl, [P +€|Din| lele+C DL, |-
q1||g =1 91 || 5o q1 9 || 5o

The lemma immediately follows from Lemma 3.10 on using ||qi1|\oO < C and

HD@L 0
q

(o) H—l
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Lemma 3.12. Assume v w® € HjJrl for j > 0. Assume further that

1
§f0r0<|oe—o/|<ﬂ'

Then for j =0, there exists constant C1 independent of o such that
2 (2) "2 1
w'(a, o
o lafw®](a,a)
Further, for j > 3,
[w®](a, ')

(3.16) (/oﬂ aql[w<l>1<a,a'>2a/)2

< G (1wl + @ l-2llwPll;) (1 + w1,
where Cy depends on j only.

w0 =

Proof. The proof is almost identical to that of Lemma 3.11. It uses Lemma 3.10
and the lower bound on ¢;[w]. We note that integrand on the left of (3.16) is
2m-periodic in o/, noting that factors of (o — o) in ¢ [w™®] and ¢; [w®] cancel each
other. We are therefore free to replace the upper and lower bound in the integral in
o' by a+ 7 and a — 7 respectively for which |¢1| is bounded below as needed. O

Lemma 3.13. Assume f,g € Hg, for j >0, with Fourier components f(0),§(0) =
0 and h € Hpo. Suppose

1
1
(3.17) |/ g(ta+ (1 —t)a')dt| > 3’ for0<|a/ —al <.
0

Then for j =0, there exists constant Cl independent of o such that

[ eyl L0
0
Further, for j > 3,

[5g(m)
2 Jfa,deT
[ ot g

where Cy depends on j only.

Proof. We define
w(l)(a):/ g(s)ds, w(2) / f(s
0

Clearly, ™, w® ¢ H}*t since §(0) = 0 = f(0). We note

Jo fydr ql[w<2>]<a7a'>
[ @dr ~ il (a o)

Further, we note that the given condition on lower bound involving g becomes

\d < Caf|hfoll lo.

‘d < Collhllo (115 + £ 15—2llgl) (1 + llgll} =),

’ql [w(l)](oz,o/) > %

Using Lemma 3.12, the proof follows using Cauchy Schwartz inequality. O
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Lemma 3.14. Assume w"), w® ¢ Hg*z with j > 0. Suppose

> alw@)(a,a)| > = for 0 < |a—ao'| <.

ool —

()| 2 5

Then j = 0, for any a € R, there exists constant Cy independent of a and a such

that
a+2m (o M (a 2
@[w ) a)  @w](d,a) ’ (2)_, (1) (1)
W 2o~ Eomiera| 4o} < Gl (11640}

Further, for j > 3,

([ or (o) _ moeray 2 )

< C (o = wPl1 + o =D lw 1) (14 1w + 1w 7]

1/2

1/2
DJ

[e3%

@@ 0) @B, o)

where C' depends on j alone, but not on a and .

Proof. We note from the definitions of ¢; and ¢ that the nonperiodic term ﬁ
that appears in each g—f in the integrand cancels each other out and we are left with

7

integrating a 2m-periodic function in o/; hence there is no dependence on a, and
we may choose a = @ — 7 in the proof. The rest of the proof is similar to that of
Lemma 3.11. We note that

el®] O] _ al® - o] gpl®]a® - o®)

Q [W(Q)] ql[w(l)] - Q1[w(2)] N Q [w(l)]ql[w@)]
and that the denominators are bounded away from zero. We use Lemmas 3.10, 3.11
and the Banach algebra property for || - ||; norms in o/ for j > 1. For j = 0, the
result follows from

qQ[w(l)] qQ[w(l)]
q1[w®)] Lo q1[w®)] 1 ,
where the norms are taken in o'. O

Lemma 3.15. For ||0||; < € sufficiently small, w determined from 0 through (2.1),
then for 6,J € H, forr > 3 and any a, there exists constant C, only depending on
r such that

1 T o) J () do!
Py Lo\ W)\ )72
7T /(l

w(a) —w(a)

< C [0+ 1T lo 81 exp (Cr Al )] -

T

Proof. We note from (3.4) that J € Hy,

o py / " M = H[J)(a) +i.J(0)
a wo

v ) —wo(al)
and we know that ||HJ||, = ||J||.. Therefore, the integrand may be written as
3 Lot pwl(a, o) gafwol(a, o)
iJ (0 —I—HJa—i——/ da'Jo/{ L — ’ :
Oyl 2 o O ) T alnl(@,00)

The proof follows from applying Lemmas 3.14, 3.5, Proposition 3.9 and using
Cauchy Schwartz inequality and noting w = wg, when 6 = 0. O

—T
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Lemma 3.16. Assume 6 € H™!, J € Hj and wbl e H;Jrl for r > 3. Assume

10]l; < € is sufficiently small and w is determined from 0 through (2.1). Then for
any a, there exists constant C, only depending on r such that

oy [T @), oo
’ oF V/a (@) — w(@) gl (@, )

< C {18 (1711 + 170l Bl exp (Cllll )| + Jllx exp (Col11) } -

Proof. We note that

Ly [T _J@)aF@a)de T @) ) e,a)
“Pv/a (@) — (@) all (@) D“/a o)

T

(3] a+2m ’ ’
LW by J(a )wq (a)da '
Wa a w(a) —w(a’)

We rely on Lemmas 3.12 and 3.14, as well as Cauchy Schwartz inequality, and
Banach algebra property of || - || norm for » > 1 to complete the proof. O

Lemma 3.17. Suppose for r > 2, z € H,, corresponds to 6 € H through (2.1)
and (2.2) and ||0]|, < €1, where €, is small enough for Propositions 2.4 and 3.9 to
apply. Further assume |L—2m| < % and y(0,t) € Sar. Then there exists T > 0 such
that if 0 < 8 < Y, then K[z] : HS — H;’Q, and in particular, there are positive
constants C1 depending on r only such that

(3.18) IK[z]fllr—2 < Call Fllo(1 + B2) (1 + [|lwallrZ3)-

Further, K[z] : Hy — H} ™', and

(3.19) 1K fllr—1 < CullFl (L + B2) (A + [lwall7Z1)-

Proof. We will deal with K1 and K5 separately. By Lemma 6 in [2], we have
(3.20) K12 fllr—2 < Cillfllo(1 + llwall7=1),

(3.21) IK1[21fllr—1 < CullfIh(1 + llwall7Z1),

where the positive constants C; both depend on r.
Now consider D’ ~1K5[2] f, given by:

(3.22)
a+m
o [ D S () - @) - § tanh [ (:(0) - ()] o’
a+m
:ﬁ ) f(a’)Dg*l%l(iﬂ(z(m—z(o/>>)do/
a—+m
o 701052 tanh {2 ((0)~2(0")) +21 (y(a, 1)-9(0, 1) +2i(0,1)] o

Equation (3.22) involves upto r — 1 derivative of z. From (3.14),

(3.23) ‘z(a) — z(o/)’ = £‘/ eiCJri(’(C)dc‘ < L <o
27 o 2

(3.24) z(a,t) — 2" (d/,t) = (2(a, t) — 2(/, 1)) + 2i(y(c, t) — y(0,t)) + 2iy(0, t).
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From (3.23), (3.24) and |y(0,t)] < M, there exists T > 0 small enough so that if
0< B <Y<, then ‘ﬁ(z(a) - z(a'))‘ <, and ‘ﬁ[(z(a) —z(a)) + 2i(y(e/,t) —
y(0,1)) + 2iy(0, t)]‘ < Cf. Since Iy and tanh analytic, we conclude that

(3.25) [z fllr-1 < CLB2 Fllo (1 + llwall7 1)
where C; depends only on r. Combining (3.20), (3.21) and (3.25), we complete the
proof. O

Note 3.18. Note from (3.2) and (5.25), for r > 1 and |L — 27| < L, by Lemma
3.5, it follows that

(3.26) 1G] f -1 < C18%II Fllo exp (Cal0]l-1),
where Cy and Cs depend only on r.

Lemma 3.19. (See Lemma 3.8 in [50]) If f € H}, and v, w® correspond re-
spectively to 0V and 6P, each in H', with |00 |1, ||0®||; < €1, then for sufficient
small €7,

1K M f =K [w® NS0 < Call flloll6D — 6P
Suppose 6 62 ¢ H. Then forr>1,
1K1 [ f = Kalw®1£]]
< Crep (Co(I8V] +121,) ) 16D — 6D 1,
while for for r > 3,
1K1 [ f = Kalw® £
< Crexp (Co(I0 s + 172 —0) ) (1O + 152 )15 — 6],

HIGD = 5D )11,

where constants C1 and Cy depend on v only.

Lemma 3.20. Let 0 < < Y. Let f € H;, and 2V, 22 correspond respectively
to (é(l),L(l)(t),é(l)(O;t)) and (5(2),L(2)(t),§(2) (0;t)) (see (2.2)). Further, assume
[6D|1, 10P 1 < er, LW —2n| < 1, |L® —27] < L and yM(0,1) = Im 2(V(0,1),
y(2)(0, t) =Im 2(2)(0, t) belong to Syr. Then for €1 and Y small enough for Propo-
sition 2.4 and Lemma 3.17 to apply, there exists constant C1 depending only on r
so that

1G22 M1 f=Go [z fllo < CLB2(I Fllo (10 =0 1+ ()= LB () |[+]y(0,£) =y (0, 1)]).
If 6 92 ¢ H", then forr>1,

19212 V1f = Gal=@ 1l < CL2 fllrexp (C2 (1811 + 1811) ) (6D — 0,

+ILO @) = LO@)] + [y1(0,8) -y (0,1)])

for constants Cy and Cy depending on r only.
Further, if LY and L3 correspond to the same area V' through (B.4), then

(3.27) |L(1) _ L(2)| < O||é(l) _ 9(2)H17
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with C' depending on area V' alone.

Proof. Note Definition 3.2. The first part of the proof uses the regularity of func-
tions /; and tanh away from the poles and uses (2.2) and Lemma 3.5; the second
part uses (B.4) and Lemma 3.5, taking into account the implied lower bound in
(3.13) for ||0]]1 < €1. See [1] for more details. O

Lemma 3.21. (See Lemma 8 in [2]) For ¢ € H, with r > 1, the operator [H, ]
is bounded from Hg to H;_l. And we have

1M, 91 flle—1 < ClI ol

where C' depends on r.

