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Background

The zero-surface tension ( € = 0) evolution when a less viscous
fluid pushes the more viscous fluid is ill-posed and generally not
physically relevant.

With surface tension parameter € # 0, local existence results
available for general shapes (Duchon & Roberts).

Numerical evidence (Almgren, '95) suggests that global exi stence
of smooth solutions not expected for arbitrary initial cond itions in
displacement of more viscous fluid.

Stability of steady states and global existence for initial
conditions close to a steady state is a more achievable goal.
Without injection or suction or external pressure gradient , a
circular bubble in a quiescent fluid is a steady state. This is
known to be asymptotically stable (Constantin & Pugh, '93,
Escher & Simonett, '96, ..) for near circular shapes.



Global existence and stability of translating states

The general idea for global existence and stability study fo r
disturbance w superposed on a steady state is fairly simple:

u; — Au = N[u], where A is linear time — independent

t
u = eug + / et~ AN [u](T)dT
0

If ||etAf|| < Ce || f|| for some suitable norm ||.||, for A > 0,
then we can use contraction mapping in the class of functions

with space time norm || f||x = supysq ™| f(.,t)|| when ||uo]| is
small enough.

Two limits accessible for finding properties of semi-group etA.
Oneis 0 < € << 1, but involves exponential asymptotics (on

going work with X. Xie, following formal asymptotics T., '87 ). The
other is a translating bubble, small compared to wall separa tion.



Motivation for rigorous analysis

Most numerical (Schwartz & DeGregoria '86, Bensimon et al ‘86,

Kessler & Levine '86,..) and formal asymptotic evidence (T. , 87, T.
& Saffman, 87, Bensimon & Pelce, '88,..) suggests that one

branch of steady translating finger or bubble is linearly sta ble
with a diminishing basin of attraction (Bensimon et al '86) for

nonlinear stability as e — 0.

There are contrarian views based on a different set of simpli fying
assumptions (Xu’ 88, ...), for instance a multi-scale hypot hesis
with no interaction across disparate scales.

This motivates a rigorous mathematical study aside from the

intrinsic interest in nonlinear integro-differential equ ations among
applied analysts. Further, most of the literature is concer ned with
one fluid problem. The present rigorous study of BIM allows fo r
nonzero viscosity ratio.



Geometry of the flow
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Hele—Shaw Bubble evolution in the
frame of the steady bubble.

Note for fixed € # 0, this problem not equivalent to a small bubble
with O (1) wall separation since scaling down lengths also scales
down e. Global analysis for translating  O(1) sized bubble for
arbitrary small e causes complications because of Saffman-Taylor
Instability of a planar front.



Global existence results for Hele-Shaw Problem:

Define harmonic ¢4, ¢2 in 21, Q2 C R?,

0
b1 ~ —(uo + 1)z + O(1), as & — 00, 221 (z, 1) = 0,
oy B
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€, N, Uy, ﬁ 2 + ug denote surface tension, inwards normal,

Interface speed, viscosity ratio and steady bubble speed
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Boundary Integral Formulation

We seek representation of the velocity of fluid 1 and 2 in the fo rm

1 27
Uz — V12 = —(ug + 1) + —/ y(aYM(z,a’)da’,
271 0
where M(z,a’) = Z_Zl(a,) and for 3 # 0,
M(z,a’) = gcoth [g (z — Z(a’))] - gtanh [g (z — Z* ("))

As the free-boundary is approached from fluid 1 and fluid 2
respectively,

v(a)
27, ()’

1 27
Uy 2—1i01 2 = —(ug—l—l)—l—TPV/ v(ak(a, a’)da'+
T 0

where k(a,a’) = M (Z(a), a’)



Boundary Integral Formulation (BIM) of Hou  etal

Normal interface speed U = (u1,v1) - n = (ug,v2) - nis

U = (ug+1) cos (o + 0(a)+Re ( Za PV /027r k(o a')'y(a')da') ]

27T S

Tangent speed as interface is approached for two fluids:

Oa®1,2 = Re[Zy (u1,2 — 1v1,2)] = (uo + 1)sq sin (a + 6(x))

27

+Re( 2PV [ w(asa)r(@)da’) £ Ja(@

271 0

We use above relation in the «-derivative of interface relation

(2 4+ ug)x + 1 — ﬁcbz — ek to obtain a Fredholm integral
equation for ~ for given Z(a,t).

