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Abstract. Aiming atasimultaneousextensionof Khintchine’sandFursten-
berg’s Recurrencetheorems,we addressthequestionif for a measurepre-
servingsystem

,
X - ./- µ - T 0 anda set A 12. of positive measure,the set

of integersn suchthat µ
,
A 3 TnA 3 T2nA 354�4�4�3 TknA076 µ

,
A0 k 8 1 9 ε is

syndetic.The sizeof this set,surprisinglyenough,dependson the length,
k : 10 of the arithmeticprogressionunderconsideration.In an ergodic

system,for k ; 2 andk ; 3, this setis syndetic,while for k < 4 it is not.
Themain tool is a decompositionresultfor themulticorrelationsequence=

f
,
x0 f

,
Tnx0 f

,
T2nx0+4�4�4 f

,
Tknx0 dµ

,
x0 , wherek andn arepositive integers

and f is aboundedmeasurablefunction.Wealsoderivecombinatorialcon-
sequencesof theseresults,for exampleshowing thatfor asetof integersE
with upperBanachdensityd > , E 0?6 0 andfor all ε 6 0, theset@

n 1BA : d >DC E 3 ,
E : n0D3 ,

E : 2n0D3 ,
E : 3n0�EF6 d > , E 0 4 9 ε G

is syndetic.

1. Intr oduction

1.1.Ergodictheoryresults

We begin by recalling two classicalresultsof early ergodic theory. Let,
X - ./- µ - T 0 bea measurepreservingprobabilitysystemwith aninvertibleH

The first authorwas partially supportedby NSF grant DMS-0245350and the third
authorwaspartiallysupportedby NSFgrantDMS-0244994.
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measurepreservingtransformationT. (For brevity, we call
,
X - ./- µ - T 0 a

system.) Let A 1I. bea setof positive measure.ThePoincaréRecurrence
Theoremstatesthat

µ
,
A 3 TnA0?6 0 for infinitelymanyvaluesof n.

The Khintchine RecurrenceTheorem[K] statesthat the measureµ
,
A 3

TnA0 is ‘large’ for many valuesof n. Beforestatingtheresultprecisely, we
needadefinition:

Definition 1.1.A subsetE of theintegers A is syndeticif A canbecovered
by finitelymanytranslatesof E.

In otherwords,E hasboundedgaps, meaningthatthereexistsaninteger
L 6 0 suchthatevery interval of lengthL containsat leastoneelementof
E.

In [K], KhintchinestrengthenedthePoincaréRecurrenceTheorem,show-
ing thatunderthesameassumptions:

For everyε 6 0, J n 1KA : µ
,
A 3 TnA0?6 µ

,
A0 2 9 ε L is syndetic.

More recently, Furstenberg provedaMultiple RecurrenceTheorem:

Theorem (Furstenberg [F1]). Let
,
X - ./- µ - T 0 bea system,let A 1M. bea

setwith µ
,
A0N6 0 andlet k < 1 an integer. Then

lim inf
N O M PQ8 ∞

1
N 9 M

N O 1

∑
nR M

µ
,
A 3 TnA 3 T2nA 3KS�S�S�3 TknA0T6 0 4

Thelim inf is actuallya limit; see[HK]. (Seealso[Z2].)
In particular, thereexist infinitely many integersnsuchthatµ

,
A 3 TnA 3

T2nA 3US�S�S	3 TknA0V6 0. Furstenberg’s Theoremcanthusbeconsideredas
a far reachinggeneralizationof thePoincaréRecurrenceTheorem,which
correspondsto k ; 1. Our interestis in theexistenceof a theoremthathas
thesamerelationto theKhintchineRecurrenceTheoremasFurstenberg’s
Theoremhasto thePoincaréRecurrenceTheorem.More precisely, under
thesameassumptionsweaskif thesetJ n 1BA : µ C A 3 TnA 3KS�S�S�3 TknAEW6 µ

,
A0 k 8 1 9 ε L (1.1)

is syndeticfor every positive integer k andevery ε 6 0. While it follows
from Furstenberg’s Theoremthat for someconstantc ; c

,
A0X6 0, the set@

n 1MA : µ
,
A 3 TnA 3BS�S�SY3 TknA0Z6 c G is syndetic,weareaskingif thiscan

bestrengthenedto make thesetin (1.1)syndeticfor every positive integer
k andc ; µ

,
A0 k 8 1 9 ε for every ε 6 0.

Underthehypothesisof ergodicity, theansweris positive for k ; 2 and
k ; 3 andsurprisinglyenough,is negative for all k < 4. Undertheassump-
tion of ergodicity, we generalizetheKhintchineRecurrenceTheorem:
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Theorem 1.2.Let
,
X - ./- µ - T 0 bean ergodicsystemandlet A 1K. bea set

of positivemeasure. Thenfor everyε 6 0, thesubsetsJ n 1BA : µ
,
A 3 TnA 3 T2nA0?6 µ

,
A0 3 9 ε L (1.2)

and J n 1BA : µ
,
A 3 TnA 3 T2nA 3 T3nA0?6 µ

,
A0 4 9 ε L (1.3)

of A aresyndetic.

While ergodicity is notneededfor Khintchine’s Theorem,it is essential
in Theorem1.2. Theorem2.1 provides a counterexample in the general
(nonergodic)case.

For arithmeticprogressionsof length < 5, theresultanalogousto Theo-
rem1.2doesnothold.Usingtheresultof Ruzsacontainedin theAppendix,
in Section2.3we show

Theorem 1.3.There existsan ergodicsystem
,
X - ./- µ - T 0 such that for all

integers [W< 1, there existsa setA ; A
, [)0?1B. with µ

,
A0?6 0 and

µ C A 3 TnA 3 T2nA 3 T3nA 3 T4nAE]\ µ
,
A0 ^�_ 2 (1.4)

for everyinteger n `; 0.

In fact,we find theslightly betterupperboundµ
,
A0 O clogµ a A b for someset

A of positive arbitrarily smallmeasureandsomepositive constantc.

1.2.Combinatorialresults

Werecalladefinition:

Definition 1.4.TheupperBanachdensityof a subsetE of A is:

d > , E 0c; lim
N PQ8 ∞

sup
M d�e 1

N

ff E 35g M - M : N 9 1h ff 4
Note that the limit exists by subadditivity and is the infimum of the

sequence.Furstenberg usedhis Multiple RecurrenceTheoremto make the
beautifulconnectionbetweenergodic theoryandcombinatoricsandprove
Szemerédi’s Theorem:

Theorem (Szemerédi[S]). A subsetof integers with positiveupperBa-
nach densitycontainsarithmeticprogressionsof arbitrary finite length.

Usingavariationof Furstenberg’sCorrespondencePrinciple(Proposition3.1)
andTheorem1.2,we immediatelydeduce:
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Corollary 1.5.Let E bea setof integers with positiveupperBanach den-
sity. Thenfor everyε 6 0, thesetsJ n 1MA : d >iC E 3 ,

E : n0D3 ,
E : 2n0 E 6 d > , E 0 3 9 ε L

and J n 1BA : d > C E 3 ,
E : n0D3 ,

E : 2n0D3 ,
E : 3n0�EF6 d > , E 0 4 9 ε L

are syndetic.

Roughly speaking,this meansthat given a set E with positive upper
Banachdensity, for ‘many’ valuesof n, E contains‘many’ arithmeticpro-
gressionsof length3 (or of length4) with differencen. (Thedifferenceof
thearithmeticprogression

@
a - a : n -�4�4�4�- a : kn G is theintegern 6 0.)

Thefollowing resultfollows from theproof of Theorem1.3andshows
thattheanalogousresultdoesnothold for longerprogressions:

Corollary 1.6.For every positiveinteger [ , there exists a set of integers
E ; E

, [�0 with positiveupperBanach densitysuch that

d > C E 3 ,
E : n0D3 ,

E : 2n0D3 ,
E : 3n0D3 ,

E : 4n0 E \ d > , E 0 ^ _ 2

for everynonzero integer n.

1.3.Nilsequences

Wenow explain themainideasbehindtheergodictheoreticresultsof Sec-
tion 1.1.

Fix an integer k < 1. Given an ergodic system
,
X - ./- µ - T 0 and a set

A 1U. of positive measure,thekey ingredientfor our ergodicresultsis the
analysisof thesequence

µ C A 3 TnA 3 T2nA 3KS�S�Sj3 TknAEF4
Moregenerally, for arealvaluedfunction f 1 L∞ ,

µ 0 , weconsiderthemul-
ticorrelationsequence

I f
,
k - n0 : ;lk f

,
x0mS f

,
Tnx0mS	4�4�4�S f

,
Tknx0 dµ

,
x0X4 (1.5)

Whenk ; 1, Herglotz’s Theoremstatesthat the correlationsequence
I f

,
1 - n0 is theFouriertransformof somepositive finite measureσ ; σ f on

thetorus n :

I f
,
1 - n0 : ;lk f S f o Tn dµ ;qpσ ,

n0 : ;rk!s e2π int dσ
,
t 0V4

By decomposingthemeasureσ into its continuouspartσ c andits discrete
partσd, we canwrite thesequenceI f

,
1 - n0 asthesumof two sequences

I f
,
1 - n0Z;ltσ c

,
n0D: tσd

,
n0u4

Thesequence
@ tσ c

,
n0�G tendsto 0 in uniform density:
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Definition 1.7.Let
@
an : n 1vA/G be a boundedsequence. We say that an

tendsto zeroin uniformdensity, andwewrite UD-Lim an ; 0, if

lim
N PQ8 ∞

sup
M d)e 1

M

M 8 N O 1

∑
nR M w an w ; 0 4

Equivalently, UD-Lim an ; 0 if and only if for any ε 6 0, the set
@
n 1A : w an w 6 ε G hasupperBanachdensityzero(cf. Bergelson[Ber], defini-

tion 3.5).

Thesequence
@ tσd

,
n0�G is almostperiodic, andhencethereexistsacom-

pactabeliangroupG, a continuousrealvaluedfunctionφ on G, anda 1 G

suchthat tσd
,
n0x; φ

,
an 0 for all n.

ThecompactabeliangroupG is aninverselimit of compactabelianLie
groups.Thusany almostperiodicsequencecanbeuniformly approximated
by analmostperiodicsequencearisingfrom acompactabelianLie group.

Wefindasimilardecompositionfor themulticorrelationsequencesI f
,
k - n0

for k < 2. Thenotionof analmostperiodicsequenceis replacedby thatof
anilsequence, whichwenow define:

Definition 1.8.Let k < 1 be an integer and let X ; G_ Λ be a k-stepnil-
manifold.Let φ be a continuousreal (or complex) valuedfunctionon G
andlet a 1 G ande 1 X. Thesequence

@
φ

,
an S e0�G is calleda basick-step

nilsequence. A k-stepnilsequenceis a uniform limit of basick-stepnilse-
quences.

(For theprecisedefinitionof a nilmanifold, seesection4.1.)Note that
a1-stepnilsequenceis thesameasanalmostperiodicsequence.Examples
of 2-stepnilsequencesaregivenin Section4.3.

While an inverselimit of compactabelianLie groupsis a compact
group,an inverselimit of k-stepnilmanifolds is not, in general,the ho-
mogeneousspaceof somelocally compactgroup(seeRudolph[R]). This
explainswhy thedefinition of a nilsequenceis not a direct generalization
of thedefinitionof analmostperiodicsequence.

Thegeneraldecompositionresultis:

Theorem 1.9.Let
,
X - ./- µ - T 0 be an ergodic system,let f 1 L∞ ,

µ 0 and
let k < 1 be an integer. Thesequence

@
I f

,
k - n0�G is the sumof a sequence

tendingto zero in uniformdensityanda k-stepnilsequence.

Weexplainhow Theorems1.9and1.2arerelated.

Definition 1.10.Let
@
an : n 1KA/G bea boundedsequenceof real numbers.

Thesyndeticsupremumof this sequenceis

synd-supan : ; supy c 1Bz :
@
n 1MA : an 6 c G is syndetic{54
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In Section4.3, we show that the syndeticsupremumof a nilsequenceis
equalto its supremum.

Weusethefollowing simplelemmaseveraltimes:

Lemma 1.11.Let
@
an G and

@
bn G be two boundedsequencesof real num-

bers. If UD-Lim
,
an

9 bn 0x; 0, thensynd-supan ; synd-supbn.

Therefore,thesyndeticsupremumsof thesequences
@
µ

,
A 3 TnA 3 T2nA0�G

and
@
µ

,
A 3 TnA 3 T2nA 3 T3nA0�G areequalto thesupremumsof theassoci-

atednilsequencesandwe arereducedto showing thatthey aregreaterthan
or equalto µ

,
A0 3 andµ

,
A0 4, respectively. This is carriedout in Section8,

completingtheproofof Theorem1.2.

1.4.Conventionsandnotation

Given a system
,
X - ./- µ - T 0 , in generalwe omit the σ -algebrafrom our

notationandwrite
,
X - µ - T 0 .

For a system
,
X - µ - T 0 , a factor is usedwith two meanings:it is a T-

invariantsub-σ -algebra| or a system
,
Y - ν - S0 anda measurablemapπ :

X } Y suchthatπµ ; ν andS o π ; π o T. Thesetwo definitionscoincide
underthe identificationof the σ -algebra| of Y with the invariantsub-σ -
algebraπ O 1 , |Z0 of . .

In aslight abuseof vocabulary, we saythatY is a factorof X. If f is an
integrablefunctiononX, wedenotetheconditionalexpectationof f onthe
factor | by ~ ,

f w |Z0 . We write ~ ,
f w Y 0 for the function on Y definedby~ ,

f w |Z0c;�~ ,
f w Y 0Do π. Thisexpectationis characterizedby

for all g 1 L∞ ,
ν 0	- k

X
f S g o π dµ ; k

Y
~ ,

f w Y 0mS gdν 4
Throughoutthe article, we implicitly assumethat the term “bounded

function” meansboundedandmeasurable.

1.5.Outlineof thepaper

In Section2, we constructtwo examples,thefirst showing thatergodicity
is anecessaryassumptionfor Theorem1.2andthesecond,acounterexam-
ple for progressionsof length < 5 (Theorem1.3). In Section3, we usea
variantof Furstenberg’s CorrespondencePrincipleto derive combinatorial
consequencesof theergodic theoreticstatements.Thebulk of thepaperis
devotedto describingthedecompositionof multicorrelationsequencesand
proving Theorem1.2. We startby reviewing nilsystemsandconstruction
of certainfactorsin Section4, andthenin Section5 explicitly describethe
limit of an averagealongarithmeticprogressionsin a nilsystem.In Sec-
tion 6, we introducetechnicalnotionsneededfor thedecompositionandin
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Section7 wecompletetheproofof thedecomposition.Section8 combines
theseresultsandprovesTheorem1.2.