Lemma 3.22. (See Lemma 3.10 in [50]) For r > 3 and 1 € HJ, the operator
[H,4] is bounded from H) to HJ, and

IH, 1Nl < ClF ]

where C' depends on r.

Lemma 3.23. Assume0 <3< 7Y, f € H; and let 2V and 22 correspond respec-
tively to (é(l),L(l)(t),é(l)(O;t)) and (5(2),L(2)(t),é(2)(0;t)) (see (2.2)). Further,
assume |00y, 6P, < e, |V — 27| < 11L® — 27| < L and yM(0,t) =
Im 2((0,t), ¥ (0,t) = Tm 2 (0,t) belong to Syr. Then for sufficient small e
and Y so that Proposition 2.4 and and Lemmas 3.17 and 3.20 apply, there exists
constants Cy so that

19117 =G1=®)fllo < CullFllo{ 1190 =0 [+62 [|LD (8)= L ()] + 16D 0
+ly ™05 -y (0,0)]]},
Furthermore, if é(l), 62 e H", then forr>1,
1G1=DV1F = G111l < Cullfl exp (Co (18D, + 1811,) ) {19 - 32,
+ 82 [ILD () = L2 @) + 10D - 6], + [y M (0,5) - y@(0,)]] ],

where the constants C1 and Cy depend on r.

Proof. The proof follows from Lemmas 3.19, 3.20 and 3.22, once we note the relation
(1.4). O

Proposition 3.24. Assume 0 < 3 < Y, z corresponds to (é,L(t),é(O;t)) through
(2.1), (2.2) for r > 3 with § € H". Further assume ||0||; < e, |L — 27| < i
and y(0,t) = Im z(0,t) belongs to Sm, and |ug| < 1. Then for sufficiently small
€1 and T (so that Proposition 2.4 and Lemmas 3.17 and 3.20 apply), there exists
unique solution v € {u € H}?|1(0) = 0} satisfying (B.3). For constants Co and
C, solution v satisfy estimates

Ivllo Co(alf]2 +1),
vli < C(allf)ls+1+l8]lo).

IN
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Let 29 and 2® correspond respectively to (é(l), LM (1), é(l)((); t)) and (é@), LA (1),
é(2)(0;t)) (see (2.2)). Further assume ||[00V] < €1, |0®)] < e, |[LMD — 21| < 1

27
IL® — 27| < & and y(0,¢) = Im 2V (0,¢), y@(0,t) = Im 2(2)(0,¢) belong to Sy.
Then for sufficient small €1 and Y, the corresponding vV and 42 determined from
(B.3) satisfies

(3.28)

WD =@ o < (116 = 8Dl> + L0 () - LA (1)) + B2ly ™ (0,) — ¥ (0,1)]).
Further, if 0,0 € H" then the corresponding (v, UM 7MWY and (2, U, 7))
determined from (B.3), (1.6) and (B.5) satisfy

(3:29) [y = 4P|, 2 < Cyexp (Co(I8D ] + 116P]1)) (||9(1) -6,

I |L(1)(t) _ L(2)(t)| + ﬁ2|y(1)(0,t) —y® (Ovt)|>7

(3:30) UM = UP||, 5 < Cyexp (Co(10D, + 162]1)) (I 69 = 0,

+ L) = LO@)| + B2y (0, 1) — y@ (Oat)|>7

(3:31) T =T,y < Crexp (10D, + 18911)) (Il 60 - 6,

FILO@) — LO0)] + Py P0,1) ~ y? 0,0)]),
where C7 and Ca depend on r only.

Proof. Since Fi[wo]y = 4(0) = 0 (see 3.2 and Note 3.3), (B.3) implies
2mo L oo .
—0Oqo + —(1+ ———)sin (a+6(a)).
Therefore, if 6 e H?, then by Notes 3.3 and 3.18, Lemma 3.23 (note that Lemma
3.23 still holds for G;.) imply
(3.33) N1 Flzly = Filwolvllo < 1G2[z]7llo + 191 [2]y — Galwolllo

< Ci (161l + C26%) 170,
So, for sufficiently small e; and T > 0, if [|f]|; < €; and 0 < 3 < T, then

1+ a, (FI2) - Frleo))] !

exists and is bounded independent of any parameters. Therefore, it follows from
(3.32) that

(3:32) [ +au(Flz] = Alwo))]y =

Ivllo < Co(a 0|2 + 1)
Further, by Note 3.18 and Lemma 3.23 again, we have

1F =)y = Frlwolyllr—2 < C1 (exp(Cal| 0l —2)16]l—2 + 5% exp(Ca| 0]l —2)) |11,
where C; and C5 depend only on r. Therefore, for r > 3, it follows from (B.3) that
(3.34) [[7llr—2 < Callf]l + C(1+[10],—s)
+ C1 (exp(Collf]|r-2)[|0llr—2 + B exp(C2[|0]l,—2)) 17]lx
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which C, C1 and Cs depend on r, which implies for sufficiently small ¢; and Y that
(3.35) Iyl < Callflls + C (L + [18]]o)-
From (B.3), we obtain

|L(1) — L(2)|

1 0 n N ~
Tope g (100 = 02410 (0:6) — 63 (0;10)])

Iy ® =@,z < ¢

+ Hf[z(”h(” ~ F[?],@

r—2
and using Lemma 3.23, we have
(3.36)

IO = FED O, < |FEVIG =1®) = Filwol (v = 7?)

r—2

4 H FzW]y @ — F[z2)]4@)

r—2

< Crexp (Coll0D1) (102 + 6 exp(Ca 0V —2) ) I = 4l

+ H FzW]y @ — F[z]42)

r—2
with C7 and Cs depending on r. Hence by Lemma 3.23 again, the fourth and fifth
statements in the proposition follow.
From (1.6), it follows that
T T
L) L®
+ (Juo| + 1)H cos (o + 0 (a)) — cos (a + 03 (a)) H X

JUD-0@|,3 = || M= )

T Gl TGO,
+Hzm o - 79l

r—2 r—2

by Lemmas 3.5 and 3.23, it is easy to obtain (3.30).
Also from (B.5), we have

70 = 7O,y < [0 +60,)0 = (14 63,0)U

)
r—2

by (3.30), we get (3.31). O

4. GLOBAL EXISTENCE FOR NEAR-CIRCULAR TRANSLATING BUBBLE WITHOUT
SIDE-WALLS (5 = 0)

In this section, we consider bubble solutions in the absence of side walls (8 =
0) for near-circular initial shapes. It is readily checked that a time-independent
solution that satisfies (B.1), (B.3)-(B.6) is § = 0, v = 2sina, ug = 0, V = 77
this describes a steady circular bubble translating along the positive z-axis in the
laboratory frame with speed 2 4+ ug = 2. The uniqueness of this steady state, at
least locally in the neighborhood of this solution, is established in a more general
context in the steady state analysis of §5 for 5 > 0. Note in that case steady
bubbles are not circular and move along the positive z-axis in the lab frame with
speed 2 + uo ().

However, if we overlook the equation for ét(O; t) which only affects parametriza-
tion « of the boundary, the remaining equations in (B.1), (B.3)-(B.6) are seen to be

"This is consistent, as it must be, with our choice length scale L = L(5) = 27 as the perimeter
length of a steady bubble.
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satisfied even for 6 = 00) = 0(0;t), v =) = 2sin (a + é(O;t)), with up = 0 and
V = m. Geometrically, this still corresponds to the same translating steady circular
bubble, since the time dependence of 9(0; t) does not affect the circular shape and
the normal speed U = 0 at the interface, as it must be in the frame of the steady
bubble.

In studying the time evolution of near-circular interface, it turns out to be more
convenient to use the time-dependent () and define a perturbed vortex sheet
strength I'(a, t) = y(a, t) — 4 (a, 1).

Using (B.3) and the property G[wo]y®) = 0 (see Note 3.3), it follows that

2r — L

4.1) (I + a,Flw)T = —ay, [f[wh(ﬂ - f[wo]yﬂ + Boa + 00aa

— 27

L N
+ sin(a+9)+2(sin(a+9)—sin(a+6‘(0;t))).
T
Further, from expression for v(*) and property Gi[wo]y(®) = 0 (see Note 3.3 ), the
normal velocity U in (1.6) for 5 = 0 may be re-expressed as
7T

(42) U= FHIT|+ Re [L

1 .
Glw] — §g[w0h<s>] + cos(a + 0) — cos (o + 6(0;1)).
Proposition 4.1. If§ € H" with ||0], < e1 and |6(0;t)| < oo, then for sufficiently
small €1, there exists a unique solution ' € {u € H}?|a(0) = 0} for r > 3
satisfying (4.1). This solution T satisfies the estimates

(4:3) ITho < Cl]l2,

(4.4) ITllr— < Crexp(Cal|f]lr—2)[16]]r,
2m ~ ~

(4.5) Hr—afew s Cyexp (Collflle—2) 161

where Cy and Cs depend only on r.

Let TW and T correspond to (0,001 (0;)) and (0,03 (0;1)) respectively.
Assume [0V, < e and |0P ], < €. If 6,02 e H" with r > 3, then for
sufficient small €1,

(4.6)

PO -,y < Cyexp (Ca|8 [ +10],)) (|0 -6+

60 (0:6)-0 (0;1))),
where Cy and Cs depend on r alone.

Proof. In statements (3.28) and (3.29) in Proposition 3.24, we take 8 = 0, 72 = ~,
6 =4, LW =,

7@ =~ = 25in (a + é(O;t)) , 0 =0, L =27
and use Lemma 3.23 to obtain statements (4.3) and (4.4).

(4.1) can be written as

2w L—2mw

I‘—Ufﬁaa = —ay [Flw]y — Flwoly]+ - sin (a+9)+2(sin (a-+6)—sin (a—l—é(O; t)))

Hence, by Lemma 3.23 with 5 = 0, Lemmas 3.20 and 3.6 (see Note 3.7), we obtain
(4.5).
The statement (4.6) follows in a similar manner from (3.29).

O
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When there is no side wall effect (G = 0), it is readily checked from (B.1), (B.3)-
(B.6) that y(0,¢)® does not affect the evolution of § or §(0;t). So, in this section
we will ignore (B.2) all together, since translations do not affect the shape and if
necessary, y(0, ) can be calculated from (B.2) at the end.

