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Abstract. Aiming atasimultaneousxtensionof KhintchinesandFursten-
bey’'s Recurrenceheoremswe addresghe questionif for a measurere-
servingsystem(X,X, u,T) anda setA € X of positve measurethe set
of integersn suchthat y(ANT"ANTZ"AN...NTYA) > (A —¢is
syndetic.The size of this set, surprisinglyenough,dependwn the length
(k+ 1) of the arithmetic progressionunder considerationln an ergodic
system/for k = 2 andk = 3, this setis syndetic,while for k > 4 it is not.
The maintool is a decompositiorresultfor the multicorrelationsequence
LE)F(T™) fF(T2X)... f(T"X) du(x), wherek andn arepositive integers
andf is aboundedneasurabléunction.We alsoderive combinatoriatcon-
sequencesf theseresults for exampleshaving thatfor a setof integers
with upperBanachdensityd*(E) > 0 andfor all € > 0, theset

{neZ:d*(EN(E+n)N(E+2n)N(E+3n)) > d*(E)*—¢}
is syndetic.

1. Intr oduction
1.1. Ergodictheoryresults

We bagin by recalling two classicalresultsof early emgodic theory Let
(X, X, u, T) beameasurgreservingorobability systemwith aninvertible

* The first authorwas partially supportedby NSF grant DMS-0245350and the third
authorwaspartially supportecby NSFgrantDMS-0244994.
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measuregpreservingtransformationt . (For brevity, we call (X,X,u,T) a
systen) Let A € X be a setof positve measureThe PoincaréRecurrence
Theoremstateghat

U(ANT"A) > 0 for infinitely manyvaluesof n.

The Khintchine RecurrencelTheorem[K] statesthat the measureu(AN
T"A) is ‘large’ for mary valuesof n. Beforestatingtheresultpreciselywe
needa definition:

Definition 1.1. A subsek of theintegers Z is syndeticif Z canbecovered
by finitely manytranslatesof E.

In otherwords,E hasboundedyaps meaninghatthereexistsaninteger
L > 0 suchthatevery intenval of lengthL containsat leastoneelementof
E.

In [K], KhintchinestrengthenethePoincaréRecurrencd heoremshaw-
ing thatunderthe sameassumptions:

Foreverye >0, {n€ Z: u(ANT"A) > u(A)?— e} is syndetic.
More recently Furstenbeg proveda Multiple Recurrenc&d heorem:

Theorem (Furstenberg [F1]). Let(X,X, u,T) beasystemlet A€ X bea
setwith u(A) > 0andletk > 1 aninteger. Then

N-1

1
liminf ——— ANT"ANTZ2AN---NTKA) >0.
VL N 2, HANTIANTRAR - ATEA) =

Theliminf is actuallyalimit; see[HK]. (Seealso[Z2].)

In particular thereexistinfinitely mary integersn suchthaty (ANT"AN
T2'AN---NTK'A) > 0. Furstenbeg’s Theoremcanthusbe considerechs
a far reachinggeneralizatiorof the PoincaréRecurrencel heoremwhich
corresponds$o k = 1. Ourinterestis in the existenceof atheoremthathas
the samerelationto the Khintchine Recurrenc& heoremas Furstenbag's
Theoremhasto the PoincaréRecurrencéheorem.More precisely under
the sameassumptionsve askif theset

{nez: u(ANT"AN---NTKA) > p(A)FF -} (1.1)

is syndeticfor every positive integer k andevery € > 0. While it follows
from Furstenbeg’s Theoremthatfor someconstantc = c¢(A) > 0, the set
{neZ: u(ANT"AN---NTXA) > ¢} is syndeticwe areaskingif this can
be strengthenetb malke the setin (1.1) syndeticfor every positive integer
kandc= p(A)**! — ¢ for every e > 0.

Underthe hypothesiof ergodicity, the answelis positive for k=2 and
k = 3 andsurprisinglyenoughjs negatwve for all k > 4. Undertheassump-
tion of ergodicity, we generalizéhe KhintchineRecurrencd heorem:
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Theorem 1.2.Let (X, X, u, T) beanergodicsystemandlet A € X bea set
of positivemeasue. Thenfor every ¢ > 0, thesubsets

{neZ:u(ANT"ANT?A) > u(A)®—¢} (1.2)
and
{neZ: u(ANT"ANTPANTHA) > u(A)* - €} (1.3)

of Z are syndetic.

While ergodicity is notneededor Khintchines Theoremit is essential
in Theorem1.2. Theorem2.1 provides a countergample in the general
(nonegodic)case.

For arithmeticprogressionsf length> 5, theresultanalogouso Theo-
rem1.2doesnothold. Usingtheresultof Ruzsacontainedn the Appendix,
in Section2.3we shav

Theorem 1.3. Thee existsan ergodic system(X, X, u, T) sud that for all
integers £ > 1, there existsa setA = A(¢) € X with u(A) > 0and

p(ANTANTZANTIANTYA) < p(A)/2 (1.4)
for everyinteger n #£ 0.

In fact,we find the slightly betterupperboundpi(A) ~€°9#(A) for someset
A of positive arbitrarily smallmeasurendsomepositive constant.

1.2. Combinatorialresults

We recalladefinition:

Definition 1.4. TheupperBanachdensityof a subseE of Z is:

d (E)_Nllmm’agngﬂ [M,M+N-1]|.

Note that the limit exists by subadditiity andis the infimum of the
sequencef-urstenbeag usedhis Multiple Recurrencd heoremto malke the
beautifulconnectiorbetweenergodic theoryandcombinatoricsand prove
Szemeréds Theorem:

Theorem (Szemerédi[S]). A subsetof integers with positiveupper Ba-
nad densitycontainsarithmeticprogressionof arbitrary finite length.

Usingavariationof Furstenbeag’s Correspondenderinciple(Propositior3.1)
andTheoreml.2,we immediatelydeduce:
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Corollary 1.5.Let E bea setof integers with positiveupperBanad den-
sity. Thenfor everye > 0, thesets

{nez:d*(EN(E+n)N(E+2n)) >d*(E)*-¢}
and
{nez:d*(EN(E+n)N(E+2n)N(E+3n)) >d*(E)*—¢}
are syndetic.

Roughly speaking this meansthat given a setE with positive upper
Banachdensity for ‘many’ valuesof n, E containsmany’ arithmeticpro-
gression®f length3 (or of length4) with differencen. (The differenceof
thearithmeticprogressio{a,a+n,...,a+ kn} is theintegern > 0.)

Thefollowing resultfollows from the proof of Theoreml.3 andshawvs
thattheanalogousesultdoesnot hold for longerprogressions:

Corollary 1.6.For every positiveinteger ¢, there exists a set of integers
E = E(¢) with positiveupperBanat densitysud that

d*(EN(E+n)N(E+2n)N(E+3n)N(E+4n)) <d*(E)"/2
for everynonzeo integer n.

1.3. Nilsequences

We now explain the mainideasbehindthe emgodictheoreticresultsof Sec-
tion1.1.

Fix anintegerk > 1. Given an emgodic system(X,X, 4, T) and a set
A € X of positve measurethe key ingredientfor our ergodic resultsis the
analysisof thesequence

H(ANT"ANTZAN---NTKA) .

More generallyfor arealvaluedfunction f € L*(u), we considethemul-
ticorrelationsequence

I¢(k,n) = / F) - F(T) .. F(TE%) dpa(x) - (L5)

Whenk = 1, Hemlotz's Theoremstatesthat the correlationsequence
I+(1,n) is the Fouriertransformof somepositive finite measures = g5 on
thetorusT:

l¢(1,n) ::/f-foT“dp:&(n) ::/Tezn"‘tda(t).

By decomposinghe measuras into its continuouspart o© andits discrete
partad, we canwrite the sequencés (1,n) asthe sumof two sequences

I¢(1,n) = a%(n) + ad(n) .

Thesequencd o®(n)} tendsto 0 in uniform density:
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Definition 1.7.Let {a, : n € Z} be a boundedsequenceWe say that aj
tendsto zeroin uniform density andwewrite UD-Lim a, = 0, if

M+N-1

lim su ! lan| =0
N—>+°°M€§M n;v‘ o

Equialently UD-Lima, = 0 if andonly if for ary € > 0, the set{n ¢
Z : |an| > €} hasupperBanachdensityzero (cf. Bergelson[Ber], defini-
tion 3.5).

Thesequencéa\d(n)} is almostperiodic andhencethereexistsacom-
pactabeliangroupG, a continuousealvaluedfunction on G, anda € G

suchthatod(n) = @(a") for all n.

ThecompactabeliangroupG is aninverselimit of compactabelianLie
groups.Thusary almostperiodicsequenceanbeuniformly approximated
by analmostperiodicsequencearisingfrom a compactbelianLie group.

Wefind asimilardecompositiorior themulticorrelationsequencek (k, n)
for k > 2. Thenotionof analmostperiodicsequencés replacedby thatof
anilsequencewhichwe now define:

Definition 1.8.Letk > 1 be an integer andlet X = G/A be a k-stepnil-
manifold. Let ¢ be a continuousreal (or comple&) valuedfunctionon G
andletae Gandee X. Thesequencd ¢(a" - e)} is calleda basick-step
nilsequenceA k-stepnilsequencas a uniform limit of basick-stepnilse-
quences.

(For the precisedefinition of a nilmanifold, seesection4.1.) Note that
a 1-stepnilsequencés the sameasanalmostperiodicsequenceExamples
of 2-stepnilsequencearegivenin Section4.3.

While an inverselimit of compactabelianLie groupsis a compact
group, an inverselimit of k-stepnilmanifoldsis not, in general,the ho-
mogeneouspaceof somelocally compactgroup (seeRudolph[R]). This
explainswhy the definition of a nilsequences not a direct generalization
of thedefinitionof analmostperiodicsequence.

Thegeneradecompositiomesultis:

Theorem 1.9.Let (X, X, u,T) be an ergodic systemJet f € L*(u) and
let k > 1 be an integer. Thesequencels(k,n)} is the sumof a sequence
tendingto zeo in uniformdensityand a k-stepnilsequence

We explainhow Theoremsl.9andl.2 arerelated.

Definition 1.10.Let{a, : n € Z} be a boundedsequencef real numbes.
Thesyndeticsupremunof this sequences

synd-sum@, := sup{c eR:{neZ:a,>c}is syndetic} )
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In Section4.3, we shawv that the syndeticsupremumof a nilsequencéds
equalto its supremum.
We usethefollowing simplelemmaseveraltimes:

Lemmal.11.Let {a,} and {b,} betwo boundedsequencesf real num-
bers. If UD-Lim(a, — b,) = 0, thensynd-sum, = synd-su,.

Thereforethesyndeticsupremumsf thesequence$u (ANTNANT2NA)}
and{u(ANT"ANTZ"ANT3"A)} areequalto the supremumsf theassoci-
atednilsequenceandwe arereducedo shaving thatthey aregreaterthan
or equalto (A)2 andu(A)4, respectiely. Thisis carriedoutin Section8,
completingthe proof of Theoreml..2.

1.4. Corventionsandnotation

Given a system(X,X, u,T), in generalwe omit the o-algebrafrom our
notationandwrite (X, u,T).