Acknowledgments: We thankI. Ruzsafor thecombinatorialconstruction
(containedin theAppendix)which is thestartingpoint for theconstruction
of thecounterexampleof Theorem1.3.WealsothankE. Lesignefor point-
ing usto theversionof theCorrespondencePrinciplewe useandA. Leib-
manfor usefulexplanationsaboutnilsystems.

2. Combinatorial and ergodic counterexamples

In this section,c denotesa universalconstant,with theunderstandingthat
its value may changefrom oneuseto the next. Let m

s
denotethe Haar

measureon thetorus nT;�zX_
A .

2.1.A counterexamplefor a nonergodicsystem

In order to show that ergodicity is necessaryin Theorem1.2, we usethe
following resultof Behrend:

Theorem (Behrend [Beh]). For every integer L 6 0, there exists a sub-
setΛ of

@
0 - 1 -�4�4�4�- L 9 1 G havingmore thanLexp

, 9 c� logL 0 elementsthat
doesnot containanynontrivial arithmeticprogressionof length3.

Theorem 2.1.There existsa (nonergodic) system
,
X - µ - T 0 and, for every

integer [W< 1, there existsa subsetA of X of positivemeasure sothat

µ C A 3 TnA 3 T2nAE \ 1
2

µ
,
A0 ^ 4 (2.1)

for everynonzero integer n.

We actually constructa set A of arbitrarily small positive measurewith
µ C A 3 TnA 3 T2nAE \ µ

,
A0 O clog a µ a Ab�b for every integern `; 0 andapositive

universalconstantc.

Proof. Let X ;rn2�Mn , endowed with its Haarmeasureµ ; m
s � m

s
and

with the transformationT givenby T
,
x - y0V; ,

x - y : x0 . Let Λ bea subset
of

@
0 - 1 -�4�4�4	- L 9 1 G , not containingany nontrivial arithmeticprogressionof

length3. Define

B ;��
j d Λ � j

2L
- j
2L

: 1
4L

E - (2.2)

whichwe considerasasubsetof thetorusandsetA ;�nv� B.
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For every integern `; 0 wehave Tn ,
x - y0�; ,

x - y : nx0 and

µ C A 3 TnA 3 T2nAE; k+k sx��s 1B
,
y0 1B

,
y : nx0 1B

,
y : 2nx0 dm

s ,
y0 dm

s ,
x0;Ik+k sx��s 1B

,
y0 1B

,
y : x0 1B

,
y : 2x0 dm

s ,
y0 dm

s ,
x0u4

Wenow boundthis lastintegral.Let x - y 1�n besuchthattheexpression
in this integral is nonzero.Thethreepointsy- y : x andy : 2x belongto B
andwe canwrite

y ; i
2L

: a ; y : x ; j
2L

: b ; y : 2x ; k
2L

: c

for integersi - j - k belongingto Λ anda - b - c 1�g 0 - 1_ 4L 0 ,
mod 10 . Then

i 9 2 j : k
2L

; 9 a : 2b 9 c 1 , 9 1
2L

- 1
2L

0
andthus i 9 2 j : k ; 0. The integersi - j - k form anarithmeticprogression
in Λ andso the only possibility is that they areall equal,giving that the
threepointsy- y : x - y : 2x belongto thesamesubinterval of B. Therefore,
x 1 , 9 1_ ,

8L 0	- 1_ ,
8L 0�0 ,

mod 10 and,for every n `; 0,

µ C A 3 TnA 3 T2nAE ; k+k sc��s 1B
,
y0 1B

,
y : x0 1B

,
y : 2x0 dm

s ,
y0 dm

s ,
x0

\ m
s ,

B0
4L

4
We have m

s ,
B0�; w Λ w _ ,

4L 0 . By Behrend’s Theorem,we canchooseΛ of
cardinalityon theorderof Lexp

, 9 c� logL 0 . By takingL sufficiently large,
aneasycomputationgivesthebound(2.1). ��
2.2.Quadratic configurations

Out next goal is to show that the resultsof Theorem1.2 do not hold for
arithmeticprogressionof length < 5. Westartwith adefinitiondesignedto
describecertainpatternsthatdo notoccur.

Definition 2.2.An integerpolynomialis a polynomialtakinginteger values
ontheintegers.WhenP is a nonconstantinteger polynomialof degree \ 2,
thesubset J P

,
00	- P ,

10	- P ,
20	- P ,

30	- P ,
40�L

of A is calleda quadraticconfigurationof 5 terms, writtenQC5for short.
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Notethatany QC5containsat least3 distinctelements.An arithmeticpro-
gressionof length 5 is a QC5, correspondingto a polynomial of degree
1.

Wemimic theconstructionin Theorem2.1for this setup:

Lemma 2.3.LetΛ bea subsetof
@
0 - 1 -�4�4�4	- L 9 1G notcontaininganyQC5.

For j 1 Λ , let I j � n betheinterval

I j ;qg j
4L

- j
4L

: 1
16L

0V4
and let B betheunionof the intervalsI j for j 1 Λ . Let x - y- z 15n besuch
that thefivepoints

ai ; x : iy : i2z
,
mod 10	- i ; 0 - 1 -�4�4�4�- 4

belongto B. Then2y belongs
,
mod 10 to theinterval C 9 1

4L
- 1
4L

E .
Proof. We considera0 -�4�4�4�- a4 as real numbersbelongingto the intervalg 0 - 10 ; by the definition of B, they actuallyall belongto g 0 - 1_ 40 . For i ;
0 -�4�4�4�- 4, let j i 1 E betheintegersuchthatai 1 I ji .

Thefiveelementsa0 -�4�4�4�- a4 of n satisfytherelations

a3 ; a0
9 3a1 : 3a2

,
mod 10 anda4 ; a1

9 3a2 : 3a3
,
mod 10�4

Therealnumbera0
9 3a1 : 3a2 belongsto theinterval

J ;�� j0 9 3 j1 : 3 j2
4L

9 3
16L

- j0 9 3 j1 : 3 j2
4L

: 1
4L �

andthisinterval is containedin
, 9 3_ 4 - 10 . As a3 ; a0

9 3a1 : 3a2
,
mod 10

and a3 1�g 0 - 1_ 40 , the equality a3 ; a0
9 3a1 : 3a2 holds in z and thus

a3 1 J.
Moreover a3 1 I j3 and,for every j `; j0 9 3 j1 : 3 j2, the interval I j has

emptyintersectionwith theinterval J. We get that j3 ; j0 9 3 j1 : 3 j2. By
thesamecomputationwehave that j4 ; j1 9 3 j2 : 3 j3.

Fromthesetwo relationsit follows that thereexistsan integerpolyno-
mial Q with j i ; Q

,
i 0 for i ; 0 -�4�4�4�- 4.Thispolynomialmustbeconstant,for

otherwise
@

j0 -�4�4�4�- j4 G wouldbeaQC5in Λ . Thereforethefivepointsai , i ;
0 -�4�4�4�- 4 belongto thesamesubinterval I j of B. Since2y ; 9 3a0 : 4a1

9 a2,
mod 10 , we have that2y 1 , O 1

4L - 1
4L 0 . ��

Thenext counterexamplerelieson acombinatorialconstructioncommuni-
catedto usby Imre Ruzsa;his constructionis reproducedin theAppendix.

Theorem 2.4 (I. Ruzsa).For everyinteger L 6 0 there existsa subsetΛ of@
0 - 1 -�4�4�4�- L 9 1 G havingmorethanLexp

, 9 c� logL 0 elementsthatdoesnot
containanyQC5.
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2.3.Counterexamplefor longer progressionsin ergodictheory.

Proof (Proof of Theorem1.3). We first definea particularsystem.Recall
that n denotesthe torusandm

s
its Haarmeasure.DefineX ;�n��Bn and

µ ; m
s � m

s
.

Let α 1�n beanirrationalandlet X beendowedwith thetransformation
T givenby

T
,
x - y0Z; ,

x : α - y : 2x : α 0N4
It is classicalthatthis systemis ergodic.Thisalsofollows from thediscus-
sionin Section4.2.

LetΛ beasubsetof
@
0 -�4�4�4	- L 9 1 G notcontainingany QC5,B thesubset

of n definedin Lemma2.3andA ;lnT� B.
For every integern andevery

,
x - y0V1 X wehave

Tn ,
x - y0�; ,

x : nα - y : 2nx : n2α 0V4
Thusfor n `; 0 we have

µ
,
A 3 TnA 3 T2nA 3 T3nA 3 T4nA0; k+k sx��s 1B

,
y0 1B

,
y : 2nx : n2α 0 1B

,
y : 4nx : 4n2α 0

1B
,
y : 6nx : 9n2α 0 1B

,
y : 8nx : 16n2α 0 dm

s ,
x0 dm

s ,
y0�4

Let x - y 1Kn andn `; 0 besuchthattheexpressionin thelast integral is not
zero.By Lemma2.3,4nx belongs

,
mod 10 to theinterval

, O 1
4L - 1

4L 0 . Since
y 1 B, we have

µ
,
A 3 TnA 3 T2nA 3 T3nA 3 T4nA0 \ m

s ,
B0

2L
; w Λ w32L2 4

By Ruzsa’s Theorem,we canchooseΛ of cardinalityon the orderof
Lexp

, 9 c� logL 0 . By choosingL sufficiently large, an easycomputation
givesthebound(1.4). ��
2.4.Counterexamplefor longer progressionsfor setsof integers with
positivedensity.

Proof (Proof of Corollary 1.6).Let
,
X - µ - T 0 andA bethesystemandthe

subsetof X definedin Section2.3. Fix somex 1 X anddefineE ; @
m 1A : Tmx 1 A G .

It is classicalthat the topologicaldynamicalsystem
,
X - T 0 is uniquely

ergodic; this also follows from the discussionin Section4.2 and Theo-
rem4.1.Sincetheboundaryof A haszeromeasure,wehaved > , E 0�; µ

,
A0 .

By thesameargumentd > C E 3 ,
E : n0i3 ,

E : 2n0i3 ,
E : 3n0+3 ,

E : 4n0 E ;
µ

,
A 3 TnA 3 T2nA 3 T3nA 3 T4nA0 . Thesameargumentasin theproof of

Theorem1.3givestheannouncedresult. ��
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3. Translation betweencombinatoricsand ergodic theory

3.1.Correspondenceprinciple

In orderto obtaincombinatorialcorollariesof ourergodictheoreticresults,
we needthefollowing versionof Furstenberg’s CorrespondencePrinciple:

Proposition 3.1.LetE bea setof integers with positiveupperBanach den-
sity. Thereexistanergodicsystem

,
X - ./- µ - T 0 anda setA 1�. with µ

,
A0�;

d > , E 0 such that µ
,
Tm1A 3BS�S�S�3 TmkA0 \ d > C , E : m1 0i3BS�S�S�3 ,

E : mk 0 E for
all integers k < 1 andall m1 -�4�4�4�- mk 1BA .

Theobservationthatit sufficesto prove theergodictheoreticresultsfor
ergodic systemswastransmittedto us by Lesigne(personalcommunica-
tion); theproofwe give is almostentirelycontainedin Furstenberg [F2].

Proof. Weproceedasin theproofof Lemma3.7of [F2].
Let

@
0 - 1 G e beendowedwith theproducttopologyandtheshift mapT

given by
,
Tx0 n ; xn8 1 for all n 1IA . Definee 1 @

0 - 1 G e by settingen ; 1
if n 1 E anden ; 0 otherwise.Let X betheclosureof theorbit of e under
T, meaningtheclosureof J Tme: m 1KA L . SetA ; @

x 1 X : x0 ; 1 G . It is a
clopen(closedandopen)subsetof X. It follows from thedefinitionthatfor
every integern, wehave Tne 1 A if andonly if n 1 E.

By definition of d > , E 0 , thereexist two sequences
@
Mi G and

@
Ni G of

integers,with Ni }�: ∞, suchthat

lim
i P ∞

1
Ni

ff E 35g Mi - Mi : Ni
9 1h ff } d > , E 0V4

In theproof of Lemma3.7in [F2], it is shown thatthereexistsaninvariant
probabilitymeasureν on X suchthatν

,
A0 is equalto theabove limit and

thusis equalto d > , E 0 . By usingtheergodic decompositionof ν underT,
we have that thereexistsanergodic invariantprobabilitymeasureµ on X
with µ

,
A0V< d > , E 0 .

Let m1 -�4�4�4�- mk beintegers.ThesetTm1A 3MS�S�S�3 TmkA is aclopenset.Its
indicatorfunctionis continuousandby Proposition3.9of [F2], thereexist
two sequences

@
Ki G and

@
Li G of integers,with Li }�: ∞, suchthat

µ
,
Tm1A 3BS�S�S�3 TmkA0c; lim

i

1
Li

Ki 8 Li O 1

∑
nR Ki

1Tm1A��� � � � TmkA
,
Tne0

; lim
i

1
Li

ff , E : m1 0D3BS�S�S�3 ,
E : mk 0D3 @

Ki -�4�4�4�- Ki : Li
9 1G ff\ d >DC , E : m1 0D3KS�S�S�3 ,
E : mk 0�E/4

By usingthis boundwith k ; 1 andm1 ; 0, we have that µ
,
A0 \ d > , E 0

andthusµ
,
A0x; d > , E 0 . ��

UsingthemodifiedcorrespondenceprincipleandTheorem1.2,we im-
mediatelydeduceCorollary1.5.



Multiple recurrenceandnilsequences 13

3.2.Combinatorialconsequencefor progressionsof length3 and4

Szemerédi’s Theoremcanbeformulatedin afinite version:

Theorem (Szemerédi[S]). For everyinteger k < 1 andeveryδ 6 0, there
existsN

,
k - δ 0 such that for all N < N

,
k - δ 0 , anysubsetE of

@
1 -�4�4�4�- N G with

at leastδN elementscontainsan arithmeticprogressionof lengthk.

Similar to the finite versionof Szemerédi’s Theorem,we canderive a
finite version,albeit a somewhat weaker one,of Corollary 1.5. We begin
with a remark.