The main result in this section is the following proposition:

Proposition 4.2. For o > 0, there exists € > 0 such that forr > 3, if | Q16o]|» < e,
then there exists a unique solution (é,é(();t)) € C'([O,oo),HT x R) to the Hele-
Shaw problem (B.1), (B.3)-(B.6) satisfying initial conditions (2.5). Further, ||0]..,
0(£1;1)| and |L — 27| each decay exponentially as t — oo, |0(0;t)| remains finite.
Thus the circular translating steady bubble is asymptotically stable for sufficiently
small initial disturbances in the Hj space.

Note 4.3. Proof of Proposition 4.2 is given at the end of §4. Note also Proposition
4.2 and Lemma 2.7 imply Theorem 1.13.

4.1. A priori estimates. Before we consider global solutions to the system (B.1),
(B.3)-(B.6) with the initial condition (2.5), some additional estimates are needed
for the terms that arise in the evolution equations.

Definition 4.4. We define operator 20 so that
27 @
W[f](a) = — /0 6y Jar QU Qo Q)

2 wo () — wola)

Lemma 4.5. For f € H;f, there exists constant Cy only dependent on k so that
1WAk < Crll flx

Proof. We take wg_, and Qg [fwo,] to be g(a) and f(«) in Lemma 3.13 respectively
and define h = ~(*). Note that for this choice, the condition §(0) = 0 = f(0) as well
as the lower bound constraint on g = wg o = €' is satisified. The proof follows since
||.IlL> bounds in a on DJ20[f] imply |.||; bounds in the Lemma statement. O

From (4.1), after some algebraic manipulation, it follows that
2
(4.7)  TD(et) = %aew +Tr(a,t) + Ni(a,t) + Na(an, t) + Na(a, t),

where
L —2m

(4.8) Tp(a,t) =2Quf(a,t)cos (a+6(0;1)) + sin (a + 0(0; 1))
~ auRe (- {am(Qut]()} ).
(4.9)
N1 =a,Re ( — %g[w]l" + %Q[wo]l") +

+a, Re (i(eigoe—l){% [Q[wh(s) - g[wo]”y(s)} -2 <w0‘1 — 1) cos (a + é(();t)) })

Wa

L—2nw

(sin(a + 6) — sin(a + 0(0; t)))

+ 22, [Qot:0(0;1)]

8We ignored in all cases z(0,t) = Re z(0,t) which does not affect the evolution of the shape
function 6.
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(4.10) Ny = ~2a,Re (1 {012 [Qof])(0)}),
and
(4.11)
a+m ! /
— Re [ &%0a (s) /q“" ‘*’0 @w](a, o) glwol(a,a’)
o =R (z‘m [ At )@ a) g w](a,o/)D
]

e (2 [L_ 1 ]/d vql[o/) ko~ v <a,oj>[woa<a>)'

ae We wo,, WO]( o [W a) _WO(O/)]

Further, from (1.6) it follows that normal velocity

(4.12)
7T2
U(a,t) = %UH(HQQ)(Q) +Ur(a,t) + %H(Nl() + Nao() + N3(~)) (@) + Ny(a),
where

7 " cos (o + 0(0; t)) — Qofsin (o + 6(0; t))

~ Re (T2 (a0[Quf(0) )

Up(a,t) = %H[FL](a,t) +

and
(4.13)
Ni(a) =Re (FG1IT ~ L6lwoll) + 2= Re (5 [0lul1® — Gluoly®)] )

a4+ /
_ Re o ) (o) a1 [W — WO](O‘aO‘ ) 1 _ 1 o
R ( 27 PV/O[_,r V) q1|wo](a, &) (w(a) —w(a)  wola) —wo(a’))d )
2 - — L - 2%09&&] +Re ((% (m[ae[goe]](a))) +E, [Qoe; 0(0; t)}
Using (4.12) and (B.5), from (B.1) we obtain

1 Re ((eigoe ~1) {%(g[wws) — Glwoly®) — (“:}& - 1) cos (a + é(o;@)})

+

(4.14) G, = %Ql(Ua—i—T(l—i—H )
= A[0](a,t) + An[0,0(0;-), L](cx, t) + N[0, 0(0; )] (e, 1),

where the operators A and Ay acting on real valued functions 6 € H" for r >3
are defined by

(4.15) iem ( O(k;t) + m (k) (k + 1;t)) + cc.,
k=2

(4.16)
o =, —873
AN[0,0(0;-), L](c, t) = Zema {( 1?3
=2

+ (e—ié(O;t) ) Zezkam k—|—1 t) + c.c.,
k=2

+ 1) o d(k) O(k;t) + e~ 00D (2% - 1) m(k)0(k + 1;t)}
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where c.c. indicates complex conjugate of explicitly shown terms on the right side
in each of (4.15), (4.16)  and

(4.17) d(k) = %k(kQ —1), mk) =1+ “H)(kk_(ii—)ikz;rl)’
and
(4.18)

R[0,000; )] (1) = T (M) + o) + No() (@) + Na(w))_+ No(e)},

where
(4.19) Nj(a) = /Oa [%H(Nl(.)Jer(.)+N3(.))(a’)+N4(a’)}da/
- %BWMO+MOHMD@+MmWa
/ Oa( "do! —% 027f9 ()U(a)dox
o [27
/ Oa( do/ ~ 2, e )U(a)da)@a(a).

It is straightforward to check from (4.17) that for any k > 2,

196(1 +a,)k <m(k) < (1+ay,)k.

After some calculation, we also find from (B.1) that

3 1
(4.20) gk?’ <d(k) < 5/& :

2w
(4.21) 00:6) = 7 [ Tl t)(1+ Bl 1) ) do = (6,603 )0,
0
where the functional 9 of real valued (é(a, t),6/(0; t)) is defined by'’

(4.22)

Mo [0,6(0 /2”/ - UH(em)(a’)jL(%—%)UL( ’))do/da

_”(Z_%)/O Ur(a )da—f—ll; i Ns()da + By [6,0(0;-)] (1),

with the functional By defined by

(4.23) Bo[0,0(0;)](t) = Z (%’fo(k P00 (144

k=1

E+1 .
(k151 ) e
#)kﬁ(kﬁ—f—2) ( + ’ ) +c.c
With respect to the functional Bo[f(c, t),0(0;1)], the following statement readily
follows.

9Note that while L is shown as an independent argument of Ay, in the evolution equation
(4.14), itself, L is determined from 0 through (B.4) and (2.1).

10Note that the Fourier component 9(1 t) appearing in the summation is being determined
indirectly from 6 through (B.6) (see Proposition 2.4).
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Lemma 4.6. With 6 € Hy and ||0)|y < € sufficiently small, then
|Bo[B(a, £),0(051)]| < €8]l
Further B(()l) and B(()2) correspond to respectively to (é(l), é(l)((); t)) and and (é@), 6 (0; t)) ,
then
1 2 5 5 A 5 5

1B = B < {100 ) = 2, 1)ll2 + 18D (056) = 02 (0;) 16D, )]l }
Proof. The proof follows easily from the expression (4.23), and Proposition 2.4
relating 6(1;¢) to 6. O

We have the following estimates for the nonlinear terms N;, j =1,---,5:

Lemma 4.7. If for r > 3, 0 € H" and ||0||1 < e1, then for sufficiently small e,
N;, j=1,---,5, defined by (4.9), (4.10), (4.11), (4.12), (4.13) and (4.19) satisfy

(4.24) INjllr—1 < Crexp(C|8lr—1)l16ll-—1]16]l,

where C1 and Cy depend only on r. Further let N;l) and N]@) correspond to

(9(1),é(1)(0;t)) and (5(2),é(2) (0;t)) respectively, each in H™ x R with [|0M]; and

1621 < e1. Then for sufficiently small €;,

(4.25)
-7

= Crexp (Co (10D -y + 102 -2) ) { (10 -1+ 162 1)

x (100 =8 +[8D(0;6) - 6@ 0;0)| ) + (16D + 6=, |64 - 52|, _, },

r—

Proof. For estimating N1 we use Lemmas 3.6 (see Note 3.7), 3.23, 3.20 (in particular
(3.27) for LY = L, L(?) = 27, the latter corresponding to 6 = 0) and Proposition
4.1. For N3, we use Lemmas 3.6 (see Note 3.7) and 4.5. For N3, we use Lemmas
3.5, 3.12, 3.14 and 3.16 together with Cauchy-Schwartz inequality to get the desired
bound.

For (4.8), by Lemmas 3.20 and 4.5, we have

(4.26) ITLllr—s < C|l0] 3.

For Ny we rely on (4.26), Lemmas 3.6 (see Note 3.7), 3.20 (equation (3.27) in
particular), 3.23, 4.5 and Proposition 4.1. N3 uses bounds similar to N; for j =
1,---,4 as well as bounds on U (In Proposition 3.24, we choose U") = U, U®?) = 0,
) =9, =0, and LM = L, L = 0 in (3.30) to get the bound of U.). O

Corollary 4.8. If for v > 3, 0 € H" and ||0||y < 1, then for sufficiently small
€1, the function M, and the functional Ny, defined in (4.18) and (4.22) satisfy the
following estimates
(427) s

9]

O exp(Col ) 011 18141,

Crexp(Co |00, 1)l[3) 16 )5 + Ca ]|, t)]|2.

where Cy and Cy depend only on r. Further, let (‘ﬁ(l),‘ﬁél)) and (‘JI(Q),‘T(?))
correspond to (é(l), é(l)(();t)) and (§(2), 9(2)(0; t)) respectively, each in H™ x R with

<
<



GLOBAL EXISTENCE FOR A TRANSLATING BUBBLE 27
10D and |6 ||, < €. Then for sufficiently small e,
(428) || @] < Crexp (C2(10VN + 180) ) { (10D + 1921,)

% (Hé(l)_é@)Hr+1+‘é(1)(0?t) _ 6@ (0; t)‘ )+(Hé(1)HT+1+Hé(2)||7“+1) ||é(1)_9~(2)Hr}v

(4.29)
[ —P| < Crexp (C2 (10D + 1023) ) { 640 |, +10D 10 (05 )~ (0;)
where Cy and Cs depend on r.