For a system(X, u,T), afactor is usedwith two meaningsit isaT-
invariantsub-c-algebray or a system(Y,v,S) anda measurablenap 17 :
X =Y suchthatmu = v andSe im= mmo T. Thesetwo definitionscoincide
underthe identificationof the o-algebray of Y with the invariantsub-o-
algebrarr1(Y) of X.

In aslight akluseof vocalulary, we saythatY is afactorof X. If f isan
integrablefunctionon X, we denotethe conditionalexpectationof f onthe
factory by E(f | Y). We write E(f | Y) for the functiononY definedby
E(f | Y) =E(f | Y) o . This expectationis characterizedby

forallge L°(v), / f-gonduzflE(f |Y)-gdv.
X Y

Throughoutthe article, we implicitly assumethat the term “bounded
function” meansoundedandmeasurable.

1.5. Outlineof the paper

In Section2, we constructtwo examples the first shawving that ergodicity
is anecessargssumptiorior Theoreml.2andthe secondacountergam-
ple for progression®f length > 5 (Theorem1.3). In Section3, we usea
variantof Furstenbey’s CorrespondencBrincipleto derive combinatorial
consequencesf the emgodic theoreticstatementsThe bulk of the paperis

devotedto describinghe decompositiorof multicorrelationsequenceand
proving Theoreml.2. We startby reviewing nilsystemsand construction
of certainfactorsin Section4, andthenin Section5 explicitly describethe
limit of an averagealongarithmeticprogressionsn a nilsystem.In Sec-
tion 6, we introducetechnicalnotionsneededor thedecompositiorandin
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Section7 we completethe proof of thedecompositionSection8 combines
theseresultsandprovesTheoreml.2.

Acknowledgments We thankl. Ruzsafor the combinatorialconstruction
(containedn the Appendix)whichis the startingpoint for the construction
of thecountergampleof Theoreml.3.We alsothankE. Lesignefor point-

ing usto the versionof the CorrespondencBrinciplewe useandA. Leib-

manfor usefulexplanationsaboutnilsystems.

2. Combinatorial and ergodic counterexamples

In this section,c denotesa universalconstantwith the understandinghat
its value may changefrom one useto the next. Let my denotethe Haar
measure@nthetorusT = R/Z.

2.1. A counteexamplefor a nonegodic system

In orderto showv that egodicity is necessaryn Theoreml.2, we usethe
following resultof Behrend:

Theorem (Behrend [Beh]). For every integer L > O, there existsa sub-
setA of {0,1,...,L — 1} havingmore thanL exp(—c,/logL) elementshat
doesnot containany nontrivial arithmeticprogressionof length3.

Theorem 2.1. Thek existsa (nonegodic) system(X, u, T) and, for every
integer £ > 1, there existsa subsetA of X of positivemeasue sothat

1

p(ANTPANT?A) < Eu(A)f . (2.1)

for everynonzeo integer n.

We actually constructa set A of arbitrarily small positve measurewith
H(ANTTANT2NA) < p(A)~CloglH(A) for everyintegern # 0 andapositive
universalconstant.

Proof. Let X =T x T, endaved with its Haarmeasureu = mg x mp and
with the transformationT givenby T(x,y) = (X,y+ X). Let A bea subset
of {0,1,...,L — 1}, notcontainingary nontrivial arithmeticprogressiorof

length3. Define

B [ J 42, 2.2)

which we considerasa subsebf thetorusandsetA =T x B.
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For everyintegern # 0 we have T"(x,y) = (x,y+ nx) and
p(ANTANT?A)
= [ 100y La(y-+ m)La(y+2m) dme(y) dmr (9

_//qmr y)1a(y+x)1(y+2x) dmp(y) dmyr(x) .

We now boundthislastintegral.Let x,y € T be suchthatthe expression
in thisintegral is nonzero.Thethreepointsy,y+ x andy + 2x belongto B
andwe canwrite

_ 0 i Kk
y—2L+a y+X= 2L+b y+2X= 2L+C

for integersi, j, k belongingto A anda,b,c € [0,1/4L) (mod 1). Then

i—2j+k -1 1
— = =—-a+2b— ce(ZL 2L)

andthusi — 2j + k = 0. Theintegersi, j, k form an arithmeticprogression
in A andso the only possibility is thatthey areall equal,giving thatthe

threepointsy,y+ X,y + 2x belongto the samesubinteral of B. Therefore,
x€ (—=1/(8L),1/(8L)) (mod 1) and,for everyn# 0,

H(ANTANTZA) //XT ¥)1s(y+x)1s(y + 2x) dmp(y) dmp(x)
<Mr(B)

- 4L
We have mp(B) = |A|/(4L). By Behrends Theoremwe canchooseA of

cardinalityontheorderof L exp(—c,/logL). By takingL sufficiently large,
aneasycomputatiorgivesthebound(2.1). O

2.2.Quadatic configuations

Out next goalis to shawv thatthe resultsof Theorem1.2 do not hold for
arithmeticprogressiorof length> 5. We startwith a definitiondesignedo
describecertainpatternghatdo not occur

Definition 2.2. Anintegerpolynomialis a polynomialtakinginteger values
ontheintegers. WhenP is a nonconstaninteger polynomialof degree < 2,
thesubset

{P(0),P(1),P(2),P(3),P(4)}
of Z is calleda quadraticconfigurationof 5 terms written QC5for short.
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Notethatarny QC5containsatleast3 distinctelementsAn arithmeticpro-
gressionof length 5 is a QC5, correspondingo a polynomial of degree
1.

We mimic the constructiorin Theoren?2.1 for this setup:

Lemma 2.3.LetA beasubsebf{0,1,...,L— 1} notcontainingany QC5.
For j € A, letlj C T betheinterval

oAy 1y

7 lar gl el
andlet B bethe union of theintervalsl; for j € A. Letx,y,z€ T besudh
thatthefive points

a =x+iy+i’z (mod1),i=0,1,...,4

. -1 1
belongto B. Then2y belongs (mod 1) to theinterval (I’ I).
Proof. We consideray,...,a4 asreal numbersbelongingto the intenal
[0,1); by the definition of B, they actuallyall belongto [0,1/4). Fori =
0,...,4,let jj € E betheintegersuchthata; € 1.
Thefiveelementsay,...,a4 of T satisfytherelations

az3=ap—3a1+3a (modl) anday =a;—3ax+3a3 (modl).
Therealnumberag — 3a; + 3a; belonggo theintenal

J:(j0_3j1+3j2_ij0_3j1+3j2 i)
4L 16’ 4L 4L

andthisintenal is containedn (—3/4,1). Asag =ap— 3a1 +3a; (mod 1)
andas € [0,1/4), the equality ag = ag — 3a; + 3a, holdsin R andthus
az € J.

Moreover ag € |j, and,for every j # jo— 3j1+ 3j2, theintenal | has
emptyintersectionwith theinterval J. We getthat j3 = jo— 3j1 + 3j2. By
the samecomputationwe have that j4 = j1 — 32+ 3js.

Fromthesetwo relationsit follows thatthereexists aninteger polyno-
mial Qwith jj = Q(i) fori=0,...,4. Thispolynomialmustbeconstantfor
otherwis€{ jo, ..., ja} wouldbeaQC5in A. Thereforethefive pointsa;, i =
0,...,4 belongto thesamesubinteral |; of B. Since2y = —3ag+4a; — a,

(mod 1), we havethat2y € (72,4 ). O

Thenext countergamplerelieson a combinatorialconstructiorcommuni-
catedto usby Imre Ruzsahis constructioris reproducedn the Appendix.

Theorem 2.4 (1. Ruzsa).For everyinteger L > O thete existsa subset\ of
{0,1,...,L—1} havingmorethanL exp(—cy/logL) elementshatdoesnot
containany QC5.
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2.3. Counteexamplefor longer progressionsn ergodictheory

Proof (Proof of Theoem 1.3). We first definea particularsystem.Recall
that T denoteshe torusandmy its HaarmeasureDefineX = T x T and
M= M X M.

Leta € T beanirrationalandlet X beendavedwith thetransformation
T givenby

T(xy) =(Xx+a,y+2+a).

It is classicathatthis systemis ergodic. This alsofollows from thediscus-
sionin Section4.2.

LetA beasubsebf {0,...,L — 1} notcontainingary QC5,B thesubset
of T definedin Lemma2.3andA=T x B.

For everyintegern andevery (x,y) € X we have

T(x,y) = (x4 na,y+ 2nx+na) .
Thusfor n # 0we have

U(ANTANTZOANTIANTAA)
:// 1g(y)1s(y+ 2nx+ nPa)1g(y + 4nx+ 4na)
TxT

1g(y+ 6nx+ 9n?a) 1g(y + 8nx+ 16n%ar) dmp(x) dmp (y)

Letx,y € T andn # 0 be suchthatthe expressiorin thelastintegral is not
zero.By Lemma2.3,4nx belongs (mod 1) to theintenal (71, 7). Since

y € B, we have
mr(B) _ A
2L 322°
By Ruzsas Theoremwe canchooseA of cardinality on the order of

Lexp(—cy/logL). By choosingL suficiently large, an easycomputation
givesthebound(1.4). O

U(ANTTANTAANTIANTHA) <

2.4. Counteexamplefor longer progressiondor setsof integers with
positivedensity

Proof (Proof of Corollary 1.6).Let (X, u, T) andA bethe systemandthe
subseof X definedin Section2.3. Fix somex € X anddefineE = {me
Z:T™ € A}.

It is classicalthatthe topologicaldynamicalsystem(X, T) is uniquely
emgodic; this also follows from the discussionin Section4.2 and Theo-
rem4.1.Sincetheboundaryof A haszeromeasurewe have d*(E) = u(A).
By thesameargumentd* (EN (E+n) N (E+2n)N (E+3n)N(E+4n)) =
U(ANT"ANTZANTNANTAA). The sameargumentasin the proof of
Theoreml.3givestheannouncedesult. O
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3. Translation betweencombinatorics and ergodic theory
3.1. Correspondencerinciple

In orderto obtaincombinatoriakorollariesof our ergodictheoreticresults,
we needthefollowing versionof Furstenbeay’'s CorrespondencBrinciple:

Proposition 3.1. Let E bea setof integers with positiveupperBanad den-
sity. There existanergodicsystenm(X, X, i, T) anda setA € X with y(A) =
d*(E) sudh that u(T™AN---NT™A) < d*((E+m)N---N(E+my)) for
all integersk > 1 andall m,...,mg € Z.

Theobserationthatit sufficesto prove theergodictheoreticresultsfor
ergodic systemswastransmittedto us by Lesigne(personalcommunica-
tion); the proofwe give is almostentirely containedn Furstenbeg [F2].

Proof. We proceedasin the proofof Lemma3.7 of [F2].

Let {0,1}* be endaved with the producttopologyandthe shift mapT
givenby (TX), = Xny1 for all n € Z. Definee € {0,1}% by settinge, = 1
if n € E ande, = 0 otherwise Let X bethe closureof the orbit of e under
T, meaningtheclosureof {TMe: me Z}. SetA={xe X: xo=1}. ltisa
clopen(closedandopen)subsedf X. It follows from thedefinitionthatfor
every integern, we have T"e € Aif andonlyif n€ E.