Write � x� for theintegerpartof therealnumberx. Fromthefinite ver-
sionof Szemerédi’s Theorem,it is not difficult to deducethatevery subset
E of

@
1 -�4�4�4�- N G with at leastδN elementscontainsat least � c ,

k - δ 0 N2 �
arithmeticprogressionsof lengthk, wherec

,
k - δ 0 is someconstant.There-

fore thesetE containsat least � c ,
k - δ 0 N � progressionsof lengthk with the

samedifference.
In view of Corollary1.5,it is naturalto askthefollowing question:

Question.Is it truethatfor everyδ 6 0andeveryε 6 0,thereexistsN
,
ε - δ 0

suchthatfor everyN 6 N
,
ε - δ 0 , everysubsetE of

@
1 -�4�4�4	- N G with w E w < δN

elementscontainsat least
,
1 9 ε 0 δ 3N arithmeticprogressionsof length3

with thesamedifferenceandat least
,
1 9 ε 0 δ 4N arithmeticprogressionsof

length4 with thesamedifference?1

Wearenotableanswerthisquestionbut canproveaweaker resultwith
a relatively intricateformulation:

Corollary 3.2.For all realnumbersδ 6 0 andε 6 0 andeveryinteger K 6
0, there existsan integer M

,
δ - ε - K 0�6 0 such that for all N 6 M

,
δ - ε - K 0

andeverysubsetE � @
1 -�4�4�4�- N G with w E w < δN there exist:  a subintervalJ of

@
1 -�4�4�4	- N G with lengthK and an integer s 6 0 such

that ff E 3 ,
E 9 s0D3 ,

E 9 2s0D3 J
ff < ,

1 9 ε 0 δ 3K 4 (3.1)  a subintervalJ ¡ of
@
1 -�4�4�4�- N G with lengthK andan integer s¡"6 0 such

that ff E 3 ,
E 9 s¡ 0D3 ,

E 9 2s¡ 0D3 ,
E 9 3s¡ 0D3 J

ff < ,
1 9 ε 0 δ 4K 4 (3.2)

Statement(3.1)meansthatE 3 J containsatleast
,
1 9 ε 0 δ 3K startingpoints

of arithmeticprogressionsof length 3 included in E, all with the same
difference.Statement(3.2) hastheanalogousmeaningfor progressionsof
length4.

1 RecentlyBenGreengave a positive answerto this questionfor progressionsof length
3 (preprintavailableat http://www.arxiv.org, math.CO/0310476).
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Proof. We only prove the resultfor progressionsof length3, astheproof
for progressionsof length4 is identical.

Assumethattheresultdoesnothold.Thenthereexist δ 6 0, ε 6 0,K 6
0, a sequence

@
Ni G tendingto : ∞ andfor every i a subsetEi of

@
1 -�4�4�4	- Ni G

with w Ei w < δNi suchthatfor everysubinterval J of lengthK of
@
1 -�4�4�4�- Ni G ,

relation(3.1) (with Ei substitutedfor E) is false.
We canassumethat Ni 6 K for every i. By induction,we build a se-

quence
@
Mi G of positive integerswith Mi 8 1 6 2Mi : 2Ni andMi 8 1 6 Mi :

Ni : Ni 8 1 for every i. DefinethesetE to be theunionof thesetsMi : Ei.
Wehave d > , E 0c; lim supi w Ei w _ Ni < δ .

Fix an integer s 6 0. By construction,for every integer M thereexist
i and an interval J of length K, includedin g Mi : 1 - Mi : Ni h , suchthat
E 35g M - M : K 9 1h � E 3 J. Wededucethat

sup
M

ff E 3 ,
E 9 s0D3 ,

E 9 2s0D35g M - M : K 9 1h w; sup
i

sup
J ¢¤£Mi 8 1 ¥ Mi 8 Ni ¦§

J
§ R K

ff E 3 ,
E 9 s0+3 ,

E 9 2s0+3 J
ff 4 (3.3)

By construction,if for someintegerm 1 E we have m : s 1 E, m : 2s 1 E
andm 1�g Mi : 1 - Mi : Ni h , thentheintegersm : sandm : 2salsobelongto
thesameinterval. Therefore,for J � g Mi : 1 - Mi : Ni h ,
E 3 ,

E 9 s0D3 ,
E 9 2s0+3 J ; C Ei 3 ,

Ei
9 s0D3 ,

Ei
9 2s0+3 ,

J 9 Mi 0 E : Mi 4
Puttingthis into Equation(3.3), we have that

sup
M

ff E 3 ,
E 9 s0D3 ,

E 9 2s0D35g M - M : K 9 1h w; sup
i

sup
I ¢�¨ 1 ¥ © © ©ª¥ Ni «§

I
§ R K

ff Ei 3 ,
Ei

9 s0D3 ,
Ei

9 2s0D3 I
ff \ ,

1 9 ε 0 δ 3K

by definitionof thesetsEi.
We deducethat for every s 6 0, we have d > C E 3 ,

E 9 s0�3 ,
E 9 2s0 E \,

1 9 ε 0 δ 3 andCorollary1.5providesacontradiction. ��
Theanswerto thesimilarquestionfor longerarithmeticprogressionsis

negative: thereexist significantsubsetsof
@
1 -�4�4�4�- N G thatcontainvery few

arithmeticprogressionsof length < 5 with thesamedifference.

Proposition 3.3.For all integers [¬6 0, there exists δ 6 0 such that for
infinitelymanyvaluesof N, thereexistsa subsetE of

@
1 -�4�4�4�- N G with w E w <δN that containsno more than 1

2δ ^ N arithmeticprogressionsof length5
with thesamedifference.



Multiple recurrenceandnilsequences 15

We give only the main ideasof the proof, as it lies a bit far from the
mainfocusof thispaper.

Let L andB be asin the proof of Theorem1.3 (Sections2.2 and2.3).
Let α bean irrationalwhich is well approximatedby a sequence

@
p j _ q j G

of rationalswith q j primeanddefine:

F ; @
n 1M­ : n2α 1 B

,
mod 10�G®4

Let N beoneof theprimesq j andE ; F 3 @
1 -�4�4�4�- N G .

Then w E w _ N is closeto m
,
B0 . Let sbeapositive integer.

Let theintegernbesuchthatthearithmeticprogression
@
n - n : s-�4�4�4	- n :

4sG is includedin E. By Lemma2.3,2nsα belongsmodulo1 to theinterval, O 1
4L - 1

4L 0 . Note that n ands aresmallerthanN ; q j . By approximatingα
by p j _ q j andusingtheprimality of q j we seethat thenumberof possible
valuesof n for agivens is boundedby cN _ L for somepositive constantc.

ThereforeE containsfewerthancN_ L progressionsof length5 with the
samedifference.For L sufficiently largewegettheannouncedbound.Once
again,theboundweactuallyfind is δ O clog a δ b N for someconstantc 6 0. ��
4. Preliminaries

4.1.Nilsystems

We review somedefinitionsandpropertiesneededin thesequel.Thenota-
tion introducedhereis usedthroughouttherestof thispaper.

Let G beagroup.For g - h 1 G wewrite g g- hh"; gO 1hO 1gh. WhenA and
B aretwo subsetsof G we write g A - Bh for the subgroupof G spannedby@ g a - bh : a 1 A - b 1 B G . Thelowercentralseries

G ; G1 ¯ G2 ¯ S�S�S ¯ G j ¯ G j 8 1 ¯ 4�4�4
of G is definedby

G1 ; G andG j 8 1 ;°g G - G j h for j < 1 4
Let k < 1 beaninteger. WesaythatG is k-stepnilpotentif Gk 8 1 ; @

1 G .
Let G beak-stepnilpotentLie groupandlet Λ beadiscretecocompact

subgroup.ThecompactmanifoldX ; G_ Λ is calleda k-stepnilmanifold.
ThegroupG actsnaturallyon X be left translationandwe write

,
g - x0V±}

g S x for thisaction.ThereexistsauniqueBorelprobabilitymeasureµ onX
invariantunderthisaction,calledtheHaar measure of X.

The fundamentalpropertiesof nilmanifoldswereestablishedby Mal-
cev [M]. We make useof the following propertyseveral times,which ap-
pearsin [M] for connectedgroupsand is proved in Leibman[Lei2] in a
similarway for thegeneralcase:

– For every integer j < 1, thesubgroupsG j andΛG j are closedin G. It
followsthat thegroupΛ j ; Λ 3 G j is cocompactin G j .
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Let t bea fixedelementof G andlet T : X } X be the transformation
x ±} t S x. Then

,
X - T 0 is calledak-steptopological nilsystemand

,
X - µ - T 0

is calledak-stepnilsystem.
Fundamentalpropertiesof nilsystemswereestablishedby Auslander,

GreenandHahn[AGH] andby Parry[Pa1]. Furtherergodicpropertieswere
proven by Parry [Pa2] andLesigne[Les] whenthegroupG is connected,
andgeneralizedby Leibman[Lei2].

Wesummarizevariouspropertiesof nilsystemsthatwe need:

Theorem 4.1.Let
,
X ; G_ Λ - µ - T 0 bea k-stepnilsystemwith T thetrans-

lation by theelementt 1 G. Then:

1.
,
X - T 0 is uniquelyergodicif andonly if

,
X - µ - T 0 is ergodicif andonly

if
,
X - T 0 is minimal if and only if

,
X - T 0 is transitive(that is, if there

existsa pointx whoseorbit
@
Tnx: n 1BA/G is dense).

2. LetY betheclosedorbit of somepoint x 1 X. ThenY canbegiventhe
structure of a nilmanifold,Y ; H _ Γ , where H is a closedsubgroupof
G containingt andΓ is a closedcocompactsubgroupof H.

3. For anycontinuousfunction f onX andanysequencesof integers
@
Mi G

and
@
Ni G with Ni }�: ∞ theaverages

1
Ni

Mi 8 Ni O 1

∑
nR Mi

f
,
Tnx0

converge for all x 1 X.

Assumefurthermore that

(H) G is spannedby theconnectedcomponentof the identity andtheele-
mentt.

Then:

4. ThegroupsG j , j < 2, are connected.
5. Thenilsystem

,
X - µ - T 0 is ergodicif andonly if therotationinducedby

t on thecompactabeliangroupG_ G2Λ is ergodic.
6. If the nilsystem

,
X - µ - T 0 is ergodic then its Kronecker factor is Z ;

G_ G2Λ with therotation inducedby t andwith thenatural factor map
X ; G_ Λ } G_ G2Λ ; Z.

For connectedgroups,parts1, 2 and3 of this theoremcanbededuced
from [AGH], [F3] and[Pa1], while parts4 and6 areprovedin [Pa1].When
G is connectedandsimply connectedand,moregenerally, whenG canbe
imbeddedas a closedsubgroupof a connectedsimply connectedk-step
nilpotentLie group,all partsof this theoremwereproved in [Les]. In the
casethat thegroupis simply connected,the resultfollows from Lesigne’s
proof. The generalcasefor parts1, 2, 3, 4 and6 follow from [Lei2]. The
proofof part4 wastransmittedto usby Leibman(personalcommunication)
andwe outlineit here.
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Proof. (Part 4) Assumethat property(H) holds and let G a 0b be the con-
nectedcomponentof the identity 1 of G. The secondcommutatorG2 is
spannedby thecommutatorsof thegeneratorsof G. Since g t - t hm; 1, there-
fore we have G2 ;²g G a 0b - Gh . For h 1 G, the mapg ±}³g g - hh is continuous
from G a 0b to G2 andmaps1 to 1.Thusits rangeis includedin theconnected
componentof 1 in G2. WegetthatG2 is connected.

Weproceedby inductionfor thecommutatorsubgroupsof higherorder.
Assumethat the n-th commutatorsubgroupGn is connected.Proceeding
asabove, usingtheconnectednessof Gn, we have that for g 1 Gn andh 1
G, g g- hh belongsto the connectedcomponentof 1 in Gn8 1. ThusGn8 1 is
connected. ��

We alsouse(in Section5.2) a generalizationof part5 of Theorem4.1
for two commutingtranslationson a nilmanifold,but it is just assimpleto
stateit for [ commutatingtranslations:

Theorem 4.2 (Leibman [Lei2], Theorem 2.17).LetX ; G_ Λ bea k-step
nilmanifoldendowedwith its Haar measure µ . Let t1 -�4�4�4�- t ^ becommuting
elementsof G andlet T1 -�4�4�4�- T^ betheassociatedtranslationsonX. Assume
that

(H’) G is spannedby theconnectedcomponentof the identity andtheele-
mentst1 -�4�4�4�- t ^ .

Thenthe actionof A ^ on X spannedby T1 -�4�4�4�- T^ is ergodic if andonly if
theinducedactionon G_ G2Λ is ergodic.

We return to the caseof a single transformation.Let
,
X - µ - T 0 be an

ergodic k-stepnilsystem.Thereareseveral waysto representX asa nil-
manifold G_ Λ . For our purposes,we reduceto a particularchoiceof the
representation.

Assumethat X ; G_ Λ and let t 1 G be the elementdefiningT. The
connectedcomponentG a 0b of the identity in G projectsto an opensub-
setof X. By ergodicity, thesubgrouṕ G a 0b - t µ of G spannedby G a 0b andt
projectsonto X. Substitutingthis groupfor G andΛ 3¶´ G a 0b - t µ for Λ , we
have reducedto thecasethathypothesis(H) is satisfied.

Let Λ ¡ bethelargestnormalsubgroupof G includedin Λ . Substituting
G_ Λ ¡ for G andΛ _ Λ ¡ for Λ , hypothesis(H) remainsvalid andwe have
reducedto thecasethat

(L) Λ doesnot containanynontrivial normalsubgroupof G.

4.2.Two examples

Westartby reviewing thesimplestexamplesof 2-stepnilsystems.



18 Vitaly Bergelsonetal.

4.2.1. Let G ;�A���nv��n , with multiplicationgivenby,
k - x - y0�· ,

k¡ - x¡ - y¡ 0c; ,
k : k¡ - x : x¡ - y : y¡ : 2kx¡ 0�4

ThenG is aLie group.Its commutatorsubgroupis
@
0 GW� @

0GW��n andG is
2-stepnilpotent.ThesubgroupΛ ;lA�� @

0 GQ� @
0 G is discreteandcocom-

pact.Let X denotethenilmanifoldG_ Λ andwemaintainthenotationof the
precedingSection,with onesmallmodification.HereZ ;�n , m ; m

s
is the

Haarmeasureof n , andthefactormapπ : X } Z is givenby
,
k - x - y0Z±} x;

it is thusmorenaturalto useadditive notationfor Z.
Let α beanirrationalpoint in n , a ; ,

1 - α - α 0 andT : X } X thetrans-
lation by a. Then

,
X - µ - T 0 is a 2-stepnilsystem.Notethathypotheses(H)

and(L) aresatisfied.Sinceα is irrational the rotation
,
Z - m- T 0 is ergodic

and
,
X - µ - T 0 is ergodicby part6 of Theorem4.1.