Proof. On using Lemmas 4.6 and 4.7, the the proof follows from the expressions of
I and g in terms of Ny,--- , Ns. O

4.2. Weighted Sobolev Space and Estimates. For any surface tension o, we
choose the integer K depending on o such that

(a) if o > 1, then K = 2;

(b) if0 <o <1, then K = [\/1+ 5] +1.

We define the weight w(o, k) so that
(4.30) w(o, k) = o for 2 < |k| < K(0),w(o, k) =1 for |k| > K (o).

Definition 4.9. Let r > 0. We define a family of weighted Sobolev norm in H" by

(4.31) lull?, = > w @ k)R Iak) + Y w? (o, k) [k |ak)?,
k=2 k=—2
and the corresponding inner-product:
(432) (v wwr = Y w (o k)P0 (R)alk) + Y w?(o, k)[k[> 0" (k)a(k).
k=2 k=—2

Note 4.10. If u and v are real valued, be in H", the inner-product reduces to

(4.33) (0, W, = 2Re | Y w? (o, k)[k[*0* (k)a(k)

k=2
Remark. It is clear that for any fixed o > 0, the two norms || - ||, and || - ||, are
equivalent.

The following two lemmas involve useful inner product estimates involving A
and An:

Lemma 4.11. For any r >0 and v € H"+3/2,

150
(v, —A[]),, . > HHUHi,Hg/z-
Proof. 1t is convenient to define
m(k)w(k,o)

5— .
S ARk + Dwk + Lo)
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Since (1 + a,) < 2, it is not difficult to conclude from the explicit expressions of
d(k) and m(k) that in all cases, § < 2. Then, it follows from Cauchy Schwartz
inequality that

> kw0, kym (k) Re {(6* (k)o(k + 1)} < ga > kw0, k)d(k) |0 (k).
k=2

It follows that

. X 15
(v, AR, 2 Zk2 w? (o, K)d(k) o (k)| >

(o
o 10 lrraye:

With respect to the operator Ay, we have the following estimate:

Lemma 4.12. For r > 3, assume real f, f1, fo € H™3/2 and a,aq,as, L, L1, Ly

are real numbers satisfying constraint |L — 27| < 3, |L; — 27| < § for j = 1,2.

Then there exists constant C, only dependent on r so that

HAN[f7a7L]||w,T73/2 < C’I‘U (|L - 27T|||f||w,r+3/2 + |a|Hwa,T71/2) ;

|AN[f1, a1, Li]—ANf2, a2, La]llwr—3/2 < Cro (L1 — Lal|| follw,r+3/2 + a1 — a2| || f2llwr—1/2
+|L1 - 27T|Hf1 - f2||w,r+3/2 + |a1|Hf1 - f2||w,7"71/2) .
Proof. From the definition of Ay, it follows that

[Anlfa DR, gy < 21 = S5 S0 oSy . ) R

k=2
+2 ’251112‘2—1-‘21—1’2 ikzr—3m2(k)w2(k o) f(k+ 1)
2l TIT 2 !

m? (k)w?(k, o)
(k+1)2w2(k+1 U)”f“r 1/2)

< O (1L = 2112 gs + a1 2).

< Co0? (|1 =2 P ot (ol +2 =27 s —

Therefore, from bounds on d(k) and m(k), it follows that

||AN[fl_f27alaLl]Hw,r73/2 < C’I‘U (|L1 - 27T|||f1 - f2||w,r+3/2 + |a1|||f1 - f2||w,7"71/2) .

Further, since

AN[fualaLl]_AN[f,ag,Lg]:0'<8;JT — >Zezkad
k=2
2—7T—2—7T 2_7T etar _ plaz - ek 7
+{<L1 L2>+Lz( >}; m(k)f(k + 1),

the results follow from the definition of |||, » on using the restriction on Ly, L. O
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4.3. Linear Evolution and space-time estimates.

Definition 4.13. For r > 3, we define the space of real valued functions
H) = C([O,oo),HT) N L*(o, oo),HT+3/2),
equipped with the norm || - || g defined by

o (o]
el = sup e lul, O, + 5 / e lu, )3 43 20t
>0 0

We now consider linear evolution equation
(4.34) ve(a, t) — Av)(e, t) = f(a,t) with v(-,0) = vy € H",
where f € H. 3.
Lemma 4.14. (A priori linear energy estimates) Suppose r > 3, f € HI™3 and
Then a solution v(.,t) € H" to (4.84) will satisfy the following energy inequality
for any t:
t
g g oT
M)+ G [ eI sy < oo

and thus

128
o T @Hf”é;—s,

128
ol < ool + 5 112,

Proof. Taking the (-, )y, inner-product on both sides of (4.34) with v, we obtain

d
(4'35) E”’UH?H,T —2 (U('v t)v A[U])w,r =2 (U('v t)? f(7 t))w,r :
From Lemma 4.11, this implies

d 150
%Hvlli,r + 5””('71%)"121;,7‘4-3/2 < 2w D)l ris/2llf (s Ollw,r—3/2-

Noting that
|k|r+3/2 > 21/2|k|r+1 > 2|k|r+1/2 > 23/2|k|r for k > 2
implies that

[Vllw,rs372 = 22 0llwr1 2 200l rr172 = 2% ][0]lw,
It follows that on using Cauchy Schwartz inequality,
d o 32
Sl ool SO a2 < 2SO o
Integration gives the desired energy inequality. Noting that this is true for any ¢,
and using the definition of || - || -, we obtain the given bounds on |[v||g:. O

Remark. Proof of existence of a solution to the linear equation (4.34) for given real
valued f € HZ™3 and the initial condition vy € H", satisfying the given conditions
follows in a standard manner. Note that we can introduce a sequence of Galerkin
approximants vy (a, t) containing a finite number of Fourier modes. This will satisfy
the energy bounds in Lemma 4.14, independent of N. These approximants clearly
solve linear ODEs for which the unique solutions exist globally. In the Hilbert
space L? ([0, 5], H"+3/2), there exists a subsequence of vy — v weakly. Therefore
for almost all ¢ € [0, S], this subsequence denoted again by vy (-, t) — v(-, ) strongly
in H". From the energy bound, the limit v(-,t) is bounded in H” for any ¢ € [0, 5],
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and v € L2([0, S], H™+3/2). Tt is also easy to check that the limiting solution satisfies
(4.34) in a classical sense for sufficiently large r. This proves existence of a global
classical solution for any ¢ noting that r > 3 since r is arbitrary. The uniqueness
of this solution follows from the energy bound itself. O

Definition 4.15. It is convenient to define a linear operator e so that
v =e"y

is the unique solution v(o,t) € H” satisfying (4.34) for f = 0, with the initial
condition v(a, 0) = vy.

Note 4.16. It is easily seen that et is a semi-group. Further, using Duhammel
principle, the solution v(a,t) € H" satisfying (4.34) for vo = 0 may be expressed
as

(4.36) v(a,t) = /t AL (, 7)dr.
0

Remark. The energy bounds in Lemma 4.14 imply that

t
2
’/me“”Aft;ﬂdT <52
0

Hg_\/gg

(4.37) lle“vol|mr < [lvolluw,r

1l s

O

4.4. Nonlinear evolution, contraction map and proof of Proposition 4.2.
We express the evolution equation (4.14) in the integral form:
(4.38)

0(a,t) = etAéoJr/ot dre(t=m)4 {m[é(-, 7),0(0;7)] + An[6(-,7),0(0; 7), L(T)]} =81[0,0(0;)] (o 1),

(4.39) é(o;t)_/o mo[sl(a,.),é(o;-) (T)dr = 82[0,0(0;)](t),

where L = L(t) is determined in terms of 6(.,t) through (B.4) and (2.1).
Equations (4.38) and (4.39) will be the basis of a contraction mapping theorem
for (0,60(0;¢)) in an small ball in the space

D = H’ x C[0, x0)

equipped with the norm || - ||p so that

(4.40) 18.600: )| = dllr; +1000: )]

oo’

First, we define a mapping in D by
&Wﬁ@ﬁﬂmﬂ)

8[0,0(0;)] = ( S2[0,6(0;)](¢)

Secondly, we estimate the nonlinear terms in the space H_.
Lemma 4.17. For r > 3 and o > 0, assume (é(a,t), é(();t)) satisfy the condition

(4.41) 161y < €, 10(0;)] 0 < €.
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Then for An|[0,6(0;-), L()](c, t), N[0,0(0; )] (e, t) and scalar Mo[B, H(0;)](t), de-
termined from (4.16), (4.18) and (4.22) respectively,'!

A (6,6(05-). L] + 8. 00: | - < exllflry (16112, + 1003 e )

’/Ot MNo[6, 6(0; -)](r)dr’oo < CQ||§||H§_

Further, if both (é(l)(a,t),é(l)(o;t)) and (5(2) (a,t),0 (O;t)) satisfy (4.41), then
the corresponding (A%),m(l),‘ﬁél)) and (AE\Q,),‘T((Q),W,SZ)) satisfy

JAS AR -5+ 1RO =0 s < e (1D = 0y + 00 (05) = 02 (03], )

t
| / () = w)ar| < e (10D = 8Dy + 6D (0;) - 02(05)] ) -
0 o0

Proof. We note the bounds for Ay, 91 and 9y in Lemma 4.12 and Corollary 4.8. It
follows from the equivalence of || - ||, and || - [/, norms and the definition of ||.|| -
norm that

egt/QHAN [éa é(oa ')a L] + m[év é(oa )]Hw r—3
< Ceat/2(||9~||w,r| 67”1 + ||9~||w7r—1|‘9~”w,r—2 + |é(0§ ')|OO||9~||w,T—2)
< CllAll; (180155 + 10003 )] ) -

Further, it follows that
/0 et A1, 0005 1), L] + R(A(-, 1), 6(0; D)2, s ot
< Csup [ |, + 1(0: D) / N2, 400t
t 0

< ClIAI, (1613, +160;)1%.) -

Therefore the bounds for [[Ax + N[ ;--s follows. For Ny, we use Corollary 4.8
again to note

| [ oulb.isimrar] < e [T 06 + 1067 wa)dr < el s
0 oo 0

The statements for the differences of M, Ny for different (6, 6(0;¢)) follow from
parallel statements in Lemma 4.12 and Corollary 4.8. O

We have the following contraction properties in a ball

Ve = {(u,v) € D||ullar <€ |v]e < €}

HUNote that T and L appearing in the expressions are determined in terms of § and é(O;t)
through (4.7) and (B.4) on using (2.1) and (2.2).
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Lemma 4.18. Let 0 > 0, r > 3. Assume (é,é(o;t)) € V. and c1, co, c3, cq4 are
as defined in Lemma 4.17. If for sufficiently small €, ||0o]|w.» < min{35, 5--} and

0(0;0) = 0, then
S[6,6(0;-)] € V..
Further, if each of (9(1),é(1)(0;t)) and (9(2),9(2)(0;t)) belongs to V., then there

erists cs depending on ci,--- ,cq, Such that

|S[6%,00(0: )] =S [0, 6@ (0:)] | < ese

(6D—-6® 6D (0;)—6? (0; ) HD

Proof. Define ¢g = %cl. By (4.37) and Lemma 4.17, we have

|i5:18.00:901|], < Wolhw.r + s (1813, + 181,1600: )]oc) < e

if cge < %. We also have

8[8,000:)]|_ < a1 [8.6005)] |, < o (1ollunr-+eo 1Bl sl 6005 ) o ) < e

H3
if cocge < %
The statements for the differences of S, for different (6,6(0;¢)) follows from

parallel statements in Lemma 4.17.
O

Note 4.19. Constants ¢y, ca2,c3,cq4 and cs depend on o.