By definition of d*(E), thereexist two sequencegM;} and {N;} of
integers,with Nj — +o0, suchthat

lim i\Em [Mi,Mi+N; —1]| — d*(E) .

i—oo N
In the proofof Lemma3.7in [F2], it is shavn thatthereexistsaninvariant
probability measurev on X suchthatv(A) is equalto the above limit and
thusis equalto d*(E). By usingthe emgodic decompositiorof v underT,
we have thatthereexists an ergodic invariantprobability measureu on X
with p(A) > d*(E).

Letmy,...,m beintegers.ThesetT™AN-.-NT™A s aclopenset.Its

indicatorfunctionis continuousandby Proposition3.9 of [F2], thereexist
two sequence$K; } and{L;} of integers,with L; — +oo, suchthat

Ki+Li—1
H(TMAN. - NTM™A) = |i€n T Z< Lrmpn..ntma(T"e)

| n=
1

=lim = [(E+m) 0N (E+m) N{Ki,...,Ki+Li 1}
[

<d*((E+m)N---NE+my)) .

By usingthis boundwith k =1 andm; = 0, we have that u(A) < d*(E)
andthusu(A) =d*(E). O

Usingthe modifiedcorrespondencprincipleandTheoreml.2, we im-
mediatelydeduceCorollary 1.5.
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3.2. Combinatorialconsequenctor progressionf length3 and4

Szemeréds Theoremcanbeformulatedin afinite version:

Theorem (SzemerédiS]). For everyinteger k > 1 andeveryd > 0, there
existsN(k, &) sud thatfor all N > N(k, d), anysubseE of {1,...,N} with
atleastoN elementgontainsan arithmeticprogressionof lengthk.

Similar to the finite versionof Szemeréds Theoremwe canderve a
finite version,albeita somavhat wealer one,of Corollary 1.5. We begin
with aremark.

Write | x| for theinteger partof therealnumberx. Fromthefinite ver
sionof Szemeréds Theoremijt is not difficult to deducethatevery subset
E of {1,...,N} with at leastoN elementscontainsat least | c(k, 5)N?|
arithmeticprogressionsf lengthk, wherec(k, &) is someconstantThere-
forethesetE containsatleast|c(k, d)N| progressionsf lengthk with the
samedifference.

In view of Corollary1.5,it is naturalto askthefollowing question:

Question. Isit truethatfor every & > O andevery € > 0, thereexistsN(¢, d)
suchthatfor everyN > N(g, d), everysubse€ of {1,...,N} with |E| > N
elementscontainsat least(1 — £) 33N arithmeticprogression®f length3
with the samedifferenceandatleast(1 — ) 3*N arithmeticprogressionsf
length4 with the samedifference?

We arenot ableanswetthis questionbut canprove a wealer resultwith
arelatively intricateformulation:

Corollary 3.2.For all realnumbes d > 0 ande > 0 andeveryinteger K >
0, there existsan integer M(9J, ¢,K) > 0 sud that for all N > M(J, €,K)
andeverysubse€ C {1,...,N} with |E| > ON there exist:

¢ a subintervald of {1,...,N} with lengthK and an integer s > 0 sud
that

[EN(E—-9N(E—-29NnJ| > (1-€)5K. (3.1)

e a subintervald’ of {1,...,N} with lengthK and aninteger s > 0 such
that

[EN(E-S)N(E-29)N(E-39)NJ|>(1-€)d'*K. (3.2)

Statemen(3.1) meanghatE N J containsatleast(1— £) 5K startingpoints
of arithmetic progressionf length 3 includedin E, all with the same
difference.Statemen(3.2) hasthe analogousneaningfor progressionsf

length4.

1 RecentlyBen Greengave a positive answetto this questionfor progressionsf length
3 (preprintavailableat http://www.arxiv.org, math.CO/0310476).
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Proof. We only prove the resultfor progression®f length3, asthe proof
for progressionsf length4 is identical.

Assumethattheresultdoesnothold. Thenthereexist o > 0, > 0,K >
0, asequencéN;} tendingto + andfor everyi asubse€; of {1,...,N;}
with |Ej| > dN; suchthatfor every subinteral J of lengthK of {1,...,N;},
relation(3.1) (with E; substitutedor E) is false.

We canassumehat N; > K for every i. By induction,we build a se-
quence{M;} of positive integerswith M1 > 2M; + 2N; andM;1 > M; +
Ni + N1 for everyi. Definethe setE to bethe union of the setsM; + E;.
We have d*(E) = limsup |Ei|/N; > d.

Fix anintegers > 0. By constructionfor every integer M thereexist
i andan intenal J of lengthK, includedin [M; 4+ 1,M; + N;], suchthat
EN[M,M+K—1] C ENJ. Wededucehat

SUfEN(E-9)N(E—25)N[M,M+K —1]]
M

=sup sup |EN(E-s)N(E-29)NJ|. (3.3)
i JC[Mi+1,M+Ni]
J/=K

By constructionjf for someintegerme E wehavem+se€ E, m+2sc E
andme [M; + 1, M; + Nj], thentheintegersm+ sandm+ 2s alsobelongto
thesameintenal. Thereforefor J C [M; + 1, M; + Ni],

EN(E—9N(E-29NJI=(EN(E -9 N(E—29N[—M))+M,.
Puttingthis into Equation(3.3), we have that
SUJEN(E-9s)N(E—25)N[M,M+K —1]]
M

=sup sup |[EN(E—-9s)N(E—29nl|<(1-€)5°K
i 1c{1,.N}
=K

by definitionof the setsE;.
We deducethatfor every s > 0, we have d*(EN (E —s) N (E—29)) <

(1— €)63 andCorollary 1.5 providesa contradiction. O

Theanswetto the similar questiorfor longerarithmeticprogressionss
negative: thereexist significantsubsetsf {1,...,N} thatcontainvery few
arithmeticprogressionsf length> 5 with the samedifference.

Proposition 3.3. For all integers £ > 0, there exists 0 > 0 sud that for
infinitely manyvaluesof N, there existsa subse€ of {1,...,N} with |E| >
ON that containsno motre than %cVN arithmetic progressionsof length5
with the samedifference
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We give only the mainideasof the proof, asit lies a bit far from the
mainfocusof this paper

Let L andB beasin the proof of Theorem1.3 (Sections2.2 and2.3).
Let a beanirrationalwhich is well approximatedy a sequencd p;/q;}
of rationalswith g; primeanddefine:

F={neN:nPfacB (modl)}.

LetN beoneof theprimesq; andE =F N {1,...,N}.

Then|E|/N is closeto m(B). Let sbea positive integer.

Lettheintegern besuchthatthearithmeticprogressioqn,n+s,...,n+
4s} isincludedin E. By Lemma2.3,2ns0 belongamodulol to theintenal
(7,7 )- Notethatn ands aresmallerthanN = g;. By approximatinga
by p;/q; andusingthe primality of g; we seethatthe numberof possible
valuesof n for agivensis boundedoy cN/L for somepositive constant.

ThereforeE containsewerthancN/L progressionsf length5 with the
samedifference For L sufiiciently largewe gettheannouncedound.Once

again theboundwe actuallyfind is 5 ¢'°9(4)N for someconstant > 0. O

4. Preliminaries
4.1. Nilsystems

We review somedefinitionsandpropertiemeededn the sequel.Thenota-
tion introducedhereis usedthroughoutherestof this paper

Let G beagroup.For g,h € G we write [g,h] = g~*h~1gh. WhenA and
B aretwo subsetf G we write [A, B] for the subgroupof G spannedy
{[a,b] :a€ A, b€ B}. Thelower centralseries

G=G;1DG;D--DGjDGj11D...
of G is definedby
G1=GandGj1=[G,Gj] for j > 1.

Letk > 1 beaninteger We saythatG is k-stepnilpotentif Gy 1 = {1}.

Let G beak-stepnilpotentLie groupandlet A beadiscretecocompact
subgroupThe compactmanifold X = G/A is calleda k-stepnilmanifold
The groupG actsnaturallyon X be left translationandwe write (g,X) —
g- x for this action.Thereexistsa uniqueBorel probabilitymeasurg: on X
invariantunderthis action,calledthe Haar measue of X.

The fundamentabropertiesof nilmanifolds were establishedy Mal-
cev [M]. We make useof the following propertyseveral times,which ap-
pearsin [M] for connectedgroupsandis provedin Leibman[Lei2] in a
similar way for thegenerakase:

— For everyinteger j > 1, the subgoupsG; andA\G; are closedin G. It
followsthatthegroupAj = A N G; is cocompactn G;.
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Lett be afixedelementof G andlet T : X — X bethe transformation
x—t-x. Then(X,T) is calledak-steptopolagical nilsystemand (X, u, T)
is calledak-stepnilsystem

Fundamentapropertiesof nilsystemswere establishedy Auslander
GreemandHahn[AGH] andby Parry[Pa]]. Furtherergodicpropertiesvere
proven by Parry [Pa2] and Lesigne[Les|] whenthe groupG is connected,
andgeneralizedy Leibman|[Lei2].

We summarizevariouspropertiesof nilsystemghatwe need:

Theorem4.1.Let (X = G/A, u, T) beak-stepnilsystemwith T thetrans-
lation by theelement € G. Then:

1. (X, T) is uniquelyergodicif andonlyif (X, u,T) is ergodicif andonly
if (X,T) is minimalif andonly if (X, T) is transitive(that is, if there
existsa pointx whoseorbit {T"x: n € Z} is dense).

2. LetY betheclosedorbit of somepointx € X. ThenY canbegiventhe
structue of a nilmanifold,Y = H/I", where H is a closedsubgpup of
G containingt and[l is a closedcocompacsubgoup of H.

3. For anycontinuoudunctionf on X andanysequencesfintegers {M; }
and{N;} with N — +o theaverges

1 M;+N;—1
— f(T"X
N n;m (T"%)

corveme for all x € X.
Assumdurthermoe that

(H) G is spannedy the connecteccomponenbf the identity andthe ele-
mentt.

Then:

4. ThegroupsG;j, j > 2, are connected.

5. Thenilsystem(X, u, T) is ergodicif andonly if therotationinducedby
t onthecompaciabeliangroup G/GA is ergodic.

6. If the nilsystem(X, u,T) is ergodic thenits Kroneder factor is Z =
G/ G/ with therotationinducedby t andwith the natural factor map
X=G/A = G/GN\ =Z.

For connectedyroups,partsl, 2 and3 of this theoremcanbe deduced
from [AGH], [F3] and[Pal], while parts4 and6 areprovedin [Pal]. When
G is connectedandsimply connectedand, moregenerally whenG canbe
imbeddedas a closedsubgroupof a connectedsimply connectedk-step
nilpotentLie group,all partsof this theoremwere provedin [Leg]. In the
casethatthe groupis simply connectedthe resultfollows from Lesignes
proof. The generalcasefor partsl, 2, 3, 4 and6 follow from [Lei2]. The
proofof part4 wastransmittedo ushy Leibman(personatommunication)
andwe outlineit here.
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Proof. (Part4) Assumethat property (H) holdsandlet G be the con-
nectedcomponeniof the identity 1 of G. The secondcommutatorG, is
spannedy the commutator®f the generator®f G. Sincelt,t] = 1, there-
fore we have G; = [G(q), G]. For h € G, themapg +— [g, h] is continuous
from G() to G, andmapsl to 1. Thusits rangels includedin theconnected
componentf 1in G,. We getthatG; is connected.