We give an alternatedescriptionof this system.The map
,
k - x - y0¸±},

x - y0 from G to n 2 inducesahomeomorphismof X onto n 2. IdentifyingX
with n 2 via this homeomorphism,the measureµ becomesequalto m

s �
m

s
, andthetransformationT of X is givenfor

,
x - y0V1Mn 2 ; X by

T
,
x - y0Z; ,

x : α - y : 2x : α 0N4
This is exactly thesystemusedin theconstructionof thecounterexample
in Section(2.3).

4.2.2. We alsoreview anotherstandardexampleof a 2-stepergodic nil-
system.Let G be the Heisenberg group z°�Uz°�Uz , with multiplication
givenby ,

x - y- z0"· ,
x¡ - y¡ - z¡ 0c; ,

x : x¡ - y : y¡ - z : z¡ : xy¡ 0�4 (4.1)

Then G is a 2-stepnilpotent Lie group. The subgroupΛ ;²A��IA��IA
is discreteandcocompact.Let X ; G_ Λ and let T be the translationby
t ; ,

t1 - t2 - t3 0u1 G with t1 - t2 independentover ¹ andt3 1Uz . We have that,
G_ Λ - T 0 is a nilsystem.Hypothesis(H) is obviously satisfiedsinceG is

connected.Here the compactabeliangroupG_ G2Λ is isomorphicto n 2

andtherotationon n 2 by
,
t1 - t2 0 is ergodic.Thereforethesystem

,
G_ Λ - T 0

is uniquelyergodic.
Note that hypothesis(L) is not satisfiedby G and Λ . The reduction

explainedabove consistsherein taking the quotientof G and Λ by the
subgroupΛ ¡ ; @

0 Gº� @
0 G/�BA . We get that X is the quotientof G_ Λ ¡ by

Λ _ Λ ¡ whereG_ Λ ¡¤;qz°�Uz»�5n with multiplication given by (4.1) and
Λ _ Λ ¡i;�A���A�� @

0 G .
4.3.Nilsequences

For clarity, we repeatsomeof thedefinitionsgivenin theintroduction.Let
X ; G_ Λ bea k-stepnilmanifold, φ bea continuousfunctionon X, e 1 X



Multiple recurrenceandnilsequences 19

andt 1 G. Thesequence
@
an G givenby an ; φ

,
tn S e0 is calledak-stepbasic

nilsequence. Wesaythataboundedsequenceis ak-stepnilsequenceif it is
auniform limit of k-stepbasicnilsequences.

Let X, e, t andφ beasaboveandletY betheclosedorbit of e. By part2
of Theorem4.1,

,
Y - T 0 canbegiventhestructureof anilsystem.Sincethis

systemis transitive, it is minimal by part 1 of thesametheorem.Let S ;
supn d�e an andε 6 0.ThesetU ; @

x 1 Y : φ
,
x0x6 S 9 ε G is anonemptyopen

subsetof Y. By minimality of
,
Y- T 0 , theset

@
n 1MA : tn S e 1 U G is syndetic

andthussynd-supan < S 9 ε . Thereforefor every basicnilsequence
@
an G ,

we have
synd-supan ; sup

n d�e an 4
Thispropertypassesto uniformlimits andis thereforevalid for everynilse-
quence.

The Cartesianproductof two k-stepnilsystemsis againa k-stepnil-
systemandso the family of basick-stepnilsequencesis a subalgebraof[ ∞. Thereforethe family of k-stepnilsequencesis a closedsubalgebraof[ ∞. This algebrais clearly invariantundertranslationandinvariantunder
complex conjugation.

We give two examplesof 2-stepnilsequences,arisingfrom thetwo ex-
amplesof 2-stepnilsystemsgivenabove.

4.3.1. Let
,
X - T 0 be thenilsystemdefinedin Section4.2.1.We identify

X with nI�¼n . Let e ; ,
0 - 00 . For every integern, wehaveTne ; ,

nα - n2α 0 .
Let k and[ betwo integersandlet φ bethefunctiononX givenby φ

,
x - y0½;

exp
,
2π i

,
kx :�[ y0�0 . ThesequenceJ exp

,
2π i

,
kn :�[ n2 0 α 0 L

is a2-stepnilsequence.

4.3.2. Let
,
X - T 0 denotethesystemdefinedin Section4.2.2.We usethe

first representationof this system.
Wefirst defineacontinuousfunctiononX. Let f beacontinuousfunc-

tion on z , tendingsufficiently fastto 0 at infinity. For
,
x - y- z0u1�z 3, define

ψ
,
x - y- z0 : ; exp

,
2π iz0 ∑

k d�e exp
,
2π ikx0 f

,
y : k 0X4

Thenψ is acontinuousfunctionon z 3 andanimmediatecomputationgives
thatfor all

,
x - y- z0u1Mz 3 andfor all

,
p - q - r 0�1BA 3,

ψ C , x - y- z0"· ,
p - q - r 0�EF; ψ

,
x - y- z0X4

Thereforethe function ψ on G ;�z 3 inducesa continuousfunction φ on
the quotientX of G by Λ ;»A 3. Let e be the imageof

,
0 - 0 - 00 in X. For
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every integern wehaveφ
,
tn S e0�; ψ

,
tn 0 andtn ; ,

nt1 - nt2 - nt3 : n a n O 1b
2 t1t2 0 .

Thereforethesequence
@
an G givenby

an ; exp C 2π int3 0 exp
,
2π i

n
,
n 9 10
2

t1t2 0 ∑
k d�e exp

,
2π iknt1 0 f

,
nt2 : k 0

is a2-stepnilsequence.

4.4.Constructionof certainfactors

In this Section,
,
X - µ - T 0 is anergodicsystem.

Wereview theconstructionof somefactorsin HostandKra [HK]. These
are the factorsthat control the limiting behavior of the multiple ergodic
averagesassociatedto the expressionsI f

,
k - n0 . We begin recalling some

well known factsabouttheKronecker factor.

4.4.1.TheKronecker factor andtheergodicdecompositionof µ � µ Let,
Z

,
X 0	- m- T 0 denotetheKronecker factorof

,
X - µ - T 0 andlet π : X } Z

,
X 0

bethefactormap.
Whenthereis no ambiguity, we write Z insteadof Z

,
X 0 . Werecallthat

Z is acompactabeliangroup,endowedwith aBorel σ -algebra¾ andHaar
measurem. The transformationT : Z } Z hasthe form z ±} αz for some
fixedelementα of Z.

For s 1 Z, we defineameasureµs onX � X byk
X
�

X
f
,
x0 f ¡ , x¡ 0 dµs

,
x - x¡ 0c; k

Z
~ ,

f w Z 0 , z0VS�~ ,
f ¡ w Z 0 , sz0 dµ

,
z0u4 (4.2)

For every s 1 Z themeasureµs is invariantunderT � T andis ergodic for
m-almostevery s. Theergodicdecompositionof µ � µ underT � T is

µ � µ ; k
Z

µsdm
,
s0�4

4.4.2.Thefactors Zk. We recall someconstructionsof Sections3 and4
in [HK]. For anintegerk < 0, wewrite X £ k¦ ; X2k

andT £ k¦ : X £ k¦ } X £ k¦ for
themapT � T �54�4�4�� T, taken2k times.

We definea probability measureµ £ k¦ on X £ k¦ , invariant underT £ k¦ by
induction.Setµ £ 0¦ ; µ . Fork < 0, let ¿ £ k¦ betheσ -algebraof T £ k¦ -invariant
subsetsof X £ k¦ . Thenµ £ k8 1¦ is therelatively independentsquareof µ £ k¦ over¿ £ k¦ . Thismeansthatif F ¡�- F ¡ ¡ areboundedfunctionsonX £ k¦ ,k

X À k Á 1Â F ¡ , x¡ 0 F ¡ ¡ , x¡ ¡ 0 dµ £ k 8 1¦ , x¡ - x¡ ¡ 0 : ; k
X À kÂ ~ ,

F ¡ w ¿ £ k¦ 0�~ ,
F ¡ ¡ w ¿ £ k¦ 0 dµ £ k¦ -

(4.3)
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wherex ; ,
x¡�- x¡ ¡�0 is an elementof X £ k8 1¦ , consideredunderthe natural

identificationof X £ k 8 1¦ with X £ k¦ � X £ k¦ .
For aboundedfunction f onX we candefine

w w w f w w w k : ;ÄÃ¤k
X À kÂ 2k O 1

∏
j R 0

f
,
x j 0 dµ £ k¦ , x 0jÅ 1Æ 2k

(4.4)

becausethis last integral is nonnegative. It is shown in [HK] thatfor every
integerk < 1, w w w S w w w k is aseminormon L∞ ,

µ 0 .
Theseminormsdefinefactorsof . . Namely, thesub-σ -algebra¾ k O 1

,
X 0

of . is characterizedby

for f 1 L∞ ,
µ 0	-�~ ,

f w ¾ k O 1
,
X 0�0c; 0 if andonly if w w w f w w w k ; 0 4 (4.5)

The factor Zk
,
X 0 is the factor of X associatedto ¾ k

,
X 0 . This gives that

Z0
,
X 0 is thetrivial factor, Z1

,
X 0 is theKronecker factor. Whenthereis no

ambiguity, we write Zk and ¾ k insteadof Zk
,
X 0 and ¾ k

,
X 0 .

4.4.3.Thefactors associatedto themeasuresµs For eachs 1 Z suchthat,
X � X - µs - T � T 0 is ergodic, for eachintegerk < 1, a measure

,
µs 0 £ k¦ on,

X � X 0 £ k¦ canbedefinedin theway thatµ £ k¦ wasdefinedfrom µ . Further-
more,a seminorm ÇxS!Ç s¥ k on L∞ ,

µs 0 canbe associatedto this measure,in
the sameway that the seminorm Ç�S�Ç k is associatedto µ £ k¦ . In Section3
of [HK], it is shown thatunderthenaturalidentificationof

,
X � X 0 £ k¦ with

X £ k 8 1¦ , we have

µ £ k 8 1¦ ; k
Z

,
µs 0 £ k¦ dm

,
s0�4

It follows from definition(4.4) thatfor every f 1 L∞ ,
µ 0 ,

w w w f w w w 2k Á 1

k 8 1 ; k
Z w w w f È f w w w 2k

s¥ kdm
,
s0u4

Fromthiswe immediatelydeduce:

Proposition 4.3.Let k < 2 be an integer and let f be a boundedfunction
on X. If f haszero conditionalexpectationon ¾ k, thenfor m-almostevery
s 1 Z thefunction f È f , consideredasa functionon

,
X � X - µs0 , haszero

conditionalexpectationon ¾ k O 1
,
X � X - µs - T � T 0 .

4.4.4.Inverse limits of nilsystems. We say that the system
,
X - T 0 is an

inverselimit of asequenceof factors
@+,

Xj - T 0�G if
@ . j G j d)É is anincreasing

sequenceof sub-σ -algebrasinvariantunderthetransformationT suchthatÊ
j d)É . j ;Ë. upto null sets.If eachsystem

,
Xj - T 0 is isomorphicto ak-step

nilsystem,thenwe saythat
,
X - T 0 is an inverselimit of k-stepnilsystems.

Theorem10.1of [HK] statesthatfor everyergodicsystem
,
X - µ - T 0 and

everyintegerk < 1 thesystemZk
,
X 0 is aninverselimit of k-stepnilsystems.
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4.5.Arithmeticprogressions

We continueassumingthat
,
X - µ - T 0 is an ergodic system.From Theo-

rem12.1of [HK] andthecharacterization(4.5)of thefactorZk O 1 wehave:

Theorem 4.4.Let k < 2 bean integer and f0 - f1 -�4�4�4�- fk boundedfunctions
on X. If at leastoneof thesefunctionshaszero conditionalexpectationon¾ k O 1 thenfor all sequences

@
Mi G and

@
Ni G of integers with Ni }�: ∞,

lim
i P ∞

1
Ni

Mi 8 Ni O 1

∑
nR Mi

k f0
,
x0 f1

,
Tnx0 f2

,
T2nx0+4�4�4 fk

,
Tknx0 dµ

,
x0Z; 0 4

Corollary 4.5.Let k < 2 be an integer and let f0 - f1 -�4�4�4�- fk be bounded
functionson X. If at leastoneof thesefunctionshaszero conditionalex-
pectationon ¾ k thenk f0

,
x0 f1

,
Tnx0 f2

,
T2nx0+4�4�4 fk

,
Tknx0 dµ

,
x0

convergesto zero in uniformdensity.

Proof. Let
@
Mi G and

@
Ni G be two sequencesof integers,with Ni }Ì: ∞.

For m-almosteverys 1 Z, oneof thefunctions f0 È f0, . . . , fk È fk haszero
conditionalexpectationon ¾ k

,
X � X - µs - T � T 0 by Proposition4.3andthus

theaverageson
@
Mi -�4�4�4�- Mi : Ni

9 1G ofk f0
,
x0 f0

,
x¡ 0 f1

,
Tnx0 f1

,
Tnx¡ 0+4�4�4 fk

,
Tknx0 fk

,
Tknx¡ 0 dµs

,
x - x¡ 0

converge to zeroby Theorem4.4appliedto thesystem
,
X � X - µs - T � T 0

andto thefunctions f0 È f0 -�4�4�4�- fk È fk. Integratingwith respectto sweget

1
Ni

Mi 8 Ni O 1

∑
nR Mi

� k f0
,
x0 f1

,
Tnx0+4�4�4 fk

,
Tknx0 dµ

,
x0 � 2 } 0

andtheresultfollows. ��
Recall that for a boundedmeasurablefunction f on X andan integer

k < 1, we defined

I f
,
k - n0x; k f

,
x0 f

,
Tnx0+4�4�4 f

,
Tknx0 dµ

,
x0X4

Evenmoregenerally, onecanconsiderthesameexpressionwith k : 1
distinct boundedfunctions f0 -�4�4�4�- fk. However, this givesno addedinfor-
mation for the problemswe arestudyingandso we restrict to the above
case.

Corollary 4.6.Let k < 1 be an integer, let f be a boundedfunctionon X
andlet g ;�~ ,

f w ¾ k 0 . ThenI f
,
k - n0 9 Ig

,
k - n0 convergesto zero in uniform

density.
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Letk, f andgbeasin thisCorollary. Weconsidergasafunctiondefined
on Zk. Notethatthefunctions f andg have thesameintegral.

Sincethe systemZk is an inverselimit of a sequenceof k-stepnilsys-
tems,thefunctiong canbeapproximatedarbitrarilywell in L1-normby its
conditionalexpectationon oneof thesenilsystems.We usethis remarkin
theproofof Theorem1.2in Section8.