Proof of Proposition 4.2: If cse < 1, then it is clear that the right sides of (4.38)
and (4.39) define a contraction map in a small ball V. in the Banach space D.
Therefore, there exists a unique solution (67, 0(0; t)) satisfying equations (4.38) and
(4.39), hence (B.1). The local uniqueness of solutions (see Appendix §7.2) implies
that this is the only solution. The e~7%/2 exponential decay of  and hence of 6
implies that the steady circle is approached exponentially in time. The constraint
condition (B.4) implies that L — 27 decays exponentially.

Note 4.20. It is easy to show that given any j, 0(-,t) € H™39/2 for t > j in the
following manner. Since (68,0(0;t)) € Ve for somer > 3, there exists ty € [0, 1] such
that ||0(-,to)|lr+3/2 < €. So we can restart clock at t = to and prove global solution

in Hot®?. It follows that there exists t, € (to, to + 1] so that ||0(-,t1)|l,+3 < €. By
bootstrapping, we obtain é(-,t) € Hrt3i/2 fort>j.

Indeed more can be shown to be true. The contraction argument in Proposition
4.2 can be carried out for arbitrary sized initial condition over small sized time
interval. Through bootstrapping and using Sobolev embedding theorem, we can con-
clude that the solution is in C* in space for t € (0,S]. The property of smoothing
of initial conditions is similar to other dissipative equations like Navier-Stokes.

5. STEADY TRANSLATING BUBBLE IN THE CHANNEL WITH SIDEWALLS (8 > 0)

For a steadily traveling bubble solution, in the frame of an appropriately moving
bubble, we have to require the normal interface speed U = 0. This would imply
(A.1) is automatically satisfied for a time-independent 6(*)(a) and L = L) =
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21, where z(a) = 2(9)() describes the geometry shape of the steady bubble and
v(a, t) = 7*)(a) is determined in terms of @ through (A.2).
Earlier, we have shown that for the bubble with the invariant area,

(5.1) /0 i U(a)da = 0.

Further, there is no loss of generality in the steady problem to choose 6(*)(0) = 0

since this corresponds to a choice of origin for «, and make a = 0 correspond to
y*)(0) = 0. Thus, from (1.6), the steady bubble problem reduces to
(C.1)

~ 1 1
409, 0, 8] = Qo (FHG) + 5 Re (G271 + (o +1) cos (a+01 () ) =0,
with vortex sheet strength v(*) and 6()(41) determined by

(C2)  (I+auF@]) @ =21+ m ‘fm uo) sin (@ + 609 (a)) + 06%),

2
(C.3) / exp (z’a + i(é(S)(_l)e*ia + 6@ (1)t + 4 (a)))da =0,
0

where () = §(9) 4+ 6()(1)e?* 4 §(5) (—1)e~, Hence we seek solutions (§¢), ug, §) €
H™ x (=1,1) x (=7, 7T) 12

Recently, [45], [46] and [47] obtained selection results for steady finger for small
non-zero surface tension.
Remark. For r > 3, by Propositions 2.4 and 3.24, we know that ||tl||,_o < C with
C depending on T and the diameter of B;. Hence, {{ maps an open set of H x R?
into the space H;_Q. (I

Note 5.1. We know that $40,0,0](a) = 0 with the corresponding vortex sheet
strength v*)(a) = 2sina and 0©)(£1) = 0. We also see that %[0,0,0](0[) =
M cos v and the Fréchet derivative $l;.[0,0,0]h (see Appendiz §7.8) for h € H”

M1t pe2
is given by:

g . = k+1. ika
(5.2) Y [0,0,0]h = ZH(hao) z;(1+au)k+2h(k+l)e + c.c..

It is convenient to recast the steady state problem in a contraction mapping
problem using smallness of 5 and the knowledge that (é(s),ﬂy(s)) = (0,2sin«) is

the steady state solution for § = 0. We rewrite 4 = 0 as

~ 2 ~
(5:3)  U5i[0,0,006" + 1y, [0, 0, 0]ug + %uﬁﬁ[o, 0,0] = N [0, uo, 8],

where
(5.4)

~ ~ ~ 2
m(S) |:9(S)7 U, 6:| = _u[e(s), uop, 6] +‘u0~(s) [Oa 07 0]9(5) +qu [07 Oa O]u0+ %‘uﬁﬁ [07 Oa O]
= A0 () + B[O, ug] + €[, uo, F]

12%e choose small € and T such that Proposition 2.4 can be applied in (C.3) and Proposition
3.24 can also be applied in (C.2).
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with
Ql[é(S)](a) = u[é(S)v 07 0} (a) - ué(f) [07 07 0]9(8) (Oé),
B0, uo] = U0, ug, 0] — U[0),0,0] — Ly, [0, 0, 0]ug,

2
€0, ug, 8] = U0 ug, B] — U[0®), ug, 0] — %ugﬁ[o, 0,0].

It will be shown that M(®) is either nonlinear in (é(s),uo) or at least O(3%).
Lemma 5.2. For any r > 3, let 10|, and uo sufficiently small, then there exists

C independent of ug and ) so that

2],y < IO 11891,

r—1

Further, let AV and A3 correspond to égs) and égs) respectively, each in H". Then
there exists C' independent of 3, uo and 6'°) so that

2D —2A®|| < C(I6 -1 [165 = 657 + 157,165 — 657 1)

Proof. We identify Ql[é(s)] as the nonlinear part of normal velocity U for 8 = 0 in
4.12). By Lemma 4.7, the statements of the Lemma follow. O

Lemma 5.3. For any r > 3, let |09, and ug sufficiently small, then there exists
C independent of ug and ) so that

1B16), uol[,, < Cluol |6

Further, let B and B2 correspond to (955),11(()1)) and (éés),u((f)) respectively,

each in H". Then there exists C independent of 3, ug and 69 so that
1B — B < O (g 11657 — 6571 + 11851 — uf?))-

Proof. Let v(#0) correspond to (é(s),uo,O), while 7(“0) corresponds to (é(s),0,0).
Then by (1.6), we obtain

0 1 uo 1 s ug uo
(5.5) B[O, uo] = FH[M) —6") + 5 Re (Gl = 5"))

+ug [ cos (a+ 6 (a)) — ] cosa).
O( ( ()) 1+ pe2

For (C.2) and the relation between F and G, we also have

(5.6) 7™ ") = —ayRe (361 — ) = <Gl (1) — 5"))
’ ' M2

M1+ p2
By Lemma 3.23 (for 3 =0 and L") = L(? = 27), from (5.6), we have

1“0 — 8l < CUIE |1 7™ = 481 + [uol).

+ 2ug sin (a + é(s)).

Hence for sufficient small ||#(*)||,., we have

(5.7) 170 =511 < Clu.
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Plugging (5.6) into (5.5), we have
39) o] = & L o)) (yu0) _ (uo)y _ L (o) _  (u0)
B0 o] = 3H [ap Re (3G1=)(0) —3)) — LGlao](7) —4{))

1 uo uo uo
+ 5 Re (G110 = A6") = Gluol () = 5§")))

+ uo ((cos (o + ) (a)) — cos a) + M/fqu {sin (n+ é(s)) - sin(n)} (a)) .

Hence, by Lemmas 3.5, 3.23 (for # = 0 and L) = L) = 27) and (5.7), we have
the first statement.

For the difference term, by Lemmas 3.5, 3.23 (for 3 = 0 and L) = L(?) = 27)
and Proposition 3.24. ([

Lemma 5.4. For any r > 3, assume |0 ||,., ug and B are sufficiently small. Then
there exists C independent of B, up and 0®) so that

1€[0, uol[l,, < C(B%Juol + B0 + ).

Further, suppose €1 and €@ correspond to (égs),uél),ﬁ) and (éés),u((f), ) respec-
tively, each in H". Then there exists C' independent of 3, uo and 6'%) so that

[€® = €|, < a0 =07 + fup” = g™
Proof. Suppose %gs) satisfying (C.2) corresponds to (é(s),uo, 0). Then for (1.6),
(5.8)
j(s) VNGO OINOENONTE. IO
e, w0, 6] = S HH A8 g Re (G112) () —1§) 43 Re (Gale™ 1)~ (14a,) cosa

1 s S 62~ 1 s s S s s
= 5H |7 =67 + au'g sing| ()45 Re (G1=)(r7 =757) =G [wo) (1) —x57)

1 s . s 1 . s .
+ 5 Re (Ga=hg” = Galiwolng™) + 5 Re (Galiwo] (15" — 2sin ) (@)
2
+ % Re (Galiwo] (2 sinn)(ar) — % cos ).