We proceedy inductionfor thecommutatosubgroup®f higherorder
Assumethat the n-th commutatorsubgroupGy, is connectedProceeding
asabore, usingthe connectednessf G,, we have thatfor g € G, andh €
G, [g,h] belongsto the connecteccomponendf 1 in Gpyq. ThusGpy 1 is
connected. O

We alsouse(in Section5.2) a generalizatiorof part5 of Theorenmd.1
for two commutingtranslationson a nilmanifold, but it is justassimpleto
stateit for £ commutatingranslations:

Theorem 4.2 (Leibman [Lei2], Theorem 2.17).LetX = G/A beak-step
nilmanifold endowedwith its Haar measue u. Letty,...,t; becommuting

element®f GandletTy,..., T, betheassociatedranslationson X. Assume
that

(H) G is spannedy the connectedcomponenbf the identity andthe ele-
mentsty, ..., t.

Thenthe action of Z¢ on X spanneddy Ty, ..., T, is ergodicif and only if
theinducedactionon G/GyA is ergodic.

We returnto the caseof a single transformationLet (X, u,T) be an
ergodic k-stepnilsystem.Thereare several waysto represeniX asa nil-
manifold G/A. For our purposeswe reduceto a particularchoiceof the
representation.

Assumethat X = G/A andlett € G be the elementdefining T. The
connecteccomponentG g of the identity in G projectsto an opensub-
setof X. By ergodicity, the subgroup{Gq),t) of G spannedy G andt
projectsonto X. Substitutingthis groupfor G andA N (Gg),t) for A, we
have reducedo the casethathypothesigH) is satisfied.

Let A’ bethelargestnormalsubgroupof G includedin A. Substituting
G/’ for G andA /A’ for A, hypothesigH) remainsvalid and we have
reducedo thecasethat

(L) A doesnotcontainanynontrivial normalsubgoupof G.

4.2. Two examples

We startby reviewing the simplestexamplesof 2-stepnilsystems.
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4.2.1. LetG=Z x T x T, with multiplicationgivenby
(k,x,y) * (K, X,y) = (k+ K, x+x,y+y +2kX) .

ThenG is aLie group.lts commutatoisubgrougs {0} x {0} x T andG is
2-stepnilpotent. The subgroupA = Z x {0} x {0} is discreteandcocom-
pact.Let X denotethenilmanifold G/A andwe maintainthenotationof the
precedingSectionwith onesmallmodification.HereZ = T, m= mr isthe
Haarmeasuref T, andthefactormapr: X — Z is givenby (k,x,y) — X;
it is thusmorenaturalto useadditve notationfor Z.

Let a beanirrationalpointin T, a= (1,a,a) andT : X — X thetrans-
lationby a. Then(X, u, T) is a 2-stepnilsystem.Note thathypothesegH)
and(L) aresatisfied.Sincea is irrational the rotation (Z,m, T) is ergodic
and(X, u,T) is egodicby part6 of Theoremd. 1.

We give an alternatedescriptionof this system.The map (k,Xx,y) —
(x,y) from G to T? inducesahomeomorphisnof X onto T2. Identifying X
with T? via this homeomorphismthe measureu becomesequalto my x
mr, andthetransformatiorT of X is givenfor (x,y) € T? = X by

T(xy) = (x+a,y+2x+0a).

This is exactly the systemusedin the constructionof the countergample
in Section(2.3).

4.2.2. We alsoreview anotherstandardexampleof a 2-stepergodic nil-
system.Let G be the Heisenbeag group R x R x R, with multiplication
givenby

(x,Y,2) x(X,Y,Z) = (x+X,y+VY,z+Z +xy) . (4.1)

Then G is a 2-stepnilpotent Lie group. The subgroupA = Z x Z x Z
is discreteand cocompactLet X = G/A andlet T be the translationby
t = (tg,t2,t3) € G with t1,t, independenbver Q andt; € R. We have that
(G/A,T) is anilsystem.Hypothesis(H) is obviously satisfiedsinceG is
connectedHere the compactabeliangroup G/G,A is isomorphicto T?
andtherotationon T by (ty,t,) is ergodic. Thereforethesystem(G/A, T)
is uniquelyermgodic.

Note that hypothesis(L) is not satisfiedby G and A. The reduction
explainedabove consistsherein taking the quotientof G and A by the
subgroup/\’ = {0} x {0} x Z. We getthat X is the quotientof G/A’ by
A/A" whereG/A" = R x R x T with multiplication given by (4.1) and
NN =7 x 7 x {0}.

4.3. Nilsequences

For clarity, we repeatsomeof the definitionsgivenin theintroduction.Let
X = G/A beak-stepnilmanifold, ¢ bea continuougunctionon X, e € X
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andt € G. Thesequencéa,} givenby a, = @(t"- €) is calledak-stepbasic
nilsequenceWe saythataboundedsequencés ak-stepnilsequencdf it is
auniform limit of k-stepbasicnilsequences.

Let X, e, t andg beasabore andletY betheclosedorbit of e. By part2
of Theoremd.1, (Y, T) canbegiventhe structureof a nilsystem.Sincethis
systemis transitive, it is minimal by part 1 of the sametheorem.Let S=
SURcz @ ande > 0. ThesetU = {xeY: ¢@(x) > S— ¢} isanonemptyopen
subsebf Y. By minimality of (Y, T), theset{n e Z: t"-e€ U} is syndetic
andthussynd-sum, > S— €. Thereforefor every basicnilsequencda,},
we have

synd-su@, = supay, .
nez
This propertypasses$o uniform limits andis thereforevalid for every nilse-
qguence.

The Cartesianproductof two k-stepnilsystemsis againa k-stepnil-
systemand so the family of basick-stepnilsequencess a subalgebraf
£*. Thereforethe family of k-stepnilsequencess a closedsubalgebraof
£%. This algebrais clearly invariant undertranslationandinvariantunder
comple conjugation.

We give two examplesof 2-stepnilsequencesarisingfrom the two ex-
amplesof 2-stepnilsystemggivenabove.

4.3.1. Let(X,T) bethenilsystemdefinedin Section4.2.1.We identify
X with T x T. Lete= (0,0). For everyintegern, we have T"e = (na,r?a).
Letk and? betwo integersandlet ¢ bethefunctionon X givenby @(x,y) =
exp(2mi(kx+ 2y)). Thesequence

{exp(2mi(kn+n?)a)}

is a2-stepnilsequence.

4.3.2. Let(X,T) denotethe systemdefinedin Section4.2.2.We usethe
first representatioof this system.

We first definea continuoudunctionon X. Let f beacontinuousunc-
tion on R, tendingsuficiently fastto 0 atinfinity. For (x,y,2) € R®, define

Y(x,y,2) := exp(2miz) Z exp(2mkx) f(y+k) .
keZ

Theny is acontinuougunctiononR® andanimmediatecomputatiorgives
thatfor all (x,y,2) € R3 andfor all (p,q,r) € Z3,

L»U((Xaya Z) * (paqar)) = l.,U(X,y,Z) :

Thereforethe function ¢ on G = R® inducesa continuousfunction ¢ on
the quotientX of G by A = Z3. Let e be theimageof (0,0,0) in X. For
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everyintegernwe have (t"-e) = @(t") andt" = (nty, ntp, Ntz + ”(”—z_l)tltz).

Thereforethesequencdan} givenby

an = exp(2rints) exp(27i n(n2— Y

161%) EZ exp(2miknty ) f (ntp + k)
Ke

is a 2-stepnilsequence.

4 4. Constructionof certainfactors

In this Section,(X, u, T) is anergodicsystem.

Wereview theconstructiorof somefactorsin HostandKra[HK]. These
are the factorsthat control the limiting behaior of the multiple ergodic
averagesassociatedo the expressiond(k,n). We begin recalling some
well known factsaboutthe Kronecler factor

4.4.1.TheKroneder factor andthe ergodic decompositiorof u x u  Let
(Z(X),m, T) denoteheKronecler factorof (X, u, T) andlet i: X — Z(X)
bethefactormap.

Whenthereis no ambiguity we write Z insteadof Z(X). We recallthat
Z is acompactabeliangroup,endavedwith aBorel g-algebraZ andHaar
measuram. The transformationl : Z — Z hasthe form z— oz for some
fixedelementa of Z.

Fors e Z, we defineameasurgis on X x X by

[ 10100 dus(xx) = [E(T|2)@) - E(T' | 2)(s20n() . (42)
XxX Z

For every s € Z themeasureus is invariantunderT x T andis ergodic for
m-almostevery s. Theergodicdecompositiorof u x y underT x T is

uxuz/zusdm(S)-

4.4.2. Thefactors Zx. We recall someconstructionof Sections3 and4
in [HK]. For anintegerk > 0, wewrite XK = X2 and T : XK — XX for
themapT x T x... x T, taken2X times.

We definea probability measureu® on XK, invariantunderT¥ by
induction.Setul® = u. Fork > 0, let 7Kl bethe o-algebraof TK-invariant
subset®f XK. Thenu®t1 s therelatively independensquareof 4 over
7 Thismeanghatif F’,F” areboundedunctionson XX,

[y FOOF G b6 ) 2= [ E(F | M) BE" | W) aud,
X [k+1] XK (4 3)
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wherex = (X,x") is an elementof X1 consideredunderthe natural
identificationof X*+1 with XK x XK
For aboundedunction f on X we candefine

k_1 1/2¢
I £fli:= ( I [, 0o (x)) (4.4)
J:

becausghis lastintegral is nonngative. It is shavn in [HK] thatfor every
integerk > 1, || - ||lx is aseminormon L ().

Theseminormslefinefactorsof X. Namely thesub-o-algebraZy_1(X)
of X is characterizethy

for f € L®(u), E(f|Zi_1(X)) = Oif andonly if ||f[lx=0.  (4.5)

The factor Z(X) is the factorof X associatedo Zx(X). This gives that
Zy(X) is thetrivial factor Z;(X) is the Kronecler factor Whenthereis no
ambiguity we write Z, andZy insteadof Z,(X) andZy(X).

4.4.3.Thefactors associatedo themeasues s For eachs € Z suchthat
(X x X, us, T x T) is emgodic, for eachintegerk > 1, a measurg us) on
(X x X) canbedefinedin theway that u¥ wasdefinedfrom p. Furthet
more,a seminorm|| - ||sk on L*(us) canbe associatedo this measurejn
the sameway that the seminorm|| - [|x is associatedo u¥. In Section3
of [HK], it is shavn thatunderthe naturalidentificationof (X x X)X with
Xk we have

p = [ (uo) ams)
It follows from definition (4.4) thatfor every f € L*(u),

ok+1

k
I llics-2 Z/lelf ® fll5,dm(s) .

Fromthis we immediatelydeduce:

Proposition4.3.Letk > 2 be aninteger andlet f be a boundedfunction
on X. If f haszeo conditionalexpectationon Zy, thenfor m-almostevery
se Zthefunctionf ® f, consideed asa functionon (X x X, us), haszeio
conditionalexpectationon Zy 1(X x X, s, T x T).