5. The limit of the averages

In this sectionk < 1 is an integer,
,
X ; G_ Λ - µ - T 0 is an ergodic k-step

nilsystemandthetransformationT is translationby theelementt 1 G. We
keepthe notationof Section4.1 andassumethat hypotheses(H) and(L)
aresatisfied.

Recall that we let G j denotethe j-th commutatorof G andthat Λ j ;
Λ 3 G j . We have thatG ; G1, but sometimesit is convenientto useboth
notationsin thesameformula.

For f 1 L∞ ,
µ 0 , wefirst studytheaveragesof thesequenceI f

,
k - n0 . This

establishesashortproofof a recentresultby Ziegler [Z1]. Weusesomeal-
gebraicconstructionsbasedon ideasof Petresco[Pe]andLeibman[Lei1].

We explain the ideabehindthis construction.It is naturalto definean
arithmeticprogressionof lengthk : 1 in G asan elementof Gk 8 1 of the
form

,
g- hg- h2g -�4�4�4�- hkg0 for someg- h 1 G. Unfortunately, theseelements

do not form a subgroupof Gk 8 1. However suchelementsdo spanthesub-
groupG̃ (definedin thenext section),whichcouldthusbecalledthegroup
of arithmeticprogressionsof lengthk : 1 in G.

Similarly, oneis temptedto defineanarithmeticprogressionof length
k : 1 in X asa point in Xk8 1 of theform

,
x - h S x - h2 S x -�4�4�4�- hk S x0 for some

x 1 X andh 1 G. Onceagain,it is morefruitful to takeabroaderdefinition,
callinganarithmeticprogressionin X apoint from thesetX̃ (againdefined
below), which is the imageof thegroupG̃ underthenaturalprojectionon
Xk 8 1.

5.1.Somealgebraic constructions

Definethemap j : G � G1 � G2 �5S�S�S!� Gk } Gk 8 1 by

j
,
g - g1 - g2 -�4�4�4�- gk 0x; C g - gg1 - gg2

1g2 -�4�4�4�- gg
,

k
1 0

1 g
,
k
2 0

2 S�S�S g ,
k
k 0

k E
andlet G̃ denotetherangeof themap j:

G̃ ; j
,
G � G1 � G2 �US�S�S
� Gk 0V4

Similarly, we defineamap j > : G1 � G2 �US�S�S
� Gk } Gk by

j > , g1 - g2 -�4�4�4�- gk 0c; C g1 - g2
1g2 -�4�4�4�- g ,

k
1 0

1 g
,

k
2 0

2 S�S�S g ,
k
k 0

k E 4



24 Vitaly Bergelsonetal.

Finally we define

G̃> ; j > , G1 � G2 �5S�S�S�� Gk 0;ÍJ ,
h1 - h2 -�4�4�4	- hk 0N1 Gk :

,
1 - h1 - h2 -�4�4�4�- hk 0?1 G̃ L�4

Thefollowing resultsarefoundin Leibman[Lei1]:

Theorem 5.1.

1. G̃ is a subgroupof Gk8 1.
2. Thecommutatorgroup

,
G̃0 2 of G̃ is,

G̃0 2 ; G̃ 3 Gk 8 1
2 ; j

,
G2 � G2 � G2 � G3 �5S�S�S!� Gk 0�4

It follows from part1 that

3. G̃> is asubgroupof Gk.

Moreover, for g 1 G,
,
h1 - h2 -�4�4�4�- hk 0?1 G1 � G2 �5S�S�S!� Gk and,

g1 - g2 -�4�4�4�- gk 0x; j > , h1 - h2 -�4�4�4�- hk 0�-
we have,

gO 1g1g- gO 1g2g -�4�4�4�- gO 1gkg0x; j > , gO 1h1g- gO 1h2g -�4�4�4�- gO 1hkg0 (5.1)

It follows that

4. For
,
g1 - g2 -�4�4�4�- gk 0?1 G̃> andg 1 G, we have,

gO 1g1g- gO 1g2g -�4�4�4�- gO 1gkg0N1 G̃> 4
Themaps j and j > areinjective, continuousandproper(theinverseimage
of acompactsetis compact).It follows thatG̃ andG̃> areclosedsubgroups
of Gk 8 1 andGk, respectively, andthusareLie groups.

Wealsodefinethetwo elements

t̃ ; ,
1 - t - t2 -�4�4�4�- tk 0 andt∆ ; ,

t - t -�4�4�4	- t 0
of G̃ andtheelement

t̃ > ; ,
t - t2 -�4�4�4�- tk 0

of G̃> . Write T̃ andT∆ for thetranslationsby t̃ andt∆ onXk8 1, respectively,
andT̃ > for thetranslationby t̃ > on Xk.
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5.2.ThenilmanifoldX̃.

DefineΛ̃ ; G̃ 3 Λk 8 1.
ThenΛ̃ is a discretesubgroupof G̃ and it is easyto checkthat Λ̃ ;

j
,
Λ � Λ1 � Λ2 �5S�S�S!� Λk 0 . ThereforeΛ̃ is cocompactin G̃. Wewrite

X̃ ; G̃_ Λ̃

andlet µ̃ denotetheHaarmeasureof thisnilmanifold.NotethatX̃ is imbed-
dedin Xk 8 1 in anaturalway. Sincet̃ andt∆ belongto G̃, thisnilmanifold is
invariantunderthetransformations̃T andT∆ .

Lemma 5.2.ThenilmanifoldX̃ is ergodic (andthusuniquelyergodic) for
theactionspannedby T̃ andT∆ .

Proof. Sincethe groupsG j , j 6 1, areconnectedandG satisfiescondi-
tion (H), it follows that thegroupG̃ is spannedby t̃, t∆ andtheconnected
componentof theidentity. By Theorem4.2, it sufficesto show that theac-
tion inducedby T̃ andT∆ on G̃_ ,

G̃0 2Λ̃ is ergodic.
By part2 of Theorem5.1,themap,

g1 - g2 -�4�4�4�- gk 0c±} ,
g1 modG2 - g2 modG2 0

inducesanisomorphismfrom G̃_ ,
G̃0 2 ontoG_ G2 � G_ G2. Thusthecom-

pactabeliangroupG̃_ ,
G̃0 2Λ̃ canbeidentifiedwith G_ G2Λ � G_ G2Λ , and

thetransformationsinducedby T̃ andT∆ areId � T andT � T, respectively.
Theactionspannedby thesetransformationsis obviously ergodic. ��
5.3.ThenilmanifoldsX̃x.

For x 1 X we define

X̃x ;ÍJ ,
x1 - x2 -�4�4�4�- xk 0N1 Xk :

,
x - x1 - x2 -�4�4�4�- xk 0N1 X̃ L�4

Clearly, for everyx 1 X thecompactsetX̃x is invariantundertranslationsby
elementsof G̃> . Wegive to eachof thesesetsthestructureof anilmanifold,
quotientof thisgroup.

Fix x 1 X andlet a be a lift of x in G. The point
,
x - x -�4�4�4�- x0 (k times)

clearly belongsto X̃x. Let
,
x1 - x2 -�4�4�4�- xk 0X1 X̃x. The point

,
x - x1 - x2 -�4�4�4�- xk 0

belongsto X̃ and we can lift it to an elementof G̃ that we can write,
g - gg1 - gg2 -�4�4�4�- ggk 0 with g 1 Gand

,
g1 - g2 -�4�4�4�- gk 0½1 G̃> . Writing λ ; aO 1g

andhi ; aλgiλ O 1aO 1 for 1 \ i \ k, we have λ 1 Λ ,
,
1 - h1 - h2 -�4�4�4�- hk 0 be-

longsto G̃ by Remark4 above and,
g- gg1 - gg2 -�4�4�4�- ggk 0c; ,

1 - h1 - h2 -�4�4�4�- hk 0"S , a - a - a -�4�4�4	- a0mS , λ - λ - λ -�4�4�4�- λ 0�4
This givesthat

,
x1 - x2 -�4�4�4�- xk 0 is the imageof

,
x - x -�4�4�4 x0 undertranslation

by
,
h1 - h2 -�4�4�4�- hk 0 , whichbelongsto G̃> .
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Thereforetheactionof G̃> onX̃x is transitive.Thestabilizerof
,
x - x -�4�4�4	- x0

for thisactionis thegroup

Λ̃x : ;ÍJ ,
aλ1aO 1 - aλ2aO 1 -�4�4�4�- aλka

O 1 0 :
,
λ1 - λ2 -�4�4�4�- λk 0?1 Λk 3 G̃> L�4

Λk 3 G̃> is a discretesubgroupof G̃> andit is easyto checkthatit is equal
to j > , Λ1 � Λ2 �5S�S�S
� Λk 0 andthusis cocompactin G̃> . It follows thatΛ̃x is
adiscreteandcocompactsubgroupof G̃> .

We canthusidentify X̃x with thenilmanifold G̃> _ Λ̃x. Let µ̃x denotethe
Haarmeasureof X̃x.

Lemma 5.3. µ̃ ; k
X

δx È µ̃xdµ
,
x0 .

Proof. Let µ̃ ¡ bethemeasuredefinedby this integral.Thismeasureis con-
centratedon X̃. By Lemma5.2 it sufficesto show that it is invariantunder
T̃ andT∆ .

Recallthat T̃ > is the translationby t̃ >�; ,
t - t2 -�4�4�4�- tk 0 , which belongsto

G̃> andthusthis transformationpreservesX̃x andµ̃x for everyx. Therefore,
for every x 1 X, themeasureδx È µ̃x is invariantunderT̃ ; Id � T̃ > andso
µ̃ ¡ is invariantunderthis transformation.

Let x 1 X. Considerthe imageof µ̃x underT �IS�S�S�� T (k times).This
measureis concentratedon XTx andby remark4 in Section5.1, it is easy
to checkthat it is invariantunderG̃> . Thusit is equalto theHaarmeasure
µ̃Tx. Thereforethe imageof δx È µ̃x underT∆ is δTx È µ̃Tx. It follows that
µ̃ ¡ is invariantunderT∆ . ��
5.4.Thelimit of theaverages.

Giventhisbackground,we giveashortproof of Ziegler’s result[Z1]:

Theorem 5.4 (Ziegler [Z1]). Let f1 - f2 -�4�4�4�- fk be continuousfunctionson
X andlet

@
Mi G and

@
Ni G betwo sequencesof integers such that Ni }Î: ∞.

For µ-almosteveryx 1 X,

1
Ni

Mi 8 Ni O 1

∑
nR Mi

f1
,
Tnx0 f2

,
T2nx0+4�4�4 fk

,
Tknx0

}�k f1
,
x1 0 f2

,
x2 0+4�4�4 fk

,
xk 0 dµ̃x

,
x1 - x2 -�4�4�4�- xk 0 (5.2)

asi } ∞

Proof. For x 1 X, thepoint
,
x - x -�4�4�4	- x0 belongsto thenilmanifold X̃x. By

part3 of Theorem4.1 appliedto thenilsystem
,
X̃x - T̃ > 0 andthis point, the

averagesin Equation(5.2)convergeeverywhereto somefunctionφ . There-
forewe areleft with computingthis function.
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Let f beacontinuousfunctionon X. Wehave

k f
,
x0 φ ,

x0 dµ
,
x0

; lim
i P ∞

k 1
Ni

Mi 8 Ni O 1

∑
nR Mi

f
,
x0 k

∏
j R 1

f j
,
T jnx0 dµ

,
x0

; lim
i P ∞

k 1

N2
i

Mi 8 Ni O 1

∑
mR Mi

Mi 8 Ni O 1

∑
nR Mi

f
,
Tmx0 k

∏
j R 1

f j
,
T jn8 mx0 dµ

,
x074

The point
,
x - x -�4�4�4�- x0 belongsto X̃ and for all n and m, its image un-

der T̃n ,
T∆ 0 m is the point

,
Tmx - Tn8 mx -�4�4�4�- Tkn8 mx0 . By Lemma5.2, X̃ is

uniquelyergodicfor theactionspannedby T̃ andT∆ andtheaveragein the
lastintegral convergeseverywhereto

k
X̃

f
,
x0 0 f1

,
x1 0+4�4�4 fk

,
xk 0 dµ̃

,
x0 - x1 -�4�4�4�- xk 0�4

UsingLemma5.3,we have

k
X

f
,
x0 φ ,

x0 dµ
,
x0N; k

X̃
f
,
x0 0 f1

,
x1 0+4�4�4 fk

,
xk 0 dµ̃

,
x0 - x1 -�4�4�4�- xk 0; k

X
f
,
x0i� k

X̃x

f1
,
x1 0+4�4�4 fk

,
xk 0 dµ̃x

,
x1 -�4�4�4�- xk 0 � dµ

,
x0

andtheresultfollows. ��
Corollary 5.5.For µ-almostevery x 1 X, the nilsystem

,
X̃x - µ̃x - T̃ > 0 is er-

godic.

Proof. RecallthatT̃ > preservesµ̃x for everyx. Let Ï beacountablefamily
of continuousfunctionson X that is densein Ð ,

X 0 in the uniform norm.
By Theorem5.4,thereexistsasubsetX0 of X, with µ

,
X0 0c; 1, suchthat

1
N

N O 1

∑
nR 0

k

∏
j R 1

f j
,
T jnx0Z}Ñk k

∏
j R 1

f j
,
x j 0 dµ̃x

,
x1 - x2 -�4�4�4�- xk 0

asN }�: ∞ for every x 1 X0 andfor all functions f1 - f2 -�4�4�4�- fk 1�Ï . SinceÏ is dense,the sameresult holds for arbitrary continuousfunctions.It
follows that for x 1 X0, the orbit of

,
x - x -�4�4�4�- x0 underT̃ > is densein the

supportof themeasurẽµx. Sincethesupportof thismeasureis X̃x, wehave
that the actionof T̃ > on X̃x is transitive. By Theorem4.1,

,
X̃x - µ̃x - T̃ > 0 is

ergodic. ��
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Corollary 5.6.Let f1 - f2 -�4�4�4	- fk becontinuousfunctionson X andlet
@
Mi G

and
@
Ni G be two sequencesof integers such that Ni }Ò: ∞. For µ-almost

everyx 1 X andfor every
,
g1 - g2 -�4�4�4�- gk 0N1 G̃> ,

1
Ni

Mi 8 Ni O 1

∑
nR Mi

f1
,
Tng1 S x0 f2

,
T2ng2 S x0+4�4�4 fk

,
Tkngk S x0

} k f1
,
x1 0 f2

,
x2 0+4�4�4 fk

,
xk 0 dµ̃x

,
x1 - x2 -�4�4�4�- xk 0 (5.3)

asi } ∞

Proof. Let x 1 X be suchthat the nilsystem
,
X̃x - µ̃x - T̃ >	0 is ergodic. For

every
,
g1 - g2 -�4�4�4�- gk 0X1 G̃> , the point

,
g1 S x - g2 S x -�4�4�4�- gk S x0 belongsto X̃x

andthe convergencein Formula(5.3) follows from the uniqueergodicity
of

,
X̃x - T̃ > 0 . ��

6. Using the Cartesiansquare

In this section,we begin the proof of Theorem1.9. We first constructa
nilsystemin orderto replacethe sequenceI f

,
k - n0 (definedin 1.5) by an-

othersequenceJf
,
k - n0 so that the differencebetweenthe two sequences

tendsto 0 in uniformdensity. In thenext section,we completetheproof of
Theorem1.9by showing thatthesequenceJf

,
k - n0 is anilsequence.