For (C.2), we also have
(5.9)

1028 = —a,Re (36101 7)1 ol (1)) ~a, Re (622 ).
Proposition 3.24 gives us
Il <l < €
By Lemma 3.23 (for =0 and L) = L(2) = 27), Note 3.18 and (5.9), we have
I =67l < CUED N7 = 357 1+ 6%)-
Hence for sufficient small [|§(®)||,., we have

(5.10) IV =7l < C5°.
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(5.9) can be rewritten as

(5.11)

s . 1 s s s 1 s s
10 =2 + 4 sina = —auRe (3010100 — 267) - 2Gil (6 —2§7))
1 s 1 . s 1 . s .
—a, Re (Egg[z(s)]”yé ) _ Egg[zwo]”yé )) —ayRe (Egg[zwo] (’y(() ) _ 281nn)(a))
1, . e
—auRe (292 [iwo](2sinn)(a) — 5 sin ).

We see from (C.2) that

s . 1 s (s) 1 s
fyé ) _ 2sina = —a, Re (591[2( )]%() ) _ Egl[wo]%() ))

+ Z(Sin(a + é(s)) — 2sin a) + 2ug sin(a + é(s)) + 09&2.

M1+ 2
Hence by Lemmas 3.5 and 3.23 (for 3 = 0 and L") = L(® = 27), we have from
above

(5.12) 67 = 2sin()llx < CIID], + fuol).

We know the first derivative of Ga[iwp](2sinn)(«) with respect to 8 at § = 0 is
equal to 0. On calculation,

(gz[z’wo]@sinn)(a)) ﬁﬁ‘ s—0 3

Hence for sufficiently small 3, by Taylor expansion, we have

2
Goliwo](2sinn)(a) — %eia

e'LOL

(5.13) <cph.

T

By Lemmas 3.20, 3.23 (for § = 0 and L(Y) = L(® = 27), Note 3.18, (5.12) and
(5.13), from (5.11) we get

2
(5.14) HW) — ) 4 a#% sin(+)

< C(B*09], + B2uo + B*).

Hence, by Lemma 3.23, (5.12), (5.13) and (5.14), the first statement is obtained.
The proof for the second statement follows similarly. O

Hence we have

Lemma 5.5. For any r > 3, assume ||0)|,., uo and § are sufficiently small. Then
there exists C independent of 3, ug and 6 so that

(5.15) 901 < C [Juolll0l, + fuol8 + B + 28|, + 11916 |

Further, suppose ‘J’(gs) and ‘J’(gs) correspond to (égs),uél),ﬁ) and (éés),uéz), ) re-
spectively, each in H”. Then there exists C independent of 8, ug and 0®) so that

9057 97,y < (8 (107 = 867+ g = D)+ 1657 a1 — 857
n(s n(s n(s 1 n(s n(s n(s 1 2
+ 11195 = B 1+ [ 16 — 57+ 108 = )

Proof. Combining Lemmas 5.2, 5.3 and 5.4, the two statements are obtained. [J
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Definition 5.6. We define the linear operator A on u € H” by
(5.16)

o0 — 00

__c k+1. ika k—1. ik
Au = 5 Uaa kzzz(l+au)k+2u(k+1)e k;2(1+au)k_2u(k 1)e'™ .

Proposition 5.7. For r > 3, the linear operator A H™ — H" 2, is invertible.
Further, ||A= £l < Cp|lfllr—2, for any f € H™—2.

Proof. For any surface tension o, there exists the integer K > 2 such that n? > %
for any |n| > K. Let us define a family of the spaces Z, := {u € H"|Qru = u}
with 7 > 0. We define the linear operator Ax := Qg A, which maps from Z, to
Zy_9. The corresponding bilinear mapping Fx : Z1 X Z; — R is defined by

Exlu,v] = 2Re <Z [gk%(k) -1+ au):i ;a(k + 1)}@(—@)
k=K

for any u,v € Z;.
It is easy to see that there exist a > 0 such that

|Exc[u,v]| < allull1|lv]|1,

and
Exlu,u] > %||u||§—3‘2a(k+1)ﬁ(—k)+ 3 (k- La(—k)
k=K k=—K

o o
> Tl - 2l > Zul’
The last inequality follows from %nQ > 2, for |n| > K.

Hence by Lax-Milgram theorem, we see that for any f € H"2, there exists
only one ug € Zj such that Fxlug,v] = (Qkf,v)r2 for any v € Z; and so
Agug = Qg f for some ug € Z;. We also have

>, o2 - > o (E+1 2
(5.17) Qkfl7a>2) Zkz i (k)> — 4> K 2#%(“ )2
k=K

2
g
lurcl? = 2lucll? s > —[lux|?,

>
o 8

4
for %nz > 2.
Let us consider the linear operator A. It can be written as
K-1

Au = kz (gk%(k) —(1+a,)
=2

kE+1

~ ika

forue H".

For any f € HT’Q, there exists only one solution ux € Z, such that Agug =
Ok f. Then using ug, we consider the following finite linear equation system for
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(b—1,b—2.ba, b2, b_gi1)"
o (K —1)2 0 0 o\ [ brs
Aaiay gz 0 (o
(518) 0 _(1 + a’#)—:l %(K - 3)2 bK*3
b_k+1
FIK =1)+ (1 +au) Fyar(K)

FE 1)+ (1 + ) Fg i (- K)

It is easy to from the triangle structure see that there exists only one solution
(bx—1,-++ ,ba,b_a, -+ ;b_k41). Then we choose u = ZkK;; bkeika—kz,;ff; bethe 4
ur and Au = f. Since ug € Hy, we induce u € Hy.

Hence, for any f € H”~2, there is only one u = A~'f € H". By (5.17),
[AT fllr < Crll fllv—2- (I

Proposition 5.8. For any surface tension o > 0, r > 3, and sufficiently small e,
there exists a neighborhood O of (0,0) and a ball BY € H" such that ) : O — B!
with Qlﬂ[é(s) (uo,ﬂ),uo,ﬂ} = 0. Further, 8 (ug, B; ) is odd with respect to a for
any (uo, B) € O.

Proof. We define the operator 7 by
T0) = A2 QM [0 wy, 6]

By Lemma 5.5 and Proposition 5.7, for sufficient small €, there exists a neighbor-
hood O of (0,0), such that the operator 7 is the contraction map in the ball BY for
(’U,O, 6) € 0.

_ Hence, by contraction mapping theorem, there exist open sets O C R? such that
0(*) = 70 in the ball BT C H" for (ug, 3) € O. By (5.3), we have

Qlu[é(S) (U’Oa 67 Oé), U‘Ovﬁ} =0.

For any (ug, 3) € O, we define n(a) = —0) (ug, 8; —a)—0) (=1)e’*—4() (1)e e,
v(a) = —(209(=a))*, and £(a) = —y¥)(—a). Then it is easy to check that

(s) _ 2m
Re (MPV/ A () (a')K(—a,a/)da')

T 0
27
= —Re (w;—gPVA 5(0/){% coth [g (U(a)—v(a’))} —g tanh {g (U(a)—v*(o/))} }da’).
Hence, Q14[Q17(a), ug, 3] = QiU[0) (), uo, 8] = 0 with &(a) satisfying (C.2).

Also by uniqueness, we have §() (uo, B; ) = Q1n(ar) = —6(s) (uo, B; —av). O

Note 5.9. Note that the 6() of Proposition 5.8 is not the steady state since we
only required Q13 = 0 instead of Qo = U = 0. Here ug is arbitrary. The addi-
tional condition (Qp — Q1)U = 0 can be satisfied by constraining ug appropriately.
The usefulness of this Proposition is to show any steady solution ') that actually
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satisfies Qo = 0 must be an odd function since this is true for any sufficient small
Uugp.

Definition 5.10. We define a family of Banach spaces { X, }r>0 by

X, = {u € HT|u(—a) = —u(a)},
Y, = {u € H}|Qou = u,u(—a) = u(a)}.

Remark. Proposition 5.8 shows us that the shape of the steady bubble must be
symmetric with the center of the chgunnel. Also i : X, x R2 — Y, _5. Hence it is
reasonable to consider the solution (§¢*), ug, 8) to (C.1)-(C.3) in the space X, x R2.
O
Proof of Theorem 1.14: Let f = NG [é(s), uo, O] — %221[35[0, 0,0] and g =
ATYH(Q1f). Actually it is easy to check that f(—a) = f(a) and g(—a) = —g(a)
for ) € X,..
We define an operator ¥ in X, x R by
_ B N +puz 44 N\T

TIOW o] = (A7 H(QuN), 20 (1) + B (5 4 30,)i6(2)
By Lemma 5.5 and Proposition 5.7, for sufficient small €, there exist an open set
O1 C R and a ball Oy C X, x R such that ¥ is the contraction map in the ball
Ongor any 3 € Oy. Hence, by contraction mapping theorem, we have (8¢*), uy)” =
T[0(9), ug) for any B € Oy. By (5.3), we have

Q[0 (B; @), uo (), B] = 0.

By Lemma 5.5 and Proposition 5.7, for sufficiently small € and Y, there exists C'
independent of € and Y, such that

(5.19) 16| + Juo| < CB2.
We deduce from (C.2) that

(s) atm () (o e a+m (s)(
) (@) =2sina — a, Re (iPV/ 7 (e) do/ — e—_PV/ 7' () dov
m o )

e 20(a) = 20 (@) amn Jor €i%dC

Wso = 2Ban n Q2n o (s) (A (s) (s)( 1 \2n=1 ;5 1
a, Re (271'2' n;l (2n)!( n"p /0 () (2 () — 2 () da )
212

ug sin (a + 0% (a)),
p1+ p2 0 ( ())

+ 2(sin (a +6) (a)) — sin a) + 09&2 +

where B,, is nth Bernoulli number. By (5.19) and Lemma 3.23, we have
[7*) - 2sinal,—2 < CB%

where C' depends on € and T.

Remark. Since we consider the steady solution in H" for r > 3, where r is
arbitrary, by uniqueness shown in Theorem 1.14, the steady solution is in H°, and
hence in C*°. In fact from ellipticity of A, the solution is expected to be analytic.
The result is consistent with analyticity results for arbitrary channel width in the
small o limit [47]. O

)
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Note 5.11. Actually for pus = 0, by formal expansion in correspondence to earlier
calculation using conformal mapping [36], we have

0(@) = B (s oin (Ba) + 5y sin (20)) + O(F),
v = _%2 +64(1_;0 * 212;02) +0(8°),
7(a) = 2sina— %sina +ﬁ4(( - 11—290 + #) sin(3a) + (% + W;) sina
+54La sin(4a) — 54% sin(2a)) +0(5%).