4.4 4.Inverse limits of nilsystems. We say that the system(X, T) is an
inverselimit of asequencef factors{(X;,T)} if {X;}jen is anincreasing
sequencef sub-o-algebrasnvariantunderthe transformationl’ suchthat
Vjen Xj = X uptonull setslf eachsystem(X;, T) isisomorphico ak-step
nilsystem thenwe saythat (X, T) is aninverselimit of k-stepnilsystems
Theoreml0.1of [HK] stateghatfor every egodicsystem(X, u, T) and
everyintegerk > 1thesystemz,(X) is aninverselimit of k-stepnilsystems.
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4.5. Arithmeticprogressions

We continueassumingthat (X, u, T) is an ergodic system.From Theo-
rem12.1of [HK] andthecharacterizatiold.5) of thefactorZ,_; we have:

Theorem4.4.Letk > 2 beaninteger and fy, f1,..., fx boundedunctions
on X. If at leastoneof thesefunctionshaszeo conditionalexpectationon
Zk—1 thenfor all sequence$M;} and{N;} of integers with N; — +co,

Mi+N;—1
mg > / fo(X) F1(T™) f2(T2%)..... f(T") dpu(x) = O.

Corollary 4.5.Let k > 2 be an integer and let fg, f1,..., fx be bounded
functionson X. If at leastone of thesefunctionshaszeo conditional ex-
pectationon Zi then

/ fo(X) F1(T™) f2(T2%)..... fi(TK%) At (%)

corvergesto zeo in uniformdensity

Proof. Let {M;} and{N;} betwo sequencesf integers,with N; — +oo.
For malmostevery s € Z, oneof thefunctionsfy® fo, ..., fk® fx haszero
conditionalexpectatioron Zy(X x X, us, T x T) by Propositiord.3andthus
theaverageon {M;,...,M;+N; — 1} of

/ fo(X) fo(X) F1(T™X) F1(T™) ... fil(THX) fio(TKX) d s (%, X')
cornvergeto zeroby Theoremd.4 appliedto the system(X x X, s, T x T)

andto thefunctionsfy ® fo,..., fk® fk. Integratingwith respecto swe get

1 Mi+N;—

N _ZA l(/ fo(X) fL(T"X)... fk(Tk”x)du(x)>2_>0

andtheresultfollows. O

Recallthat for a boundedmeasurabldunction f on X andan integer
k > 1, wedefined

If(k,n):/f(x)f(T”x)...f(T"”x)du(x).

Evenmoregenerally onecanconsiderthe sameexpressionwith k+ 1
distinct boundedfunctions fq,. .., fc. However, this gives no addedinfor-
mationfor the problemswe are studyingand so we restrictto the above
case.

Corollary 4.6.Letk > 1 bean integer, let f be a boundedfunctionon X
andletg=E(f | Zx). Thenlt(k,n) —Ig(k,n) corvemgesto zew in uniform
density
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Letk, f andg beasin this Corollary We considelg asafunctiondefined
on Z. Notethatthefunctionsf andg have the sameintegral.

Sincethe systemZy is aninverselimit of a sequencef k-stepnilsys-
tems,thefunctiong canbeapproximatedrbitrarily well in L-normby its
conditionalexpectationon oneof thesenilsystemsWe usethis remarkin
the proofof Theoreml.2in Section8.

5. Thelimit of the averages

In this sectionk > 1 is aninteger, (X = G/A,u,T) is an emgodic k-step
nilsystemandthetransformatiorir is translationby theelement € G. We
keepthe notationof Section4.1 andassumehat hypothesegH) and (L)
aresatisfied.

Recallthatwe let G; denotethe j-th commutatorof G andthatA\j =
A NG;j. We have that G = G4, but sometimest is corvenientto useboth
notationsin thesameformula.

For f € L*(u), wefirst studythe averageof thesequencés (k,n). This
establishea shortproof of arecentresultby Ziegler [Z1]. We usesomeal-
gebraicconstructiondbasednideasof PetrescgPe] andLeibman[Leil].

We explain the ideabehindthis constructionlt is naturalto definean
arithmeticprogressiorof lengthk+ 1 in G asan elementof Gt of the
form (g,hg h?g,...,hkg) for someg, h € G. Unfortunately theseelements
do notform a subgroupof G*+1. However suchelementslo spanthe sub-
groupG (definedin the next section) which couldthusbe calledthe group
of arithmeticprogressionflengthk+ 1in G.

Similarly, oneis temptedto definean arithmeticprogressiorof length
k+1in X asapointin X** of theform (x,h-x,h?-x,...,hk.x) for some
x € X andh € G. Onceagain,it is morefruitful to take abroaderefinition,
callinganarithmeticprogressiornin X a pointfrom thesetX (againdefined
below), which is the imageof the groupG underthe naturalprojectionon

Xk+1.
5.1. Somealgebraic constructions
Definethemapj : Gx Gy x Gy x --- x Gy — GKt1 by

k k
i(9,01,9,.-.,%) = (9, ggl,ggigz,---,99§1)9§2)

andlet G denotetherangeof themap j:

)

G= J(GXxG1xGyx - xGy) .
Similarly, we defineamap j* : Gy x G, x -+ x G — GX by

k k k
j*(gla927"'7gk) = (glag%gz""’ggl)ggZ) glgk)) .
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Finally we define

G"'=j"(G1xGyx -+ x Gy)
= {(h1,hp,...,h) € GX: (L,hy,hy,..., ) € G} .

Thefollowing resultsarefoundin Leibman[Leil]:

Theorem5.1.

1.Gisasubgoupof G,
2. Thecommutatogroup (G), of G is

(G)2=GNGE™ = j(Gax Gax Gy x Gg x --- x Gy) .
It follows from part1 that
3. G* is asubgroupof GX.
Moreover, for g € G, (hy,hy,...,hk) € G1 x Gy x - -+ x Gg and
(915921"'agk) = j*(hlahZa"'ahk) 3

we have

(0 '919,9 '020,...,0 'okg) = j* (g *g, 0 theg,...,g @)  (5.1)
It follows that

4. For (91,02, ...,0) € G* andg € G, we have

(97019, 1020, ---,9 *gkg) € G* .

Themapsj and j* areinjective, continuousandproper(the inverseimage
of acompactetis compact)lt followsthatG andG* areclosedsubgroups
of GKt1 andGX, respecitiely, andthusareLie groups.

We alsodefinethetwo elements

f=(Lt,t3...,t% andt® = (t,t,...,t)

of G andtheelement
B = (t,t%,...,t9

of C7-*~. Write T andT2 for thetranslationby f andt? on X+, respectiely,
andT* for thetranslationby t* on XK.
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5.2. Thenilmanifold X.

DefineA = GNAKL,
ThenA is a dlscretesubgroupof G andit is easyto checkthat A =
JA XA XA X - X /). ThereforeA is cocompactn G. We write

X=G/A
andletu denoteheHaarmeasuref thisnilmanifold. NotethatX isimbed-

dedin X¥t1in anaturalway. Sincet “andt” belongto G, this nilmanifoldis
invariantunderthe transformationd” andT2.

Lemma5.2.The nllmanlfoIdX is ergodlc(andthusunlquelyergodlc) for
theactionspannedy T and T4

Proof Sincethe groupsG;j, j > 1, areconnectedand G satisfiescondi-

tion (H), it follows thatthe groupG is spannedy f, t* andthe connected
componenbf theidentity. By Theoremd.2, it sufiicesto shav thattheac-
tioninducedoy T andT% onG/(G)A is emodic.

By part2 of Theoremb.1,themap

(91,92,---,9) — (91 mod G,,g> mod Gy)

inducesanisomorphismfrom G/(G)2 ontoG/G, x G/G,. Thusthe com-
pactabeliangroupG/(G).A canbeidentifiedwith G/GyA x G/G,A, and
thetransformationinducedby T andT2 areld xT andT x T, respectiely.
Theactionspannedy thesetransformationss obviously ergodic. O

5.3. ThenilmanifoldsX.
For x € X we define
Xy = { (X1,%2, -+, %) € XK1 (X, X1, X0, -, %) € X} .

Clearly, for everyx e X thecompacsetX, is invariantundertranslationdy
elementof G*. We give to eachof thesesetsthe structureof a nilmanifold,
quotientof thisgroup.

Fix x € X andlet a bealift of x in G. The point (x,X,...,x) (k times)
clearly belongsto X. Let (Xg,Xz,.-..,%) € X«. The point (X,X1, Xz, - ., X)
belongsto X and we can lift it to an elementof G that we can write
(9,001,99, - - -,00k) With g € Gand(gy, gz, ..., Gk) € G*. Writing A =a~g
andh; =aAgA~ta t for 1<i <k wehaeA €A, (1,hy,hy,...,hy) be-
longsto G by Remark4 above and

(gagglaQQZa"'aggk) = (1,h1,h2,...,hk)‘(a,a,a,...,a)'()\,)\,)\,...,)\) .

This givesthat (x1, X, ..., %) is theimageof (x,x,...x) undertranslation
by (h1,hy, ..., hy), which belongsto G*.



26 Vitaly Bergelsonetal.

Thereforetheactionof G* onX is transitive. Thestabilizerof (X, X, ..., X)
for this actionis thegroup

Aci={(@a Lara L. .., aha t): (A, A2,...,A) € AKNG* Y.

A*NGis adlscretesubgroupof G* andit is easyto checkthatit is equal
to j* (A1 x Az x -+ X /) andthusis cocompactn G*. It follows that/\ is
ad|screteandcocompactsubgroumf G*.

We canthusidentify X, with the nilmanifold G*/Ax Let fi, denotethe
Haarmeasuref Xy.

Lemma5.3.[1:/ O Q [l du(x).
X

Proof. Let fi’ bethemeasurelefinedby thisintegral. This measurés con-
centratecbn X. By Lemmab5.2it sufiicesto shaw thatit is invariantunder
T andT4.

Recallthat T* is the translationby t* = (t,t2,...,t¥), which belongsto
G* andthusthlstransformatlorpreseresxx andux for every x. Therefore,
for every x € X, themeasure ® i is invariantunderT = Id x T* andso
[’ is invariantunderthis transformation.

Let x € X. Considerthe imageof fix underT x --- x T (kK times). This
measuréas concentratedn Xty andby remark4 in Sect|0n5 1,it is easy
to checkthatit is invariantunderG*. Thusit is equalto the Haarmeasure
firx. Thereforetheimageof & ® fi, underT? is dry ® [ir. It follows that
fi" isinvariantunderT4. O

5.4. Thelimit of theavemges.

Giventhis backgroundyve give a shortproof of Ziegler's result[Z1]:

Theorem 5.4 (Ziegler [Z1]). Let fq, f5,..., fx be continuousfunctionson
X andlet {M;} and{N;} betwo sequencesf integers suc that N; — +oo.
For u-almosteveryx € X,

1 M;+N;—1
N Zw f(T™) f2(T?") ... fi(T¥)
- / f1(x0) F20%2) - . f(x) A (X1, X2 -1 %)  (5.2)
asi — o

Proof. For x € X, thepoint (x,X,...,x) belongsto the nilmanifold Xy. By
part3 of Theoremd.1 appliedto the nilsystem(Xy, T*) andthis point, the
averagesn Equation(5.2) cornverge everywhereto somefunction@. There-
fore we areleft with computingthis function.
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Let f beacontinuoudunctionon X. We have

= lim f(x) [ £ (TI"%) du(x
MmN n;m ()1]1 i (T"%) du(x)
1 Mi+N—1M;+N;—1 " k Jn+m
=i — f(T™x T .
in /i 5, 5, (TOLHTT

The point (x,X,...,X) belongsto X and for all n and m, its image un-
der T"(T4)™ is the point (T™x, T™™Mx,..., TK™Mx), By Lemma5.2, X is
uniquelyemyodicfor theactionspannedy T andT4 andtheaveragen the
lastintegral convergeseverywhereto

/Xf(xo) F1(%0) .. - Fi(%) AL (X0, X1, - -3 X) -

UsingLemmab.3,we have

[ 100009809 = [ 100)f2(x)-.. ) B (k0,1 -,
_/ / fl X]_ B (Xk)di:lx(xl,axk)) d[.l(X)

andtheresultfollows. O

Corollary 5.5.For p-almostevery x € X, the nilsystem(Xy, fix, T*) is er-
godic.