To passfrom theconvergenceresultsobtainedin theprecedingsection
to a moreprecisedescriptionof the sequence

@
I f

,
k - n0�G , we considerthe

Cartesiansquareof thegroups,manifolds,etc.studiedin theprevioussec-
tion. This enablespassagefrom theuniform Cesaroconvergenceresultsto
uniform densityconvergenceresults.

6.1.ThegroupH.

Define
H ;ÍJ ,

g- h0�1 G � G : hgO 1 1 G2 L�4
H is a closedsubgroupof G � G andis a k-stepnilpotentLie group.By
induction,its commutatorsubgroupsH j , j < 1, aregivenby

H j ; J ,
g - h0V1 G j � G j : hgO 1 1 G j 8 1 L 4

We build thegroupsH̃ andH̃ > from H in thesameway that thegroupsG̃
andG̃> werebuilt from G (in Section5.1),usingthemaps

i : H � H1 � H2 �5S�S�S�� Hk } Hk8 1

and
i > : H1 � H2 �5S�S�S!� Hk } Hk -
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definedanalogouslyto themaps j and j > . By part1 of Theorem5.1, H̃ is
a subgroupof Hk 8 1 andthusH̃ > is asubgroupof Hk. Thesesubgroupsare
closedandthusH̃ andH̃ > areLie groups.

ThegroupH̃ > is includedin
,
G � G0 k. We identify this lastgroupwith

Gk � Gk in the obvious way andconsiderH̃ > asa subsetof Gk � Gk. ForC , g1 - h1 0	- , g2 - h2 0	-D4�4�4�- , gk - hk 0�EQ1 H1 � H2 �US�S�S
� Hk, we have

i >iC , g1 - h1 0	- , g2 - h2 0	-�4�4�4�- , gk - hk 0 E ; C j > , g1 - g2 -�4�4�4�- gk 0	- j > , h1 - h2 -�4�4�4�- hk 0 E 4
(6.1)

In a similarway, we considerH̃ asasubsetof Gk8 1 � Gk 8 1.

6.2.ThenilmanifoldsXs, ÓXs and ÓXs a x ¥ yb .
Recalltheergodicdecomposition

µ � µ ; k
Z

µsdm
,
s0

of µ � µ underT � T, wherem is theHaarmeasureof theKronecker factor
Z of X.

By part 6 of Theorem4.1, Z is equalto G_ G2Λ and the factor map
π : X } Z is thenaturalprojectionG_ Λ } G_ G2Λ . When f is a bounded
functionon X andg 1 G, we write f o g for thefunctionx ±} f

,
g S x0 on X.

Wehave ~ ,
f o g w Z 0 , z0x;Ë~ ,

f w Z 0 , π ,
g0 z0u4

Thereforeit follows from definition (4.2) of µs that for every s 1 Z, this
measureis concentratedon theclosedsubset

Xs ;ÍJ ,
x - y0V1 X � X : π

,
y0 π ,

x0 O 1 ; sL (6.2)

of X � X. It alsofollows thatfor all s 1 Z, all boundedfunctions f - f ¡ on X
andall

,
g- h0�1 H,k f o g

,
x0 f ¡ o h

,
x0 dµs

,
x - x¡ 0c; k f

,
x0 f ¡ , x¡ 0 dµs

,
x - x¡ 0�4

This meansthat themeasureµs is invariantundertranslationby elements
of H.

Let s 1 Z. By its definition(6.2), thesetXs is invariantundertheaction
of H by translationandthis actionis transitive. We give Xs thestructureof
anilmanifold,quotientof thisgroup.Write

Θ ; H 3 ,
Λ � Λ 0c;ÔJ ,

λ - λ ¡ 0?1 Λ � Λ : λ ¡ λ O 1 1 Λ2 L�4
Thisgroupis discreteandcocompactin H. Let a 1 G bea lift of s in G and
let eX bethebasepoint of X (that is, the imagein X of theunit element1
of G). Thenthestabilizerin H of thepoint

,
eX - a S eX 0 of Xs is

Θa ; J ,
λ - aλ ¡ aO 1 0 :

,
λ - λ ¡ 0?1 Θ L
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andthisgroupis adiscretecocompactsubgroupof H. Thuswecanidentify
Xs with thenilmanifold H _ Θa. Sincethemeasureµs is concentratedon Xs
andis invariantundertheactionof H, it is equalto theHaarmeasureof this
nilmanifold.

Let s 1 Z be such that µs is ergodic for T � T. Then the nilsystem,
Xs - µs - T � T 0 is ergodic(notethatT � T is thetranslationby theelement,
t - t 0 of H).

Thek-stepnilpotentLie groupH, its subgroupΘa andits element
,
t - t 0

satisfyproperties(H) and(L) (seeSection4.1)thatwereusedfor G - Λ andt
in theprecedingSection.Thereforeall theconstructionsof thisSectioncan
becarriedoutwith H, Θa and

,
t - t 0 substitutedfor G - Λ andt. In particular,

we candefinethenilmanifold ÓXs, its HaarmeasureÓµs and,for
,
x - y0X1 Xs,

thenilmanifold ÓXs a x¥ yb andits HaarmeasureÓµs a x¥ yb . Notethat ÓXs is included

in
,
X � X 0 k 8 1. We identify this setwith Xk 8 1 � Xk 8 1 in the naturalway

andconsider ÓXs ascontainedin Xk 8 1 � Xk 8 1. Similarly, ÓXs a x¥ yb is included
in Xk � Xk.

We rewrite Corollary 5.6 for this situation.We consideronly the case
thatall thefunctionsonXs areequalto f È f for somefunction f on X.

Corollary 6.1.Let f bea continuousfunctionon X andlet
@
Mi G and

@
Ni G

betwo sequencesof integers with Ni }�: ∞. For m-almosteverys 1 Z, for
µs-almostevery

,
x - y0x1 Xs andfor every C , g1 - g2 -�4�4�4�- gk 0 , ,

h1 - h2 -�4�4�4�- hk 0 E 1
H̃ > ,

1
Ni

Mi 8 Ni O 1

∑
nR Mi

k

∏
j R 1

f
,
T jng j S x0 f

,
T jnh j S y0

convergesasi } ∞ to

k k

∏
j R 1

f
,
x j 0 f

,
y j 0 d Óµs a x ¥ yb C , x1 - x2 -�4�4�4�- xk 0	- , y1 - y2 -�4�4�4�- yk 0�E/4

In order to usethis result,we needa moreprecisedescriptionof the
measuresÓµs a x¥ yb andthusof thegroupsH̃ andH̃ > .
6.3.Thegroups ÕG> and ÕG
Clearly, H̃ > � G̃> � G̃> . DefineÕG> ; @

g ; ,
g1 - g2 -�4�4�4�- gk 0N1 G̃> : C , 1 - 1 -�4�4�4�- 10	- , g1 - g2 -�4�4�4�- gk 0 E 1 H̃ > L�4

Then ÕG> is a closedsubgroupof Gk and thus is a Lie group.By Equa-
tion (6.1), theinjectivity of j > , andtheabove descriptionof thegroupsH j
we have ÕG> ; j > , G2 � G3 �5S�S�S!� Gk 8 1 0�4
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Moreover, wheng ; ,
g1 - g2 -�4�4�4�- gk 0X1 G̃> we have

,
g - g0X1 H̃ > . It follows

that
H̃ > ;ÍJ ,

g - h0N1 G̃> � G̃> : hgO 1 1 ÕG> L (6.3)

andthat ÕG> is anormalsubgroupof G̃> .
Thefollowing Lemmais takenfrom [Lei1]:

Lemma 6.2.For g 1 G and
,
g1 - g2 -�4�4�4	- gk 0N1 G̃> , wehaveC g g1 - ghÖ-�g g2 - ghÖ-�4�4�4�-�g gk - gh E 1�ÕG> 4

Proof. Let
,
h1 - h2 -�4�4�4�- hk 0W1 G1 � G2 �vS�S�S�� Gk be the inverseimageof,

g1 - g2 -�4�4�4�- gk 0 under j > . For 1 \ [ \ k, we have g g- h^ h�1 G^ 8 1 and thus,
h^ - gO 1h^ g0N1 H^ . WegetthatC , g1 - g2 -�4�4�4�- gk 0	- , gO 1g1g - gO 1g2g-�4�4�4�- gO 1gkg0 E; C j > , h1 - h2 -�4�4�4�- hk 0	- j > , gO 1h1g- gO 1h2g -�4�4�4�- gO 1hkg0 E; i >DC , h1 - gO 1h1g0	- , h2 - gO 1h2g0	-�4�4�4�- , hk - gO 1hkg0 E 1 H >

andtheresultfollows from characterization(6.3)of H̃ > . ��
In particular, it follows that

if
,
g1 - g2 -�4�4�4	- gk 0N1�ÕG> andg 1 G -

then
,
gg1gO 1 - gg2gO 1 -�4�4�4�- ggkg

O 1 0N1�ÕG> 4 (6.4)

WealsodefineÕG ;ÍJ ,
g- gh1 - gh2 -�4�4�4�- ghk 0 : g 1 G - ,

h1 - h2 -�4�4�4�- hk 0?1�ÕG> L; j
,
G � G2 � G3 �5S�S�S�� Gk 8 1 0V4

It follows from Remark(6.4) that ÕG is a subgroupof Gk 8 1. It is clearly
includedin G̃. By usingthenormalityof ÕG> in G̃> andLemma6.2,wehave
that ÕG is anormalsubgroupof G̃. As j is apropermap, ÕG is closedin Gk8 1

andis aLie group.

6.4.Thenilmanifold ÕX andthenilmanifolds ÕXx.

Define ÕΛ : ;×ÕG 3 Λk8 1. It is adiscretesubgroupof ÕG andit is easyto check
that ÕΛ ; j

,
Λ � Λ2 � Λ3 �KS�S�S�� Λk8 1 0 . Thus ÕΛ is cocompactin ÕG. WewriteÕX ;ØÕG_ ÕΛ

andlet Õµ denotethe Haarmeasureof this nilmanifold. ÕX is imbeddedin
Xk 8 1 in anaturalwayand ÕX � X̃ since ÕG � G̃.
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Lemma 6.3.Thenilmanifold ÕX andits Haar measure Õµ are invariant un-
der translationby anyelementof Λ̃ ; Λk8 1 3 G̃.

Proof. Let x ; ,
x - x1 - x2 -�4�4�4�- xk 0c1 ÕX andlet λ 1 Λ̃ . Weshow thatλ S x (with

theobviousinterpretation)belongsto ÕX.
The point x is the imagein ÕX of an elementg of ÕG. Thusλ S x is the

imagein X̃ of theelementλ g ; ,
λgλ O 1 0 λ of G̃andthusalsoof theelement

λgλ O 1. Since ÕG is a normalsubgroupof G̃, this lastelementbelongsto ÕG
andλ S x 1�ÕG.

Let λ 1 Λ̃ . ThemeasureÕµ is invariantundertheactionof ÕG andthusits
imageundertranslationby λ is invariantundertheactionof λ ÕGλ O 1 ;�ÕG.
Sincethismeasureis concentratedon ÕX, it is equalto Õµ . ��

For x 1 X wewriteÕXx ; J ,
x1 - x2 -�4�4�4�- xk 0?1 Xk :

,
x - x1 - x2 -�4�4�4�- xk 0?1 ÕX G®4

Let x 1 X. Proceedingasin Subsection5.3 we notethat ÕΛ > : ;�ÕG>�3 Λk ;
j > , Λ2 � Λ3 �IS�S�S�� Λk8 1 0 is a discretecocompactsubgroupof ÕG> andthat
for every x 1 X, the compactset ÕXx canbe identifiedwith a nilmanifold,
quotientof thegroup ÕG> by someconjugateÕΛx of thegroup ÕΛ > .

Let Õµx betheHaarmeasureof ÕXx.

Lemma 6.4. Õµ ; k
X

δx È Õµxdµ
,
x0 .

Proof. The proof is similar to the proof of Lemma5.3. The measurede-
finedby theintegralabove is concentratedon ÕX andthusit sufficesto prove
that ÕX is invariantunder ÕG. It is clearly invariantundertranslationby ele-
mentsof theform

,
1 - g1 - g2 -�4�4�4�- gk 0 with

,
g1 - g2 -�4�4�4�- gk 0x1rÕG> andsoweare

reducedto showing that ÕX is invariantundertranslationby
,
g- g- g -�4�4�4�- g0

(k : 1 times)for every g 1 G.
Letg 1 Gandletx 1 X. Since ÕX is invariantundertranslationby

,
g - g - g -�4�4�4�- g0 ,

we have that the imageof ÕXx underg ; ,
g- g -�4�4�4�- g0 (k times)is ÕXg � x. The

imageof Õµx undertranslationby g is thusconcentratedon ÕXx. It is invariant
undertranslationby g ÕG> gO 1 andthis groupis equalto ÕG> by (6.4). Thus
thismeasureis equalto Õµg � x.

Taking the integral over x 1 X, we have that themeasuregiven by the
integral in theLemmais invariantunder

,
g - g - g-�4�4�4�- g0 . ��

6.5.Approximatingthesequence
@
I f

,
k - n0�G up to densityzero.

For aboundedfunction f onX, anintegerk < 1 andanintegern, wedefine:

Jf
,
k - n0Z;lk�Ù

X
f
,
x0 0 f

,
Tnx1 0+4�4�4 f

,
Tknxk 0 d Õµ ,

x0 - x1 -�4�4�4�- xk 0�4 (6.5)
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Proposition 6.5.Let f be a boundedfunction on X and let k < 1 be an
integer. Thenthesequence

@
I f

,
k - n0 9 Jf

,
k - n0�G convergesto zero in uniform

density.