For steady states, two fluid flows can be related to one fluid flow by transform
variables [39].

6. EVOLUTION OF SYMMETRIC BUBBLE WITH SIDEWALLS (3 > 0)

Lemma 6.1. If initial conditions satisfy the symmetry condition
bo(—a) = —0o() , yo =0,

then the corresponding solution (6(a,t), L(t),y(0,t)) in Hj x C' x C! to (A.1)
and (1.8) satisfy symmetry condition for all time, i.e. 6(—a,t) = —0(a,t) and
y(0,t) = 0. The corresponding vortex sheet strength (o, t), determined from (A.2)
also obeys the symmetry condition y(—a,t) = —y(«a,t) and the bubble shape is
symmetric about the channel centerline (x-axis).

Proof. If 6y is odd and y(0,0) = 0, it follows from (2.1) and (2.2), that z*(a,0) =
z(—a,0) and we have a symmetric bubble to start with. The corresponding vortex
sheet strength determined from (A.2) v(, t) is easily to be odd. Again, it is readily
checked that that if (0(c, t), v(a,t), L(t),y(0,t)) solve (A.1)-(A.3) and (1.8), then so
does (—0(—a, t), —y(—a,t), L(t), —y(0,t)). Since the initial condition is symmetric,
it follows from local uniqueness of solution (see Appendix §7.2 ) that symmetry is
preserved in time. From the geometric relation

L (t o«
z(a,t) = iL®) / ettt oy 4 2(0, 1),
2 Jo
symmetry about the z (Re z) axis follows. O

Remark. Symmetry implies é(O; t) = 0 = y(0,t). and so the evolution equation
for 6(0;¢) in (B.1) and y(0,t) in (1.8) can be ignored. For the symmetry bubble,
we also have

Rla,a’) = gcoth [g (2(a) — z(o/))].

Proposition 5.8 implies that the steady bubble solution (8(*)(a),7(*¥)(a)) are also
odd functions of time. O

6.1. Main results for the translating bubble in the strip. In this section, we
first state the main results for the translating bubble.
It is convenient to define
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Definition 6.2.
F(aa t) = ’}/(OL, t) - ’Y(S) (O[),

(6.1) O(c,t) = O(a, t) + 09 () + (=15 t)e ™ + (1;t)e™™.

In this section, we will find solutions © to satisfy (B.1) with initial condition
with the initial condition

(6.2) 0(a,0) = By(a) = O, [90 - 9<S>] (@).

We will also consider the motion of the interface with small symmetric perturbation
around the steady bubble. Since the bubble area is invariant with time, we take V'
to be the steady bubble area, i.e..

1 27
(6.3) V= 3 Im/ 2 (29))*da.
0

The main result in this section is the following proposition:

Proposition 6.3. For o > 0, there exist ¢, T > 0 such that for r > 3, if
Hé(,O)HT <€ 0< B <7, then for initial shape symmetric about channel cen-
terline, i.e. O(—a,0) = —O(a,0), there exists a global solution © € H, to the
Hele-Shaw initial value problem with initial condition (6.2). Furthermore, ||QoO|,
decays exponentially ast — oo. Thus the translating steady bubble is asymptotically
stable for sufficiently small symmetric initial disturbances in the H, space.

Note 6.4. Proposition 6.3 and Lemma 2.7 imply Theorem 1.16.

6.2. Evolution equation in integral form. It is readily checked that I'(c,t)
satisfies
(6.4)

27 — L
(I + @ FI2)T = —au Fly ™ + a, F[20)]y) + =5

000e + (0 — ) na
L—2
7T (1 + 125
w1+ p2

+2(1+ Mllfuzuo) (sin (v +6) —sin (o + 9(5))).

+

uo) sin (a + 9)

Hence, we have

Proposition 6.5. If © € H" with ||©||, < €1, and 0 < 3 < Y then for sufficiently
small e, and Y, there exists a unique solution T' € {u € Hy~2|a(0) = 0} for r >3
satisfying (6.4). This solution T' satisfies the estimates

IT[lo C16)2,
T2 C1 exp(Ca|8],—2)[O],

where Cy and Cs depend on r. N B N
Let TD and T correspond to ©1) and O respectively. Assume |0 < €
and |0@ ||} < e1. If O 0@ ¢ H” with r > 3, then for sufficient small €y,

(65) 0O =T[5 < Crexp (Co(|OD] +[6P]],)) |0 ~ 62,

where Cy and Cs depend on r alone.

<
<
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Proof. Tn Proposition 3.24, we take v2) =, (V) = ¢, L) = [,
L@ ), GO = G L) = 9

and use Lemma 3.23 to obtain the first two statements. The statement (6.5) follows

in a similar manner from (3.29).
O

The evolution equation (B.1) translates into the following equation for ©:
~ 2 ~ ~ ~
(6.6) Oi(at) = %Ql (Ua +T(1+6,)) = A[B] + L5[0] + N[O).

where L is determined from (B.4) with V' determined from (6.3).
We can integrate the evolution equation (6.6) and rewrite it as the following
integral equation:

6.7)  O(ant) = O + /0 =) (cg[é] +N[é]) (a, 7)dr = R[O](a, ).

We will eventually show that R defines a contraction in a sufficiently small ball in
the X, space for r > 3. For that purpose we need some properties.

Proposition 6.6. If for r >3, © € H" with ||O|; < €1, and 0 < 8 < Y, then for
sufficiently small €1 and Y, the functions Lg, and N, defined in Appendiz (§7.3),
satisfy the following estimates

s

v

IN

C1 52 exp (Ca||O]],)[|©]],

r—1

IN

Crexp (Cal|Ol1,) 81|81+,

r—1
where C and Cy depend only on r. Further, let (Eg),/\/(l)) and (EE,Q),N@))

correspond to 0w gnd 62 respectively, each in H" with ||(:j(1)|\1 and Hé(Q)Hl
< €1. Then for sufficiently small €1,

|0 -] < ciBexp (C2(18V]+162),) ) |6V - 6@,

r—1

IN

H N @

r—1
(18D i1 + 18P 41) 8D - 6| 1,
where Cy and Cs depend on r.

Proof. On using Lemmas 3.6 (see Note 3.7), 3.12, 3.14, 3.16, 3.23, 3.20 and Propo-
sition 6.5, the proof follows from the expressions of Lz and N. O

Remark. It is easily to check that (£5[0] + N[0])(—a) = —(Ls (6] + NO)) ().
O

6.3. Contraction properties of R and global existence for symmetric dis-
turbances.

Note 6.7. For the linear evolution equation (4.34), if f and vy are odd with respect
to «, then by uniqueness of the linear equation (4.34), v(—a,t) = —v(a,t).

First, by Proposition 6.6, we have

Crexp (C2 (16D, + 18@]1,) ) { (18], + 16@]],) [6@) — 82|

r+1
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Lemma 6.8. Assume 0 < 8 < Y. Suppose for r > 3 é(oe,t) € X, satisfy the
condition ||©|gr < €. Then for Ls[O](a,t) and N[O|(a,t) determined from the
Appendiz (§7.3), as € and T are small enough, we have

126181 + NO|| 1,5 < Cl1® sy (18] +62)

Further, if both © (v, t) and ©@ (v, t) satisfy (6.7), then the corresponding (Egl),./\/'(l))
and (E(;),./\/'@)) satisfy

1L = LD gyr-s + IND = N O] s < Cle+ 520D — 6P,

Hence, by Lemmas 4.14 and 6.8, we have

Lemma 6.9. Assume 0 < 8 < Y. Letr > 3, ||é0||wm < 5 and 0 € X, with

HéHHg < e. For sufficiently small € and Y, the operator R defined in (6.7) satisfies
the following estimate:

|R[O]] < Ce.

Hg
Further, if Hé(l)HH; <€ and ||é(2)||H§ <€, then

IR[6D] = R[O]||,, < Cec|6W — 6P|,

Further, R[O](—a) = —R[O](«).

Proof of Proposition 6.3: If Ce < 1, then it is clear that the right side of
(6.7) define a contraction map in an € ball in the Banach space X, N H”. Therefore,
there exists a unique solution © satisfying the equation (6.7), hence (B.1). The local
uniqueness of solutions (see Appendix §7.2) implies that this is the only solution.
The e~?%/2 exponential decay of O and hence of © implies that the steady symmetric
translating bubble is approached exponentially in time. The constraint condition
(B.4) shows that L — 27 decays exponentially.
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7. APPENDIX

7.1. Proof of Lemma 3.6. Consider jy, = 1 firstly. Let F(u) = uh(u). Then h(u)
is also an entire function of order 1.

(7.1 [[F ()|, < Crexp(Callullee)ullo < Crexp (Callully) [fulls-

We see
[DaF (u(-)lly = luaDuFlly < Crexp (Callullr) [[ulli.
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For k > 2, by Banach Algebra property, we also have
. i1
(7:2) |PaF (u@)| | < ClDaullir|DuF (@) lli-1 < Cllulle Y lajliuli}
j=1
< Cillully exp (Collullk-1)-

Hence, by (7.1) and (7.2), we have for k > 2,

(7.3) | E(u(-))[], < Cillullvexp (Callullx-1),

with C; and C5 depending only on k.
Let F(u) = u?g(u). Then g(u) is also an entire function of order 1.

17 (u(-) ||, < Cexpllullo)llulls, < Cexp (Jfully) [lull3.

And D, F(u) is the entire function of order 1 with jo = 1, so for k > 2, by Bananch
Algebra and (7.3), we have

[DaF (u(-))[];_; < Clluallk-1l|DuF (u(@)lx-1 < Cillullllulle—1 exp (Collullx-1)
with C; and C5 depending only on k. Hence, for k > 2,

(7.4) [F (), < Crllulli—rllulls exp (C2llulle-1),

with C7 and Cy depending only on k.
By the same technique, we obtain the difference results.