Since v, = 22, aboundary point Z(a,t) = X (a,t) +iY (a, t)
must have normal speed U, with arbitrary tangent speed T, i.e.
(Xi(a,t), Y (a,t)) =Un + TT.



Hou et al equal arclength choice

Hou et al '93 noted that if

27

T(a,t) = / (1+0a(a’,))da’ = 2= | (1 + 0a(a’, ))de,
0 0

then |Z,| = sa = % independent of «. In this equal arclength

formulation, on «-differentiation of (X4, Yz), obtain

O:(a,t) = 2% ala,t) + 2Tﬂ-T(o«,t) (14 64(a,t)),
L, =— /027r (14 0o (0, t)) U(a, t)do

Forgiven 6, L, Z(a, t) = £ [Fexp [ia’ +i0(c, t)] do’ + Z(0, 1),
where Z(0,t) = X (0,t) + ¢Y (0, t) satisfies

(X+¢(0,t),Y:(0,t)) = U(0,t)n. Beale etal '93 proved linearized
well-posedness of BIM: Ambrose ('04) local existence for e = 0.



Function Space and Projection
Definition: For 6 (at,t) = > .y 0(k; t)e™ e define ||.||, so that

10C D2 =D (1+ |kI*") |0(k, 1)

keZ

We denote this class of function by H; Definition: For f &€ H;’ define projection

()%
Onf =1 — Z f(k)et*e,

k=—n

Henceforth @ = Q16. We also denote H" = Q1H1";. Note that in this space

|@|l» = |07 b||o- Definition: We define
. TT
w(a,t) = / exp [ia’ +1i0(a’,t) + z;] do!’
0

Note that Z(ax, t) = Z(0,t) + %w(a,t).



Integral equation to solve for ~

With H defined as Hilbert-Transform, interfacial condition:

L U
(@) = —ay, [FIZ( (s 1)] () = (1+ Hatio )sin<a+e>
Q0 M1+ p2
2w 0 h — HM1— M2 h
—I—Te oo (1) , wherea, = .., Where

FiZly = Re[-iG[Z]] . 612}y = 2iZuK[Z1y+2aH | - | ~HDl,

Kizh = 5oz [ f@) {stasa) = 52 cot L a—at) f d

k(a,a’) = gcoth o (Z(a) — Z(« ’))—é tanh (Z(a) Z*(a)).

271 Jo—x

Equation (1) is a Fredholm type integral equation of second k Ind

for ~. Solution exists for given  Z. Further, ||v]lg, < C|0]l4, .,



Equivalent System of Equations

Theorem: For symmetric initial conditions or 3 = 0, the system

2 2
0, (cx, t) = %Ua(a,t) + %’T(a,t) (1 + Oalo,t)),0(a,0) = 6o,

27
Ly = — / (1+604(a,t))U(a,t)da, L(0) = Lo, equivalent to
0

~ 27 27 -
0 = TUQ + TT(a,t) (14+604(a,t)),0(ax,0) = Q4100,
27

d . 1 j j
700t =1 | T(at) (1+0a(a,1)) da, 6(0,0) = 6o(0)

27
/ exp [w(a,t) 1 if(1, t)et™ — ié(—1,t)e—ia} do = 0,
0

—1/2

27
L(t) = vV8n2A [Im/ waw*da] , A : bubble area
0



Comment on the latter form of equations

We did not find the original form of equation suitable for glob al
existence proof since it was difficult to get exponentially d ecaying
estimates on the linearized part of the operator, which was u sed
to control nonlinearity. In the latter form, this is easier. For 3 =0

or for symmetric initial condition for B #0,0(0;t) or Z(0,t) does
not enter into the equation for  0(e, t), 8(1,t) and 6(—1,t) in any
substantial manner; therefore, exponential decay for line arized
equation arrived at easily.



B = 0 results

When 3 =0,60 = 0, v = 2sin (a + 6(0; t)), uo = 0 corresponds

to a a circular translating steadily with speed 2 relative to fluid
displacement rate at oo. The time dependence of ~, merely
corresponds to a convenient shift of change of origin of a and
has no effect on the steady flow.