Proof. Given a sequence
@+,

Mi - Mi : Ni 0�G of intervals with Ni }Ú: ∞ we
show thatfor any f 1 L∞ ,

µ 0 ,
1
Ni

Mi 8 Ni O 1

∑
nR Mi

C I f
,
k - n0 9 Jf

,
k - n0�E 2 } 0 4 (6.6)

Sincethe continuousfunctionsaredense,we canrestrict to the casethat
thefunction f is continuous.

Let g ; ,
g1 - g2 -�4�4�4�- gk 0 andh ; ,

h1 - h2 -�4�4�4	- hk 0 betwo elementsof ÕG> .
Thefour elementsC , 1 -�4�4�4�- 10	- , 1 -�4�4�4 10 E - C , g1 -�4�4�4�- gk 0	- , 1 -�4�4�4	- 10 E -C , 1 -�4�4�4�- 10	- , h1 -�4�4�4�- hk 0�E and C , g1 -�4�4�4�- gk 0	- , h1 -�4�4�4�- hk 0�E

of Gk � Gk belongto H̃ > by formula(6.3).
WeuseCorollary6.1with thesefour elements.Thefour limits givenby

this Corollaryarethesame.Takingdifferences,we have that for m-almost
everys 1 Z, for µs-almostevery

,
x - y0 , for everyg andh 1ÛÕG> , theaverages

on g Mi - Mi : Ni
9 1h of theproduct

� f
,
x0 k

∏
j R 1

f
,
T jng j S x0 9 f

,
x0 k

∏
j R 1

f
,
T jnx0 � S

� f
,
y0 k

∏
j R 1

f
,
T jnh j S y0 9 f

,
y0 k

∏
j R 1

f
,
T jny0 �

convergeto zero.
Let Õm> be the Haar measureof ÕG> . Fix s 1 Z and

,
x - y0Q1 Xs. Recall

that Õµx is theHaarmeasureof thenilmanifold ÕXx ;ÜÕG> _ ÕΛx. Let K � ÕG> be
a fundamentaldomainof the projection ÕG>X} ÕXx. Thenthe imageof the
measure1K S Õm> underthis projectionis equalto a constantmultiple of Õµx.
Similarly, whenL is a fundamentaldomainfor theprojection ÕG> } ÕXy, the
imageof 1L S Õm> underthis projectionis a constantmultiple of Õµy. Taking
the integral for g 1 K andh 1 L with respectto themeasureÕm> in the last
convergencewe have:

For m-almosteverys 1 Z andfor µs-almostevery
,
x - y0 , theaveragesong Mi - Mi : Ni

9 1h of
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� k f
,
x0 k

∏
j R 1

f
,
T jnx j 0 d Õµx

,
x1 - x2 -�4�4�4�- xk 0 9 f

,
x0 k

∏
j R 1

f
,
T jnx0 � S

� k f
,
y0 k

∏
j R 1

f
,
T jny j 0 d Õµy

,
y1 - y2 -�4�4�4�- yk 0 9 f

,
y0 k

∏
j R 1

f
,
T jny0 �

converge to zero.Sincethis holds for m-almostevery s 1 Z and for µs-
almostevery

,
x - y0 , it holdsfor µ � µ-almostevery

,
x - y0u1 X � X. Taking

the integral with respectto µ � µ andusingLemma6.4 we have thecon-
vergence(6.6). ��
7. Jf

,
k - n0 is a nilsequence

In this Sectionwe show that the sequence
@
Jf

,
k - n0�G introducedin Sec-

tion 6.5 is anilsequence.
We first explain the ideabehindthe construction.Two arithmeticpro-

gressionsin X (seethediscussionin thebeginningof Section5) areequiva-
lent if onecanpassfrom oneto theotherusingtranslationby someelement
of ÕG. The strategy of theproof is the following: I f

,
k - n0 is the averageof

thefunction ,
x0 - x1 -�4�4�4�- xk 0c±} f

,
x0 0 f

,
x1 0+4�4�4 f

,
xk 0

on thesetof progressionsof theform
,
x - tnx -�4�4�4	- tknx0 . In Proposition6.5,

we have shown thatup to asmallerror, onecanreplacethisaverageby the
averageon the setof arithmeticprogressionsthat areequivalent to these.
In Proposition7.2, we definea continuousfunction φ

,
y0 , wherey 1 Y is

anequivalenceclassof arithmeticprogressions,thatis exactly thisaverage.
The transformationonY canbeviewedasmultiplying thedifferenceof a
progressionby t, meaningthat,

x0 - x1 - x2 -�4�4�4�- xk 0x±} ,
x0 - t S x1 - t2x2 -�4�4�4�- tkxk 0

inducesthetransformationSonY.

7.1.Thenilsystem
,
Y - ν - S0 .

Wefirstbuild anergodicnilsystem.LetK denotethegroupG̃_VÕG, let p: G̃ }
K bethenaturalprojectionandlet Γ ; p

,
Λ̃ 0 .

Since ÕG_ ÕΛ ;ÝÕG_ ,
Λ̃ 3�ÕG0 is compact,it follows that ÕGΛ̃ is closedin G̃.

ThusΓ is a closedsubgroupof K. It is discretebecauseit is countableand
it is cocompactbecauseGΓ̃ is cocompactin G̃.

LetY denotethenilmanifoldK _ Γ , ν beits Haarmeasure,s ; p
,
t̃ 0?1 K

andSbethetranslationby s onY.
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Lemma 7.1.Thenilsystem
,
Y- ν - S0 is ergodic(andthusis uniquelyergodic

andminimal).

Proof. Weknow thatG̃ is spannedby its connectedcomponentof theiden-
tity andthe elementst∆ and t̃. Sincet∆ 1ÍÕG, it follows that K is spanned
by the connectedcomponentof the identity ands. Thereforeby part 6 of
Theorem4.1 we only have to show that the rotation inducedby S on the
compactabeliangroup K _ ,

K2Γ 0 is ergodic. We identify K _ ,
K2Γ 0 with

G_ ,�,
G̃0 2 ÕGΛ̃ 0 .

Wehave alreadynotedthatthemap

q :
,
g - g1 -�4�4�4�- gk 0c±} ,

g modG2 - g1 modG2 0
inducesan isomorphismfrom G̃_ ,

G̃0 2 onto
,
G_ G2 0V� ,

G_ G2 0 . We have
q
, ÕG0x; @+,

u - u0 : u 1 G_ G2 G and

q
,
Λ̃ 0c; @+,

λ modG2 - λ ¡ modG2 0 : λ - λ ¡ 1 Λ Gº4
Thereforethe map

,
g - g1 -�4�4�4�- gk 0u±} g1gO 1 modG2Λ inducesan isomor-

phism
K _ ,

K2Γ 0c; G̃_ C , G̃0 2 ÕGΛ̃ E } G_ ,
G2Λ 0�4

Theimageof s underthis mapis equalto the imageof t underthenatural
projectionG ±} G_ G2Λ . As X is ergodic,therotationby thiselementof the
compactabeliangroupG_ G2Λ is ergodic.Therefore,therotationinduced
by SonK _ ,

K2Λ 0 is ergodic. ��
7.2.Two examples

We give a descriptionof thenilsystem
,
Y- ν - S0 whenX is eachof thetwo

systemsdescribedin Subsection4.2.
We first study the generalcaseof an ergodic 2-stepnilsystem

,
X ;

G_ Λ - µ - T 0 , assumingthathypotheses(H) and(L) aresatisfied.Thecom-
mutatormap

,
g - h0c±}Òg g- hh is anantisymmetricbilinearmapfrom G � G to

G2 andit is trivial onG2 � G andonG � G2. Thereforeit inducesabilinear
mapB : G_ G2 � G_ G2 } G2.

Wehave:

G̃ ; J ,
g - gg1 - gg2

1g2 0 : g- g1 1 G - g2 1 G2 LÕG ; J ,
h - hh2 - hh2

2 0 : h 1 G - h2 1 G2 L 4
Let K ¡!; ,

G_ G2 0Z� G2 with multiplicationgivenby,
v- w0�· ,

v¡ - w¡ 0Z; C vv¡ - ww¡ B ,
v- v¡ 0 E 4

Thenit is easyto checkthatK ¡ is agroupandthatthemap,
g- gg1 - gg2

1g2 0c±} ,
g1 modG2 - g2 0
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is a grouphomomorphismfrom G̃ onto K ¡ . The kernelof this homomor-
phismis ÕG. Thereforewe canidentify thegroupsK ; G̃_NÕG andK ¡ . Under
this identification,Γ is equalto M � @

1 G , whereM is the imageof Λ in
G_ G2 underthenaturalprojectionG } G_ G2. Theelementsof K is

,
β - 10 ,

whereβ is theimageof t in G_ G2 underthenaturalprojection.

7.2.1.Theexampleof Section4.2.1 HereG_ G2 ;�AË��n andG2 ; @
0 G¸�@

0 GW��n is identifiedwith n . We have K ;lA���nT��n , Γ ;lA�� @
0 G¸� @

0 G
ands ; ,

1 - α - 00 . ThebilinearmapB:
, A���n�0x� , AÞ��n�0m}Än is givenby

B C , k - x0	- , k¡ - x¡ 0�E7; 2
,
kx¡ 9 k¡ x0

andmultiplicationon K is givenby,
k - x - y0"· ,

k¡ - x¡ - y¡ 0c; C k : k¡ - x : x¡ - y : y¡ : 2
,
kx¡ 9 k¡ x0�E/4

The map
,
k - x - y0X±} ,

x - y : 2kx0 inducesa homeomorphismof Y ; K _ Γ
onto n 2, mappingtheHaarmeasureof Y to theHaarmeasurem

s � m
s

ofn 2. Underthis identificationof Y with n 2, the transformationS takesthe
form

S
,
x - z0Z; ,

x : α - z : 2α : 4x0V4
ThusY is a factorof X, with factormap

,
x - y0�±} ,

x - 2y0 .
7.2.2.Theexampleof Section4.2.2 Weusethereducedrepresentationof
thissystem.HereG_ G2 ;�z��®z , K ;Þz��®zß�¬n , Γ ;ËAÞ�¼A�� @

0 G ands ;,
t1 - t2 0 . For

,
x - y0 and

,
x¡à- y¡'0Z1 G_ G2 ;ËzT�¬z , B C , x - y0	- , x¡Ö- y¡�0�E�; xy¡ 9 x¡ y.

Themultiplicationin K is givenby,
x - y- z0"· ,

x¡ - y¡ - z¡ 0c; ,
x : x¡ - y : y¡ - z : z¡ : xy¡ 9 x¡ y0�4

7.3.A nilsequence

Proposition 7.2.Let
,
Y - ν - S0 betheergodicnilsystemof Lemma7.1.Let f

bea boundedfunctiononX andlet k < 1 bean integer. Thenthere existsa
continuousfunctionφ onY such thatJf

,
k - n0�; φ

,
SneY 0 for everyinteger n,

whereeY denotesthebasepoint in Y. In particular, thesequence
@
Jf

,
k - n0�G

is a basicnilsequence.

Proof. Definethefunctionψ on G̃ by

ψ
,
g0 - g1 -�4�4�4�- gk 0c;lk Ù

X

k

∏
j R 0

f
,
g j S x j 0 d Õµ ,

x0 - x1 -�4�4�4�- xk 0�4 (7.1)

Thefunctionψ is clearlycontinuousandsatisfiesψ
,
t̃n 0�; Jf

,
k - n0 for every

integern.
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ThemeasureÕµ is invariantunder(left) translationby elementsof ÕG by
definition,andby left translationby elementsof Λ̃ by Lemma6.3.Thusthe
functionψ is invariantunder(right) translationsby elementsof ÕGΛ̃ .

Writing r for thenaturalprojectionG̃ } Y ; G̃_ ÕGΛ̃ , we get that there
existsa continuousfunctionφ onY with ψ ; φ o r. For every integern we
have r

,
t̃n 0x; sneY andthusJf

,
k - n0Z; φ

,
SneY 0 . ��

7.4.A decomposition

Wearereadyto prove Theorem1.9.

Proof. Assumethatk < 1 is anintegerandlet f 1 L∞ ,
µ 0 . Without lossof

generality, we canassumethat Ç f Ç ∞ \ 1.
Let f̃ ;�~ ,

f w ¾ k
,
X 0�0 . Thenby Corollary4.6 thesequence

@
I f

,
k - n0 9

I f̃

,
k - n0�G convergesto zeroin uniform density. Thusit sufficesto prove the

theoremfor the function f̃ substitutedfor f , meaningthatwe canassume
that f is measurablewith respectto Zk

,
X 0 .

Zk
,
X 0 is theinverselimit of asequenceof ergodick-stepnilsystems(see

Section4.4).Let r bea positive integer. Thereexistsa factorX ¡ of Zk
,
X 0 ,

which is ak-stepnilsystem,suchthatÇ f 9 ~ ,
f w . ¡ 0�Ç 1 \ 1_ ,

k : 10 r 4
Let f ¡m;q~ ,

f w X ¡á0 . For every n, w I f
,
k - n0 9 I f â , k - n0 w \ 1_ r. By Proposi-

tion 6.5andProposition7.2thesequence
@
I f â , k - n0�G canbedecomposedas

a sumof a k-stepnilsequenceanda sequencetendingto zeroin uniform
density. We thushave

I f
,
k - n0x; ar

,
n0+: br

,
n0+: cr

,
n0

where w ar
,
n0 w \ 1_ r for everyn, UD-Lim br

,
n0½; 0 andcr

,
n0 is anelemen-

taryk-stepnilsequence.For s `; r we have

cr
,
n0 9 cs

,
n0Z; C ar

,
n0 9 as

,
n0�EZ: C br

,
n0 9 bs

,
n0�E/4

Wehave UD-Lim C br
,
n0 9 bs

,
n0 E ; 0 andsupn w ar

,
n0 9 as

,
n0 w \ 1_ r : 1_ s.

Thusby Lemma1.11,synd-supw cr
,
n0 9 cs

,
n0 w \ 1_ r : 1_ s. Sincethe se-

quence
@
cr

,
n0 9 cs

,
n0�G is a nilsequence,supn w cr

,
n0 9 cs

,
n0 w \ 1_ r : 1_ s.

Therefore
@
cr

,
n0�G is a Cauchysequencein [ ∞ for uniform convergence,

and it converges uniformly to somesequence
@
c
,
n0�G . This sequenceis

a k-step nilsequenceand one can immediatelycheck that the sequence@
I f

,
k - n0 9 c

,
n0�G convergesto zeroin uniform density. ��
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8. Proof of Theorem 1.2

Theorem1.2follows immediatelyfrom thenext one,with f ; 1A.