Proof RecallthatT* preseresii, for everyx. Let.# beacountableéamily
of continuousfunctionson X thatis densein ¢(X) in the uniform norm.
By Theoremb.4,thereexistsa subsetXp of X, with u(Xo) = 1, suchthat

1N 1 k k
™) = [ 1] fi04) a0, %0
N2, 0 [ 0 d

asN — +oo for every x € Xg andfor all functionsfy, fo,..., fx € .%. Since
% is dense the sameresult holds for arbitrary contmuousfunctlons It
follows that for x € Xo, the orbit of (x,x...,x) underT* is densein the
supportof themeasurgiy. Slncethesupportof thismeasurés XX, we have
that the actionof T* on X, is transitve. By Theorem4.1, (XX, fix, T*) is
ergodic. 0O
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Corollary 5.6.Let fy, fa,..., fk becontinuousunctionson X andlet {M;}
and {N;} betwo sequencesf integers sud that Nj — +o0. For p-almost
everyx € X andfor every (gi1,9,-.-,0) € G,

1 M;i+N;—1
o Zw f1(T"g1- X) f2(T?gz - X) ... fil(TK"gi - X)
| n=M;

- / f1(x0) F20%2) - . fu(x) A (X1, X2 -, %) (5.3)
asi — o

Proof Let x € X be suchthat the nilsystem (X, fiy, T*) is emodic. For
every (91,0p,...,0¢) € G*, thepoint (g1-X,g2- X, ...,k - X) belongsto Xy
andthe corvergencein Formula(5.3) follows from the uniqueergodicity
of (X, T*). O

6. Using the Cartesian square

In this section,we begin the proof of Theorem1.9. We first constructa
nilsystemin orderto replacethe sequencé; (k,n) (definedin 1.5) by an-
othersequences (k,n) so thatthe differencebetweenthe two sequences
tendsto 0 in uniform density In the next section,we completethe proof of
Theoreml.9 by shawing thatthe sequencd; (k, n) is anilsequence.

To passfrom the corvergenceresultsobtainedin the precedingsection
to a more precisedescriptionof the sequencgl¢(k,n)}, we considerthe
Cartesiarsquareof the groups,manifolds,etc. studiedin the previous sec-
tion. This enablepassagérom the uniform Cesaracorvergenceresultsto
uniform densitycornvergenceresults.

6.1. ThegroupH.
Define
H={(gh) €GxG:hg'eG,}.

H is a closedsubgroupof G x G andis a k-stepnilpotentLie group.By
induction,its commutatoisubgroupdd;j, j > 1, aregivenby

Hj = {(g,h) €GjxGj: hg_l € Gj+1} .
We build thegroupsH andH* from H in the sameway thatthe groupsG
andG* werebuilt from G (in Section5.1),usingthemaps

i H X Hyx Hyx-- x Hg — HKFL

and
i*: Hy X Hy x -+ x Hg = H¥
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definedanalogousliyto the ma}p51 and j*. By part1 of Theorem5.1,H is
asubgroupof H*"! andthusH* is asubgroupof HX. Thesesubgroupsre
cIosedandthusH andH* areLie groups

ThegroupH* is includedin (G x G)X. We identify this lastgroupwith
G* x GX in the obvious way and considerH* asa subseif GK x GX. For
((92,h1), (g2, h2), .-, (G, hk)) € H1 x Ha x -+ x Hy, we have

i* ((gl7 hl)’ (927 h2)7 SRRE) (gk, hk)) = (j*(glaQZ, oo agk)a j*(hla h2a SRR hk()6) 1)
In asimilar way, we consided asasubsebf GKt1 x GK+1, .

6.2. ThenilmanifoldsXs, Xs and Xsxy).-

Recallthe ergodicdecomposition

Px = /Zusdm(S)

of u x punderT x T, wheremis theHaarmeasuref theKronecler factor
Z of X.

By part6 of Theorem4.1, Z is equalto G/G,A and the factor map
. X — Z is thenaturalprojectionG/A — G/G,/A. Whenf is abounded
functionon X andg € G, we write f o g for thefunctionx+— f(g-x) on X.

We have
E(fog|Z)(2) =E(f | Z)(n(9)2) -

Thereforeit follows from definition (4.2) of us thatfor every s € Z, this
measuras concentratedn the closedsubset

Xs={(xy) € Xx X: m(y)m(x)~* = s} (6.2)

of X x X. It alsofollows thatfor all s€ Z, all boundedunctionsf, f onX
andall (g,h) e H,

/fog # o h(x) dps(x,X) /f () dpis(x,X) -

This meanghatthe measureys is invariantundertranslationby elements
of H.

Letse Z. By its definition (6.2), thesetX; is invariantunderthe action
of H by translationandthis actionis transitve. We give X the structureof
a nilmanifold, quotientof this group.Write

O=HNAxA)={(A,A)eAxA: A2 e},

Thisgroupis discreteandcocompactn H. Leta € G bealift of sin G and
let ex bethe basepoint of X (thatis, theimagein X of the unit elementl
of G). Thenthestabilizerin H of thepoint (ex,a- ex) of Xsis

G.={(A,ar'a™!): (A,A") €O}
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andthis groupis adiscretecocompacsubgroumf H. Thuswe canidentify
Xs with the nilmanifold H /@,. Sincethe measurgus is concentratean Xs
andis invariantundertheactionof H, it is equalto theHaarmeasuref this
nilmanifold.

Let s € Z be suchthat ug is emodic for T x T. Then the nilsystem
(Xs, s, T x T) is emgodic (notethatT x T is thetranslationby the element
(t,t) of H).

Thek-stepnilpotentLie groupH, its subgroup®, andits element(t,t)
satisfypropertiegH) and(L) (seeSectiord.1)thatwereusedfor G, A andt
in theprecedingSection.Thereforeall the construction®f this Sectioncan
becarriedoutwith H, ©; and(t,t) substitutedor G, A andt. In particular
we candefinethe nilmanifold Xs, its Haarmeasurgis and,for (x,y) € Xs,
thenilmanifold X5, andits Haarmeasurelsy ). NotethatXs is included
in (X x X)*1, We identify this setwith X1 x X*+1 in the naturalway
andconsiderXs ascontainedn Xk1 x X 1. Similarly, Xsy,) is included
in XK x XX,

We rewrite Corollary 5.6 for this situation.We consideronly the case
thatall thefunctionson Xs areequalto f @ f for somefunction f on X.

Corollary 6.1.Let f bea continuoudunctionon X andlet {M;} and {N;}
betwo sequencesf integers with N; — +oc0. For m-almosteverys € Z, for
Hs-almostevery(x,y) € Xs andfor every((01,92,---,0k), (h1,ha,...,h)) €
H*,

1 Mi+N—-1 k

N n;/h JI:Ll‘(T""ﬂzj''><)1‘(T"”hj">')

convergesasi — o to

k
/ I_Ilf(xj) f(yj)dﬁs(xN) ((X17X25 s 7Xk); (ylayZa s 7yk)) .
=

In orderto usethis result,we needa more precisedescriptionof the
measuresﬁs(xyy) andthusof thegroupsH andH*.

6.3. ThegroupsG* and G
Clearly H* c G* x G*. Define

G ={9=(01,%,....o) €G*: ((L.1,...,1),(01,02,...,0)) € H*} .
Then G* is a closedsubgroupof G andthusis a Lie group.By Equa-
tion (6.1), theinjectivity of j*, andthe above descriptionof the groupsH;

we have .
G = j*(G2XG3X e X Gk+1) .
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Moreover, wheng = (91,02, ...,9) € G* we have (g,g) € H*. It follows
that
H*={(g,h) € G*xG*: hg 1 € G*} (6.3)

andthatG* is anormalsubgroupof G*.
Thefollowing Lemmais takenfrom [Leil]:

Lemma 6.2.For g € G and (g, 0p,...,0%) € G*, wehave

([91, 91,92, - - [k, ]) € G* -

Proof. Let (hy,hp,...,h) € G1 x Gz x --- x G be the inverseimage of
(01,92,---,0«) under j*. For 1 < ¢ < k, we have [g,hy] € Gy;1 andthus
(he,g7th,g) € H,. We getthat

((91,92,---,9), (97 '019,97 029, ..., 97 '0k0))
= (J*(h1,h2, .., ), J* (979, g g, ...,g @)
=i*((h, 97 mQ), (2, g *hp), ..., (h, g *heg)) € H*
andtheresultfollows from characterizatioi6.3) of H*. O

In particular it follows that

if (01,02,-..,0¢) € G* andg € G,
then(9ga0™, 0007 %,...,000 ™) € G*. (6.4)
We alsodefine

é: {(gaghlathaagh() ge Ga (hlahZa"'ahk) EG*}
= j(GXGzXGgX---XGk_H_).

It follows frgm Remark(6.4) that G is asubgroupof GKtL It is clearly
includedin G. By usingthenormalityof G* in G* andLemmas.2,we have

thatG is anormalsubgroupf G. As j is apropermap,G is closedin Gk+1
andis alLie group.

6.4. Thenilmanifold X andthe nilmanifoldsX,.

Define/A := GNAKL It is adiscretesubgroupof G andit is easyto check
that/A = j(A x A2 x Az X --- X Agy1). ThusA is cocompactn G. We write

X =G/A

andlet [ denotethe Haar measureof this nilmanifold. X is imbeddedin
Xk+1in anaturalwayandX c X sinceG c G.
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Lemma 6.3. Thenilmanifold X andits Haar measue [i are invariant un-
dertranslationby anyelemenbf A = AKt1NG.

Proof. Letx= (X,X1,X2,...,X) € X andletA € A. Weshaw thatA - x (with
the obviousinterpretationpelongsto X.

The point x is theimagein X of anelementg of G. ThusA - x is the
imagein X of theelementA g= (AgA _1))\ of G andthusalsoof theelement
Ag) L. SinceG is anormalsubgroupof G, this lastelementbelongsto G
andA -x e G. B

LetA € A. Themeasurgl is invariantundertheactionof G andthusits
imageundertranslationby A is invariantunderthe actionof AGA ™ = G.
Sincethis measurés concentratedn X, it is equalto [i. O

For x € X wewrite
XX: {(Xl,Xz,...,Xk) S Xk: (X5X17X25"'7Xk) € X} '

Let x € X. Proceedingsin Subsectiors.3we notethatA* := G*NAK =
j*(A2 x Az x -+ x Ayy1) is adiscretecocompacsubgroupof G* andthat
for every x € X, the compactset)_(X canbe identifiedwith a nilmanifold,
quotientof thegroupG* by someconjugate, of thegroupA*.