Theorem: For 3 = 0 and any surface tension € > 0 and r > 3, there exists

0 > O suchthatif ||Gg|l» < dand |Lg — 27| < & < % then there exists

a unique solution (8, L) € C ([O, o), H] X R) to the Hele-Shaw problem.

Further, @ — é(O; t) approaches 0 exponentially, é(O; t) remains finite, while L

approaches 2v/ 7 A exponentially.



Basic ingredient in the prooffor G =0

Using properties such as the following for r > 3.

U(a,t) = H 7] + + Re [G[Z]y] + (1 + o) cos(a +6),

1612V1f = GIZP1f |l < ClIFIIIOD — 6], U N+,

27e

Iv = Sbaall—z < Cexp (CllAll—2) 16]l—1.

one obtains evolution equation of 6 in the form
6, = A[f] + N 8],

A[0] = i eiko (—ed(k)é(k, £) 4+ m(k)0(k + 1, t)) I ece.,
(k% —1)(k + 1)
k(k+2)

A(k) = _ k(K — 1), m(k) = (1 + a,)



Smoothing property of operator G

Recall G[Z]y = 2t Z, K[Z]|yv + ZoH [Zl] — H[v],

o+

Kizly=— [ fa) {n(a,a'> _

C
2Z4(a’)

27 Jo—me

1
ot E(a — a')} da’,

m(a,a')zgcothg(Z(a) Z(« ))—étanh (Z(a) — Z*(a)) .

Smoothing property of KC[Z] and the commutator

Z¢H {ZLJ — H[~] was noticed earlier by Ambrose '04 and Beale et

al '93 In different contexts.



Weighted Sobolev Norm and  e** semi-group

Definition: Define KK (€) = 2ife > 1 and K (€) = {\ /1 + %} + 1 otherwise.

For r > 0, on H" define inner-product and corresponding norm ||. ||, »:

(vyu),,, = D w(ek)k>d*(k)a(k)

k#0,£+1

Defineforr > 3, H = C ([O, oo),I—.IT') N L2 <[O, oo),I—.I’"+3/2> with
Julify = supeluC O, + 5 [ e u I3,y

t
Lemma : |le*vo | zr < [|vollw,r » | / e DAf(T)lEr < C| fl gyr-s
0

We apply contraction mapping in the space H for sufficiently small ||@g ||, 0N

0(.,t) = e4Q,00 + [ et~ANIG](T)dT



Results for 0 < B << 1-steady state existence

Theorem (Ye & T., 11): Forany € > 0, and » > 3, there exist for € > 0 two balls
O, ={B€R: |8 <Y} and

O, = {(u,v) € HY x R|||ull, < &, |v] < 5} so that for sufficiently small

T
0 and Y, there exists (9(3), uo) : 01 — Os is a unique real valued map
determining the shape and velocity of a steady translating bubble for 3 € O1.

Furthermore, there exists C' independent of d and Y such that

16l + Juo| + [I7®) — 2sin () [|—2 < CB

These results were obtained formally in 86 (T.). Small e selection
for arbitrary bubble size given through formal asymptotics
(Combescot & Dombre, '88 and T.88 ), justified by Xie '07

The idea of the proof is to control the linearized part of the

operator through a suitable Lax-Milgram formulation.



Global existence and stability results for 0<B<KLK1

Define 8 = (%) + ®, v = () 4+ . We have the following:
Theorem: For any € > 0 and r > 3, there exists §, Y so thatif ||©(., 0)||,» < 9,
|Log — 27| < dand 3 < X, with ®(—a,0) = —O(a, 0), then there exists

unique global solution (6, L) € C ([O, oo), H X R). For this solution,
O(—a,t) = —0(a, t). Furthermore, ||O(., t)||, decays exponentially as
t — oo, while L approaches 2/ 7 A exponentially. Thus the translating steady

bubble is asymptotically stable for sufficiently small initially symmetric disturbances in

the H; space.

The proof is similarto 3 = 0. The smallness of A3 is crucial to the
proof since it is based on a contraction argument exploiting the
smallness of both initial conditions and 3. Without symmetry,
Z(0,t) couples with evolution of 8 and the problem is more
difficult.
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