Theorem 8.1.Let
,
X - µ - T 0 beanergodicsystemand f anonnegativebounded

functiononX. Then

synd-supI f
,
2 - n0V<ã��k f dµ � 3 4 (8.1)

synd-supI f
,
3 - n0V<ã� k f dµ � 4 4 (8.2)

Let ussummarizethestepsalreadyproved.Let k beequalto either2 or
to 3.Weproceedasin theproofof Theorem1.9,first replacingf by its con-
ditional expectationon Zk

,
X 0 andthenby its conditionalexpectationon a

k-stepnilsystemfactorof Zk
,
X 0 . We notethat theoperatorsof conditional

expectationpreserve the integral. By Corollary 4.5 andLemma1.11 the
first conditionalexpectationdoesnot changethesynd-supof thesequence@
I f

,
k - n0�G ; if the k-stepnilsystemis well chosenthe secondexpectation

changesthesynd-supof thissequenceby lessthanany givenpositive num-
ber. Thereforewe areleft with showing the theoremunderthe additional
hypothesisthat

,
X - µ - T 0 is an ergodic k-stepnilsystem.We usethe nota-

tion of Sections5, 6 and7.
By Proposition6.5,thedifferencebetweenthesequences

@
I f

,
k - n0�G and@

Jf
,
k - n0�G convergesto zeroin uniformdensityandthusthey havethesame

synd-supby Lemma1.11.Let φ bethefunctiononY definedasin Propo-
sition 7.2 andlet ψ be the functionon G̃ definedby Equation(7.1) in the
proof of thesameproposition.Since

,
Y - S0 is minimal,wehave

synd-supJf
,
k - n0x; synd-supφ

,
SneY 0Z; sup

n
φ

,
SneY 0; sup

yd Y
φ

,
y0Z; sup

g d G̃
ψ

,
g0V4

andwe arereducedto showing that

sup
gd G̃

ψ
,
g0?< � k f dµ � k8 1

(8.3)

for k ; 2 andk ; 3.

8.1.Onemore reduction.

Recallthat thegroupGk is connectedandclosed.SinceG is k-stepnilpo-
tent,Gk is includedin thecenterof G andsois abelian.By hypothesis(L),
Gk 3 Λ ; @

1 G andthusGk is compact.More precisely, Gk is a torus.We
write mk for its Haarmeasure.
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Let G¡D; G_ ,
GkΛk O 1 0 , p : G } G¡ be thenaturalprojection,t ¡D; p

,
t 0

andΛ ¡�; Λ _ Λk O 1.
ThenG¡ is a

,
k 9 10 -stepnilpotentLie groupbut weactuallyconsiderit

asa k-stepnilpotentgroup.Λ ¡ is a discretecocompactsubgroupof G¡ . We
write X ¡ ; G¡ _ Λ ¡ , µ ¡ for its HaarmeasureandT ¡ for the translationby t ¡
on X ¡ . ,

X ¡ - µ ¡ - T ¡ 0 is a
,
k 9 10 -stepnilsystembut we actuallyconsiderit as

ak-stepnilsystem.Thissystemis a factorof
,
X - µ - T 0 in anaturalway. Let

q : X } X ¡ bethefactormap.For any boundedfunction f onX we have~ ,
f w X ¡ 0 , q ,

x0�0�; k
Gk

f
,
u S x0 dmk

,
x0u4 (8.4)

Thehypotheses(H) and(L) aresatisfiedandthuswe canbuild thegroupsÓG¡ , 9}
G¡ ,. . . and the nilmanifolds

9}
X ¡ ,. . . associatedto G¡ and X ¡ , with the

sameproperties.

We notethat
,
Gk 0 k 8 1 � G̃ andthusthat ÓG¡ ; G̃_ ,

Gk 0 k 8 1. Also,
9}
X ¡ is

the imageof ÕX underthe naturalprojectionXk 8 1 } X ¡ k 8 1 andthe Haar
measureÕµ ¡ is theimageof Õµ underthesamemap.

Let f be a boundedfunction on X, ψ the function on G̃ associatedto
f asabove, f ¡ ;r~ ,

f w X ¡ 0 andψ ¡ the functionon ÓX ¡ associatedto f ¡ . By
Equation(8.4), wehave

ψ ¡ C p ,
g0 0	- p ,

g1 0	-�4�4�4�- p ,
gk 0 E;rk a Gk b k Á 1

ψ
,
u0g0 - u1g1 -�4�4�4�- ukgk 0 dmk

,
u0 0 dmk

,
u1 0?4�4�4 dmk

,
uk 0V4

In particular, supg d G̃ ψ
,
g0W< supgâädcåGâ ψ ¡ , g¡ 0 . Since f ¡ is nonnegative and

hasthesameintegral as f , we areleft with showing inequality(8.3) with
G¡ substitutedfor G, f ¡ substitutedfor f andψ ¡ substitutedfor ψ . In other
wordswe canassumewithout lossthatG is

,
k 9 10 -stepnilpotentandthat

Λk O 1 ; Gk O 1 3 Λ is trivial.
Note thatGk 8 1

k O 1 is not includedin G̃. For this reason,thesamemethod
cannotbeusedto reducethelevel of thenilmanifoldonceagain.

8.2.Thecasek ; 2.

In this casewe canassumethatG is a compactabeliangroupandthatΛ is
trivial. Wehave X ; G andµ is its Haarmeasure.Thenilmanifold ÕX is the
diagonal J ,

x - x - x0 : x 1 X L andits HaarmeasureÕµ is theimageof µ under
themapx ±} ,

x - x - x0 .
Let f bea boundedfunctionon X andlet ψ betheassociatedfunction

on G̃. For
,
g0 - g1 - g2 0?1 G̃ we have

ψ
,
g0 - g1 - g2 0Z;�k

X
f
,
g0x0 f

,
g1x0 f

,
g2x0 dµ

,
x0
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andthus

sup
g d G̃

ψ
,
g0N< ψ

,
1 - 1 - 10?; k

X
f
,
x0 3 dµ

,
x0V<ã� k

X
f dµ � 3

andtheproof is complete.

8.3.Thecasek ; 3.

In this casewe canassumethatG3 is trivial andthatG2 3 Λ is trivial. G2
is connected,compactandincludedin thecenterof G andthusis abelian.
Thereforeit is a torus.Wewrite m2 for its Haarmeasure.Wehave

G̃ ;ÍJ ,
g- gh- gh2u - gh3u3 0 : g - h 1 G - u 1 G2 L ;ÕX ; J ,
x - v S x - v2 S x - v3 S x0 : x 1 X - v 1 G2 L

and Õµ is theimageof µ � m2 underthemap
,
x - v0�±} ,

x - v S x - v2 S x - v3 S x0 .
Let f bea boundedfunctionon X andlet ψ betheassociatedfunction

on G̃. For
,
g- gh- gh2u - gh3u3 0?1 G̃,

ψ
,
g- gh- gh2u - gh3u3 0;lkq��k f

,
g S x0 f

,
ghv S x0 f

,
gh2uv2 S x0 f

,
gh3u3v3 S x0 dm2

,
v0 � dµ

,
x0X4

Wehave

sup
g d G̃

ψ
,
g0N< k

G2

�
G2

�
G2

ψ
,
g - gh- gh2u - gh3u3 0 dm2

,
g0 dm2

,
h0 dm2

,
u0

; k
X

� k
G2

�
G2

�
G2

f
,
g S x0 f

,
ghv S x0 f

,
gh2uv2 S x0 f

,
gh3u3v3 S x0

dm2
,
v0 dm2

,
g0 dm2

,
h0 � dµ

,
x0; k

X
� k

G2

�
G2

�
G2

f
,
g S x0 f

,
h S x0 f

,
hw S x0 f

,
gw3 S x0 (8.5)

dm2
,
g0 dm2

,
h0 dm2

,
w0 � dµ

,
x0u4

Let tG2 be thedual groupof thecompactabeliangroupG2, that is the
groupof continuousgrouphomomorphismsfromG2 to thecircle.Forx 1 X
we write pfx for theFourier transformof the function fx definedon G2 by
fx

,
u0x; f

,
u S x0 :

for γ 1 tG2 - pfx , γ 0Z; k
G2

f
,
u S x0 γ ,

u0 dm2
,
u0u4

Theinnerintegral in thedoubleintegral (8.5) is equalto

∑
γ d�æG2

w pfx , γ 0 pfx , γ3 0 w 2 < fff pfx , 10 fff 4 ; fff k f
,
u S x0 dm2

,
u0 fff 4
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Weobtain

sup
g d G̃

ψ
,
g0N< k fff k f

,
u S x0 dm2

,
u0 fff 4dµ

,
x0

<ç�)k f
,
u S x0 dm2

,
u0 dµ

,
x0 � 4 ;è��k f dµ � 4

andtheproof is complete.

Appendix: a combinatorial example by Imr e Ruzsa (proof of Theo-
rem 2.4)

Weusethedefinitionsof Section2.2.

Lemma 8.2.Letd 6 0 bean integer anda0 - a1 -�4�4�4�- a4 fivepointsin z d , all
havingthesameEuclideannormandsatisfyingtherelations

a0
9 3a1 : 3a2

9 a3 ; 0 - (8.6)
a1

9 3a2 : 3a3
9 a4 ; 0 4 (8.7)

Thenthesepointsare equal.

Proof. By addingrelations(8.6)and(8.7), we have that

a0 : 2a3 ; a4 : 2a1 4
Settings ; ,

a0 : 2a3 0�_ 3, a ; a1
9 sandb ; a3

9 s, we have

a0 ; s 9 2b ; a1 ; s : a ; a2 ; s : a : b ; a3 ; s : b ; a4 ; s 9 2a 4 (8.8)

Taking the squareof the norm of thesevectorsandsubtracting Ç s Ç 2, we
find thatthefive following numbersareequal:Ç a Ç 2 : 2 ´ a - sµ ; (8.9)

4 Ç a Ç 2 9 4 ´ a - sµ ; (8.10)Ç b Ç 2 : 2 ´ b - sµ ; (8.11)

4 Ç b Ç 2 9 4 ´ b - sµ ; (8.12)Ç a Ç 2 :rÇ b Ç 2 : 2 ´ a - bµD: 2 ´ a - sµD: 2 ´ b - sµ74 (8.13)

Equalitybetween(8.9) and(8.10)yields ´ a - sµN;çÇ a Ç 2 _ 2, andtheequality
(8.11) ; (8.12) yields ´ b - sµX;éÇ b Ç 2 _ 2. From equality (8.9) ; (8.11), we
have that Ç a Ç7;çÇ b Ç . The commonvalueof the four first numbersis then
2 Ç a Ç 2, and (8.13) is equalto 4 Ç a Ç 2 : 2 ´ a - bµ . As thesevaluesareequal,´ a - bµZ; 9 Ç a Ç 2 andthis is possibleonly if b ; 9 a. Now ´ a - sµ�; 9 ´ a - sµx;Ç a Ç 2 andso indeeda ; b ; 0. We concludethata0 ; a1 ; a2 ; a3 ; a4.��
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Fromthispoint theproof follows theline of Behrend’s argument[Beh]
for three-termarithmeticprogressions.Let m- d - r bepositive integers,and
let Λ bedefinedto beJ x0 : x1m :ËS�S�S�: xd O 1md O 1 : xi 1BAº- 0 \ xi ê m_ 4 - d O 1

∑
i R 0

xi ; r L 4 (8.14)

WeclaimthatΛ doesnotcontainany QC5.Let P beaquadraticinteger
polynomialsuchthat P

,
00	- P ,

10	-�4�4�4�- P ,
40 belongto Λ . For j ; 0 - 1 -�4�4�4	- 4

we write

P
,
i 0x; d O 1

∑
j R 0

xi ¥ j mj with xi ¥ j 1BAº- 0 \ xi ¥ j ê m_ 4 - d O 1

∑
i R 0

xi ¥ j ; r 4
TheintegersP

,
00	- P ,

10	-�4�4�4�- P ,
40 arerelatedby theequations:

P
,
00 9 3P

,
10D: 3P

,
20 9 P

,
30c; 0 andP

,
10 9 3P

,
20D: 3P

,
30 9 P

,
40c; 0

andwe have that
d O 1

∑
j R 0

C x0¥ j 9 3x1 ¥ j : 3x2 ¥ j 9 x3 ¥ j E mj ; 0 ;

d O 1

∑
j R 0

C x1¥ j 9 3x2 ¥ j : 3x3 ¥ j 9 x4 ¥ j E mj ; 0 4
Theleft handsideof eachof theseequationsis thevalueatmof somepoly-
nomial whosecoefficientsareintegersbelongingto the interval

, 9 m- m0 .
As m is a rootof thispolynomial,it is identicallyzeroand

x0¥ j 9 3x1 ¥ j : 3x2 ¥ j 9 x3 ¥ j ; 0 andx1 ¥ j 9 3x2¥ j : 3x3 ¥ j 9 x4¥ j ; 0

for j ; 0 - 1 -�4�4�4	- d 9 1. Thefivepointsa0 - a1 -�4�4�4�- a4 1Mz d givenby

ai ; ,
xi ¥ 0 - xi ¥ 1 -�4�4�4�- xi ¥ d O 1 0

satisfyrelations(8.6) and(8.7) andall have thesameEuclideannorm.By
Lemma8.2they areequalandthusP

,
00½; P

,
10�;ÛS�S�S); P

,
40 ; P is constant

andourclaim is proven.

For d - m given,let F bethesetof integersof theform x0 : x1m :ËS�S�S�:
xd O 1md O 1 wherexi 1¶A and0 \ xi ê m_ 4 for 0 \ i \ d 9 1. If two vec-
tors

,
x0 - x1 -�4�4�4�- xd O 1 0 and

,
x¡0 - x¡1 -�4�4�4�- x1d 9 10 of this form give the same

elementof F, then
d O 1

∑
i R 0

,
xi

9 x¡i 0 mi ; 0

andby thesameargumentasabovethevectors
,
x0 - x1 -�4�4�4�- xd O 1 0 and

,
x¡0 - x¡1 -�4�4�4�- x¡d O 1 0

areequal.Therefore,F hasat least
,
m_ 40 d elementsandthereexistsr, 0 \

r ê d
,
m_ 40 2, suchthatthesetΛ definedby (8.14)hasatleast

,
m_ 40 d O 2d O 1

elements.Note thatΛ � @
0 -�4�4�4	- L 9 1 G for L ; md. Choosingm ; 2d, we

have asetΛ of theannouncedorderof magnitude. ��
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