7.2. Local uniqueness of Hele-Shaw bubble solutions. We have the local
uniqueness theorem for the system (B.1)-(B.6) as follows:

Theorem 7.1. Let 0 < § < T and |ug| < 1, where T is small enough for
Lemmas 3.17, 3.23 and Proposition 3.24 to apply. Let (51 (a,t),él (O;t),yl(O,t))
and (ég(a, t),05(0;t), y2(0,1)) be solutions of the system (B.1)-(B.6) with the same
ingtial condition (2.5) in the space C (]0,S], B x R x Spr) with r > 4. Suppose
61011 < €1 and ||62]|1 < €2 such that |Ly — 27| < 1+ and |Ly — 27| < % by (3.27).
Then for sufficient small 1 and Y, the two solutions are the same in H? x R x Sy;.

Proof. We define the energy function E%(t) for the difference of two solutions by

(7.5) Et) = % /zﬁ (D26, — D§§2)2da + %(él(o;t) - 9}(0;@)2
0

L (yl (0, t) — yg(O, t))2.

T3
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Taking derivatives on both sides with respect to ¢, and using (B.1)-(B.6), we have
using (1.6)

dEd(t) 27
(r6) = = /0 D2 (6, — 63) D} Ql( U, - L—2U2)d
27 om
+/ D2 (1 6) Do (2 "1+ 61,0)01 = 7-(1 4 62.0)02)da
0
271' 2
—I—/ (6, — 6;)D? Ql( T191 o L—ﬂ-Tzez,a)dOé
0 2

2m 27T

=+ (él (O;t) — ég(o; t)) ‘/0 [L Tl(l + 64 a) — i—ZTQ(l + 6‘2701)} do

+ (y1(0,t) — y2(0,t)) [ — U1(0,¢) sin (61(0,t)) + U2(0,t) sin (62(0,¢))]

2

- L—2U2)d0é

27 - ~ 2
_ / D2 (6; — 02) (D + Do) Q1 (1T
0

2 B B 2 9
+/ Di(el - 92)DQQ1(_7T€1,0¢U1 - L—ﬂ—ezaUg)da
0 2

2

2
+ / D2 (91 - 92)D2 Ql( T191 a _T29270¢)da
0 Ly

=+ (él (O;t) — éz(o; t)) ‘/0 " [i—ﬂ-Tl(l =+ 91)(1) — i—TrTg(l + 92701)} do

1 2

+(y1(0,8)=y2(0,1)) [-U1(0, ) sin (61(0,1))+U2(0,t) sin (A2(0,t))| = Li+To+I3+Is+15.

By (1.6), we have

2

o, - 3 272 27
L = D2 (61 — 02)(D}, + Do) Q1 (=5 H[m] — =5 H[r2]) da
0 L3 Ly
2 271'2

+f " D2 (3, — o) (D3 +Da) Q1 (T Be (Glar]n) - T Re (Glzabe) ) do

2m
+(uo + 1) /0 D2 (01 — 02) (D3 + Do) Qs (i_w cos (a + 601 () — i_w cos (o + 6(a))

1 2

)da.
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Using (B.3) and by Lemma 3.23 and Proposition 3.24, we have

27 3
Il = —0’/ (91—6‘2)AD3(47T 91 4Lﬂ;,,

2
+(1+ s + o uo) D2 (61—60.)AD2 Q, (— sin (4601 (« ))_L_: sin (a—i—@z(a)))da
2 2 2
—ay D (61 — 62)AD? Ql( f[21]71 - %f[zz]’yg)da
0 2
+(1+ o) / D? (01—92)AQ1(—81D (+601(cx ))—2_7Tsin (oz—l—t%(a)))da
M1 + H2 Ly Ly

272 272
— au/ (91 - 92)AQ1( 7T2 [21]’71 - %]—'[&]w)da
0 1 2

2
=+ /0 Di (él — ég)(Dz +D )Ql (— Re (g[zl]wl) — 2L—7T%2 Re (Q[zﬂw))da

2m
—|—(u0—|—1)/0 Di(él—ég)(Dz—l—D )Ql( cos (a+0; (« ))—i—Zcos (oz—l—t%(a)))da

2 3 3

- ~ 472 ~ 47
< —U/ D; (61 - 92)AD3(F91 -1z
0 1 2

+C|6y - 52H2(H91 — 023 + Bly1(0,t) — y2(07t)|)a

ég)da

where C depends on €. For Iy, I3, 1, and I5, by (3.30) and (3.31) in Proposition
3.24, we obtain

(7.7) I+ Iy + I+ I5 < Cll6y = O l2 (1161 — Balls + Blun 0,2) — y2(0,1)])
+ C162(0:8) — Ba(0: )] (161 = O3 + By (0,) — 2(0,1)])
+ [51.(0,8) = 20, ]| U1 (1) sin (- +61(,1)) = Ua (1) sin (- +6( 1)) [
< €118 = Oallz (1103 = alls + Blun (0,6) = 2(0,1)])
+ 0162(0:8) = Ba(0:)] (161 = O+ Blya (0.) ~ w2(0.1)])

+ [92(0.1) = 9200.8)| (162 = alls + By (0.2) = 2(0,)).

where C' depends on e. Actually, combining the estimates for Iy, I, I, I, and I5,
by Cauchy inequality, we have
dE(t)
dt

< CE%t).
That is
E(t) < E*(0)e“.
Hence, E4(t) = 0 if £4(0) = 0. O

2 ~ ~ 4.7T3 ~ ~
9 )da—i—o/ Di(el—eg)AD2(F91—— 2
0 1 2
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7.3. The Fréchet derivative Uj.,[0,0,0] in §5. From (C.2), 7% is the result of

an operator acting on (é(s),uo, B3). From substituting 6(5) = ¢h and taking the €
derivative at ¢ = 0 and using Proposition 2.4, we have
(7.8)

U55[0,0,0]h = 2H[79(fs)) [0,0,0]h —I—ZZ—h k+1)e™® — h(a)sina + c.c..
From (C.2) and Proposition 2.4, we have
(7.9) V(Sf)) [0,0,0]h(a) = 2(1 + a,)h(e) cos @ + ohaa(a) + 2a, H[hsin o ()
) 9 "
—a, Z ——h(k+ 1)e"™* + c.c..
= k+2
Hence, combining (7.8) and (7.9), using H? = —1I, we obtain

$450,[0,0,0]h = %H[hm] (@) + (1 +a,)i Y —h(k + 1)elt

o~
_|_
[\

7.4. Expressions for £z and V.
Definition 7.2. We define the function

we(a) :/ e () g,
0

[’B [é]( ) Ql{( H(‘Cﬁl [6})(04715) +£52 [é] (a7t))a +['53 [é] (avt)}v

N8 (e t) = —Ql{(;H(J\/l [6]) (1) + N3 [6] (e, 1)) -+ N5 [B] ()]}

2w — L © (k2—1)(k}+1)/\ .
L {kzz(l—’—au)wg(k—i_l)ek
k—1) . ~
_,;2” %9%—1)61’“%&[6](@0},
where
L5, (0] (a)

= auRe ( - %g[z“)]r) +a, Re ( - lgl [2](v*®) — 2sina) + %Ql [we] (v — 2sina))

—a, Re (zang [2]7) (@) — iws, Ka[zP ]y (a )) —4a,Dq Re (’B[@](a) - QU[@](Q))

L— or — L
+ T (sin(a + 0¢)) — sin @) + 20 (cos(a + 0)) — cos @) + —ﬂ-L o0
L—-2
TR ugsin (o +6) +2 uo(sin (o +6) — sin (a+9(5))),
™ 1+ e H1 + o
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2m — L
2L

1 (s) ~ (s) (s)
~ 5G] (7)) - 2sma)) +2Re ( — waka[2J7 ) (@) + we, Ka[z ] (a ))
2r — L

Lgs, [(:j} = H[y®)—2sin o]+ Re (%g[z“)]r) +Re (zgl (2] (’y(s) ()—2sin )

+

Re (g1 [ws] sin a) +Re (21'%%[@](@ - 21'%211[@](@))
+ ug [ cos (o + (a)) — cos (o + o) ()],

Ls,[0] = ( /0 ) 9§j>(a)(%an(em)(a')Jr,c[é] (o)) do/

_% 0 “9&5)(&)(%07{(@ o)) +£[é] (o/))da)(1 + o)

([ (2 r(Oua) o) + £[6] (o)) do’ — / " £[8) (0)da)
+{/a (1+65)(a ))[;H(zﬁl [6]()) (') + L4, [0] ()| de
__/277 1400 (0) [5H(£6,[6]()) (@) + £, [B] )] dar} (1 + 64,

L —

R S Ul e)
+2(sin(a+9)—sin (a—i—H(S)( ))—© cos (a—l—ﬁ(s)(a))) 2a,, Re( 5 —{B[E[ ](a)})
+ 2a, Re (i(ei@ - ){wsa (Giw]sina — cos ) — (G1[ws] sinav — cos a)})

Ws,, atm [w — ws](a, &) 1 1 ,
i PV /a_w sin(o’ )qlql [ws] (e, &) (w(a) —w(a)) _ws(oz) — ws(a’))da )’

+2a, Re (

N>[6] = 27T22 LH[F - 2%0(9&&] + Re (%g[z]r _ %g[z(s)]p)
n 27‘1’; L Re (g1[ | sina — G1ws] sin a) + Re (aaa (%[:e[@]](a)))

W,

+Re((ei® ){ (Ql[ Jsin(ar) — cos @) — (G1[ws] sin(a )—cosa)})

+ (cos (a+9( )) — cos (a—|—6‘(s)) + O sin (a—i—H(s)))

wo,, atT L qiw — wsl(a, o) 1 1 ,
—Re( 72 PV/Q_F sin(a )qlql[ws](a,o/) .(w(oz) —w(o/)_ws(a) —ws(o/))da )’
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N[8] = { /0 (14 69(a) [%u(m [6]())(a) + N2 [8] (o)) | do’
27 -~ ~
2 [T @) [FH(A 8] 0) @) + A2 [8] ()] o

+ /Oa Ou(a)U(a/)da! — % /02# @a(oz)U(a)da} (1+69)

+( /O ® 0u(a!)U (0" )do! — 2 Ou(a)U(a)da)Ou(a).

Lr[B](a) = 20(a,t)cosa + Lo ;QW sina — 4a, Re (%{Qﬁ[@](a)}),
c[6] = %H[ﬁr](a, £+ % cosa — Qofisina + Re (i%(ﬂﬁ[@](a))).
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