Let iy bethe Haarmeasuref Xy

Lemma6.4.f1:/ O ® fxdu(X).
X

Proof. The proofis similar to the proof of Lemmab5.3. The measurede-
finedby theintegral above is concentratedn X andthusit sufiicesto prove
thatX is invariantunder@. It is clearlyinvariantundertranslationby ele-
mentsof theform (1,91, 92, .- .,0k) With (91,092,...,0k) € G* andsowe are
reducedto shaving that X is invariantundertranslationby (9,9,9,-.-,0)
(k+ 1 times)for everyg € G.
Letge Gandletx € X. SinceX isinvariantundertranslatiorby (g, 9,9, ... ,9),

we have thattheimageof X underg = (g,g,...,9) (k times)is Xyx. The
imageof [ undertranslatiorby g is thusconcentratedn X,. It is invariant

undertranslationby gG*g* andthis groupis equalto G* by (6.4). Thus
this measurés equalto flg.x.

Taking the integral over x € X, we have thatthe measureagiven by the
integralin theLemmais invariantunder(g,g,9,...,9). O

6.5. Approximatingthe sequencé ¢ (k,n)} up to densityzeo.

Foraboundedunction f on X, anintegerk > 1 andanintegern, we define:

Jf(k,n):/Xf(xo)f(T”xl)...f(Tk”xk)dﬁ(xo,xl,...,xk). (6.5)
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Proposition6.5.Let f be a boundedfunctionon X andlet k > 1 bean
integer. Thenthesequencél s (k,n) —Js(k,n) } corvemesto zeo in uniform
density

Proof. Given a sequence(M;,M; + Ni)} of intenals with N; — +c0 we
shaw thatfor ary f € L*(u),

1 Mi+N;—1

N ZA (1 (kn) = Js(k,m)* = 0. (6.6)

N=WNM;

Sincethe continuousfunctionsare densewe canrestrictto the casethat
thefunction f is continuous.
Letg=(01,0p,...,0) andh = (hy, hy, ..., h) betwo elementsf G*.
Thefour elements

((1’ 51)7(15 1)) 3 ((gl,---,gk),(l,---,l)) )
((1,...,2),(hg,...,h0)) and (91, -, ), (ha,.. ., )

of G x G¥ belongto H* by formula(6.3).
We useCorollary6.1with thesefour elementsThefour limits givenby
this Corollary arethe same.Taking differencesye have thatfor m-almost

everyse Z, for us-almostevery (x,y), for everyg andh € G*, theaverages
on [M;, M; + N; — 1] of the product

k

(f(x)ﬂf(ﬂ”gj )= () ﬁf(Ti"x)) -
k

(f) r!fTJ”th—f ¢ (T"y))

corvergeto zero.

Let i be the Haar measureof G*. Fix s € Z and (x,y) € Xs. Recall
that [l is the Haarmeasuref the nilmanifold X, = G* /A. LetK c G* be
a fundamentadomainof the projectioné* — Xy. Thenthe imageof the
measurelk - Mm* underthis projectionis equalto a constanmultiple of [l.
Similarly, whenL is afundamentatiomainfor the projectionG* — Xy, the
imageof 1, - M* underthis projectionis a constantmultiple of L. Taking
theintegral for g € K andh € L with respecto the measurgt* in the last
corvergencewe have:

For m-almostevery s € Z andfor ps-almostevery (x,y), theaverageon
[Mi,Mi + N — l] of
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(/f(x)ﬁf(Tj”xj)dﬁx(xl,XZ,...,xk)—f(x)ﬁf(Tj”x))-

(/ f(Y)Jljf(Ti“yj)dﬁy(yl,yz,...,yk) — f(y)Jljf(Tjny))

corverge to zero. Sincethis holds for m-almostevery s € Z andfor us-
almostevery (x,y), it holdsfor u x p-almostevery (x,y) € X x X. Taking
the integral with respecto u x u andusingLemmas.4 we have the con-
vemgence6.6). O

7. J:(k,n) is a nilsequence

In this Sectionwe shav that the sequence Js (k,n)} introducedin Sec-
tion 6.5is anilsequence.

We first explain the ideabehindthe construction.Two arithmeticpro-
gressionsn X (seethediscussionn thebegginningof Sectionb) areequva-
lentif onecanpasgrom oneto theotherusingtranslatiorby someelement
of G. The stratgy of the proof is the following: I (k, n) is the averageof
thefunction

(X0, X1, -+, Xk) — F(x0) F(X1)... f(X)

on the setof progression®f theform (x,t"x,...,t<"x). In Proposition6.5,
we have shavn thatup to asmallerror, onecanreplacethis averageby the
averageon the setof arithmeticprogressionshat are equivalentto these.
In Proposition7.2, we definea continuousfunction ¢(y), wherey € Y is
anequvalenceclassof arithmeticprogressionghatis exactly this average.
ThetransformatioronY canbe viewed asmultiplying the differenceof a
progressiorby t, meaningthat

(X0, X1, X2, - -, Xi) > (X0, b+ X1,t2%a, . .., 5X)
induceshetransformatiorSonY.

7.1. Thenilsystem(Y, v, S).

Wefirstbuild anemgodicnilsystemLet K denotehegroupG/G, letp: G —
K bethenaturalprojectionandlet " = p(A).

SinceG/A = G/(A N G) is compactit follows thatGA is closedin G.
Thusl™ is aclosedsubgroupof K. It is discretebecausét is countableand
it is cocompacbecausés/” is cocompactin G.

LetY denotethenilmanifoldK /I, v beits Haarmeasures = p(f) € K
andSbethetranslatiorby sonY.
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Lemma 7.1. Thenilsystem(Y, v, S) is ergodic(andthusis uniquelyergodic
andminimal).

Proof Weknow thatG is spannedy its connectedomponenbf theiden-
tity andthe elementg? andf. Sincet? € G, it follows thatK is spanned
by the connecteccomponenbf the identity ands. Thereforeby part6 of
Theorem4.1 we only have to shaw thatthe rotationinducedby S on the
compactabeliangroup K/(Kal) is ergodic. We identify K/(KzI") with
G/((G)2GA).

We have alreadynotedthatthe map

q:(9,91,---,0) — (g modGy,g1 modGy)

inducesan isomorphismfrom G/(G), onto (G/Gy) x (G/G,). We have
a(6) = {(u,u): ue G/G,} and

a(A) = {(A modGz,A’ modGy): A,A e A}.

Thereforethe map (9,91, ---,0) — 019~ modG,A inducesan isomor
phism
K/(Kal) = G/ ((G)2GA) = G/(GaA) .

Theimageof s underthis mapis equalto the imageof t underthe natural
projectionG — G/GA\. As X is ergodic, therotationby this elemenbf the
compactabeliangroupG/GA is emodic. Therefore the rotationinduced
by SonK/(KoA) isemgodic. O

7.2. Two examples

We give a descriptionof the nilsystem(Y, v, S) whenX is eachof thetwo
systemgescribedn Subsectiont.2.

We first study the generalcaseof an emgodic 2-stepnilsystem(X =
G/A,u,T), assuminghathypothese¢H) and(L) aresatisfied.The com-
mutatormap(g,h) — [g, h] is anantisymmetridilinearmapfrom G x G to
G, andit is trivial on G, x G andon G x G,. Therefordt inducesabilinear
mapB: G/G; x G/G, — Go.

We have:

G)z

= {(9,901,09302): 9,01 € G, 0z € Gy}
G = {(hhhp,htg): he G, h, € Gy} .
)

LetK' = (G/Gy) x Gy with multiplicationgivenby
(v,w) * (V,W) = (W, wwB(v,V)) .
Thenit is easyto checkthatK’ is agroupandthatthe map

(9,991,99%02) — (91 mod Gy, 0p)
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is a group homomorphisnfrom G onto K'. The kernelof this homomos

phismis G. Thereforewe canidentify the groupsk = G/G andK’. Under
this identification,l” is equalto M x {1}, whereM is theimageof A in
G/ G, underthenaturalprojectionG — G/G,. Theelemensof K is (3,1),
wheref is theimageoft in G/G, underthe naturalprojection.

7.2.1. Theexampleof Sectiord.2.1 HereG/G, =Z x T andG, = {0} x
{0} x T is identifiedwith T. Wehave K =Z x T x T, ' = Z x {0} x {0}
ands= (1,a,0). ThebilinearmapB: (Z x T) x (Z x T) — T is givenby

B((ka X)a (klaxl)) = 2(kXI - klx)
andmultiplicationonK is givenby
(kxy) * (K, X,y) = (k+K,x+X,y+y +2(k¢ kX)) .

The map (k,x,y) — (X,y + 2kx) inducesa homeomorphisnof Y = K/I
onto T2, mappingthe Haarmeasuref Y to the Haarmeasureny x my of
T2. Underthis identificationof Y with T?, the transformatiorS takesthe
form

S(x,2) = (X+ a,z+ 20 + 4x) .
ThusyY is afactorof X, with factormap(x,y) + (X, 2y).

7.2.2. Theexampleof Sectiond.2.2 We usethereducedepresentatioof
thissystemHereG/G,; =RxR, K=RxRx T, =Z x Z x {0} ands=

(t,t2). For (x,y) and(x,y) € G/G2 =R xR, B((x,Y),(X,¥)) =Xy —Xy.
Themultiplicationin K is givenby

(%Y,2) % (X,Y,Z) = (x+X,y+Y,z+Z +xy = Xy) .

7.3. Anilsequence

Proposition7.2. Let (Y, v, S) betheergodicnilsystenof Lemmar.1.Let f
bea boundedunctionon X andletk > 1 beaninteger. Thenther existsa
continuoudunctiong onY sud thatJs (k,n) = ¢(S'ey) for everyinteger n,
whee ey denoteghebasepointin Y. In particular, thesequencéJ; (k,n) }
is a basicnilsequence

Proof Definethefunctiony onG by

k
w(goagla"'agk) = /).z I_Lf(gj 'Xj)da(XO,XL---an) . (71)
=

Thefunctiony is clearlycontinuousandsatisfiegp (") = J¢ (k, n) for every
integern.
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Themeasurgl is invariantunder(left) translationby elementsof G by
definition,andby left translatiorby elementof A by Lemma6.3. Thusthe

function ¢ is invariantunder(right) translationgy elementsof GA.
Writing r for the naturalprojectionG — Y = G/GA, we getthatthere

existsa continuoudunction @ onY with (y = @or. For every integern we
haver(f") = S"ey andthusJs(k,n) = @(S'ey). O

7.4. A decomposition

We arereadyto prove Theoreml.9.

Proof. Assumethatk > 1is anintegerandlet f € L*(u). Without lossof
generalitywe canassumehat|| || < 1.

Let f = E(f | Zk(X)). Thenby Corollary 4.6 the sequence | (k,n) —
I+(k,n)} corvergesto zeroin uniform density Thusit sufficesto prove the
theoremfor the function f substitutedor f, meaningthatwe canassume
that f is measurablavith respecto Z,(X).

Zi(X) istheinverselimit of asequencef ergodick-stepnilsystemgqsee
Section4.4). Let r be a positive integer Thereexistsa factorX’ of Z(X),
whichis ak-stepnilsystem,suchthat

| f—E(f | X')|]1 < 1/(k+D)r .

Let f' = E(f | X'). For every n, [It(k,n) —I¢(k,n)| < 1/r. By Proposi-
tion 6.5andProposition7.2thesequencél (k,n)} canbedecomposeds
a sumof a k-stepnilsequenceinda sequenceendingto zeroin uniform
density We thushave

I+ (k,n) =& (n)+ by (n) + ¢ (n)

where|a,; (n)| < 1/r for everyn, UD-Lim b, (n) = 0 andc; (n) is anelemen-
tary k-stepnilsequencelor s# r we have

() — cs(n) = (@ (n) — as(n)) + (br (n) — bs(n)) -

We have UD-Lim (b (n) — bs(n)) = 0 andsup|a; (n) — as(n)| < 1/r+1/s.
Thusby Lemmal.11,synd-sufc, (n) — cs(n)| < 1/r 4 1/s. Sincethe se-
quence{c;(n) — cs(n)} is a nilsequencesup,|c:(n) — cs(n)| < 1/r+1/s.
Therefore{c;(n)} is a Cauchysequencen ¢ for uniform corvergence,
and it corvemges uniformly to somesequence{c(n)}. This sequencés
a k-step nilsequenceand one can immediately check that the sequence
{It(k,n) —c(n)} corvemesto zeroin uniformdensity O
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8. Proof of Theorem 1.2

Theoreml.2follows immediatelyfrom the next one,with f = 1a.

Theorem 8.1.Let(X, u, T) beanergodicsystenand f anonngativebounded
functionon X. Then

synd-sups(2,n) /fdu . (8.1)

synd-sups (3, n) /fdu . (8.2)

Let ussummarizehe stepsalreadyproved. Let k be equalto either2 or
to 3. We proceedasin theproofof Theoreml.9,first replacingf by its con-
ditional expectationon Z(X) andthenby its conditionalexpectationon a
k-stepnilsystemfactorof Z,(X). We notethatthe operatorsf conditional
expectationpresere the integral. By Corollary 4.5 andLemmal.11the
first conditionalexpectationdoesnot changethe synd-supof the sequence
{lt(k,n)}; if the k-stepnilsystemis well chosenthe secondexpectation
changeshe synd-supof this sequencéy lessthanary givenpositve num-
ber Thereforewe areleft with shaving the theoremunderthe additional
hypothesighat (X, u, T) is an emgodic k-stepnilsystem.We usethe nota-
tion of Sectionsb, 6 and?7.

By Proposition6.5,thedifferencebetweerthesequencesl s (k,n) } and
{Js(k,n)} corvergesto zeroin uniform densityandthusthey have thesame
synd-supby Lemmal.1l.Let ¢ bethefunctiononY definedasin Propo-
sition 7.2 andlet ¢ be the functionon G definedby Equation(7.1) in the
proof of the sameproposition.Since(Y, S) is minimal, we have

synd-su¢ (k,n) = synd-supp(S'ey) = supp(Sey)
n

= supg(y) = supy(g) .
yeY geG

andwe arereducedo shaving that

supr /fdu (8.3)

geG
fork=2andk= 3.

8.1.Onemorereduction.

Recallthatthe group Gy is connectedandclosed.SinceG is k-stepnilpo-
tent, Gk is includedin the centerof G andsois abelian By hypothesigL),
GxNA = {1} andthus G is compact.More precisely Gy is a torus. We
write my for its Haarmeasure.
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LetG' = G/(Gk/\k_1), p: G — G’ bethe naturalprojection,t’ = p(t)
andA’ = A /A 1.

ThenG' is a (k— 1)-stepnilpotentLie groupbut we actuallyconsideiit
asak-stepnilpotentgroup.A’ is a discretecocompacsubgroupof G'. We
write X' = G'/A’, ' for its Haarmeasureand T’ for the translationby t’
onX'. (X', ', T') is a (k— 1)-stepnilsystembut we actuallyconsiderit as
ak-stepnilsystem.This systemis afactorof (X, u, T) in anaturalway. Let
g: X — X' bethefactormap.For ary boundedunction f on X we have

B 1X)(@00) = [ fu)dmx (8.4)

Theﬂ)ypothese$H) and(L) aresgtisfiedandthuswe canbuild the groups

G, G,... andthe nilmanifolds X',... associatedo G’ and X/, with the
sameproperties. IR

We notethat (G)*t! ¢ G andthusthat G’ = G/(Gy)*L. Also, X' is
the imageof X underthe naturalprojectionX*+! — X’**! andthe Haar
measuregll’ is theimageof [1 underthesamemap. .

Let f be a boundedunctionon X, thefuncti~on on G associatedo
f asabore, f' = E(f | X') andy/ the functionon X’ associatedo f'. By
Equation(8.4), we have

wl(p(QO)a p(gl)a SRR p(gk))

= t)(UoGo, UrGa, - - - ; UkGk) dMi(Uo) dmi(Un) . ... dmi(U) -
(Gk)k+1

In particular supg Y(g) > SUycq Y'(d'). Since f’ is nonngative and
hasthe sameintegral as f, we areleft with shaving inequality (8.3) with
G’ substitutedor G, f’ substitutedor f andy’ substitutedor . In other
wordswe canassumewithoutlossthatG is (k — 1)-stepnilpotentandthat
N1 = Gk_1NA istrivial.

Notethat Gi'1 is notincludedin G. For this reasonthe samemethod
cannotbe usedto reducethe level of thenilmanifold onceagain.

8.2. Thecasek = 2.

In this casewe canassuméhatG is a compactabeliangroupandthatA is
trivial. We have X = G andy is its HaarmeasureThenilmanifold X is the
diagonal{ (x,x,x): x € X} andits Haarmeasurel is theimageof 1 under
themapx — (X, X,X).

Let f beaboundedunctionon X andlet ¢/ be the associatedunction
on G. For (9o, 01,92) € G we have

(g0, 01,92) = [ 1009 (920 (629 (9
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andthus

sup(9) 2 (11,1 = [ 109°du(9 > ([ fau)’

geG
andthe proofis complete.

8.3. Thecasek = 3.

In this casewe canassumehat Gs is trivial andthatG, N A is trivial. G,
is connectedcompactandincludedin the centerof G andthusis abelian.
Therefordt is atorus.We write mp, for its HaarmeasureWe have

G={(g,9hg"u,gi*e’): g,he Gue Gy} ;
X ={(%V-xV? - xV3-X): X€ X, VE Gy}

andfi is theimageof u x mp underthemap(x,v) = (X,v-X,V2-X,V° - X).
Let f beaboundedunctionon X andlet ¢ bethe assomate(ﬂuncﬂon
on G. For (g,gh ghPu,gh*u®) € G,

Y(g,gh gy, ghau )
—/ / f(ghv-x) f (ngU\F-x)f(gh3u3v3-x)dmz(v)) du(x) .
We have

supy(g) > [ w(g,gh ghPu, ghPu®) dmy(g) dmy (h) dmy (u)
geG GyxGox Gy

:/ / f(g-x) f(ghv- x) f(ghPuv? - x) f (gh*u®v3 - x)
X GoxGox Gy
dmy(v) dm (g) dma (1) ) du(x)

:/</ £(g-x) f(h-X) f(hw-x) f (Qw? - ) (8.5)
X GoxGox Gy
dmy (g) dmp(h) dmy(w) ) du(x)

Let é\z be the dual group of the compactabeliangroup G,, thatis the
groupof continuouggrouphomomorphismfrom G, to thecircle.Forx € X

we write fo for the Fourier transformof the function fy definedon G, by
fx(u) = f(u-x):

fory e Ga. fuly) = [ f(u-x)y(w)dma(u) .
2
Theinnerintegral in thedoubleintegral (8.5) is equalto

S RO =| [ g am

yeG,
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We obtain

4
supp(9) > | f(u-x o) ey
> ([ f(u-dm(uydue) = ([ 1)’

andthe proofis complete.

Appendix: a combinatorial example by Imr e Ruzsa (proof of Theo-
rem2.4)

We usethedefinitionsof Section2.2.

Lemma 8.2.Letd > 0 beaninteger andag, as, .. . , a4 five pointsin RY, all
havingthe sameEuclideannormandsatisfyingtherelations

ap—3a+3a,—az3=0, (8.6)
a;—3ap+3a3—au=0. (8.7)

Thenthesepointsare equal.

Proof. By addingrelations(8.6)and(8.7), we have that
a+2a3=a4+2a; .

Settings= (ap+ 2a3)/3,a=a; —sandb=az — s, we have

a=s—2b;ay=s+a;a=s+a+b;az=s+b;ayu=s—2a. (8.8

Taking the squareof the norm of thesevectorsand subtracting|s||?, we
find thatthefive following numbersareequal:

lal? +2(as) ; (8.9)

4)al® - 4(a,s) ; (8.10)

b2+ 2(b,s) ; (8.11)

4||b||? - 4(b,s) ; (8.12)

[a]l®+|/b]|? + 2(a, b) + 2(a,s) + 2(b,s) . (8.13)

Equality between(8.9) and(8.10)yields (a,s) = ||al|?/2, andthe equality
(8.11) = (8.12)yields (b,s) = ||b||?/2. From equality (8.9) = (8.11) we
have that||al| = ||b||. The commonvalueof the four first numberss then
2||al|?, and (8.13)is equalto 4||a||? + 2(a,b). As thesevaluesare equal,
(a,b) = —||al|?> andthisis possibleonly if b= —a. Now (a,s) = —(a,s) =
||al|? andsoindeeda = b = 0. We concludethatay = a; = ap = ag = ay.
O
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Fromthis point the prooffollows theline of Behrends agument[Beh]|
for three-termarithmeticprogressions.et m,d,r be positive integers,and
let A bedefinedto be

d-1
{Xo+xam+---+xg_1m* 1% € Z, 0< x5 < m/4, %m =r}. (8.14)
i=

We claimthat/A doesnotcontainarny QC5.Let P beaquadratianteger
polynomialsuchthat P(0),P(1),...,P(4) belongto A. For j =0,1,...,4
we write

d-1 _ d-1
Pi)=S xjm withx j€Z,0<x;<m/4, § x;=r.
2, 2,

TheintegersP(0),P(1),...,P(4) arerelatedby the equations:
P(0) — 3P(1) + 3P(2) — P(3) = 0 andP(1) — 3P(2) + 3P(3) — P(4) = 0
andwe have that

d—1 _
Z)(xo,j —3x1,j+3xj—X3j)m =0;
J:

d-1 _

Z)(Xl’j —3%,j+ 3% —Xa,j)m =0.

J:

Theleft handsideof eachof theseequationss thevalueat m of somepoly-
nomial whosecoeficients areintegersbelongingto the internval (—m, m).
As mis arootof this polynomial,it is identicallyzeroand

Xo,j = 3x,j + 3%, —X3,j = 0@ndxy,j — 3xpj +3%3j —Xa,j =0
for j=0,1,...,d — 1. Thefive pointsag, &, ... ,a4 € RY givenby

g = (Xi,07 Xi,17 ree axi,d—l)
satisfyrelations(8.6) and(8.7) andall have the sameEuclideannorm. By

Lemma8.2they areequalandthusP(0) = P(1) =--- = P(4); P is constant
andourclaimis proven.

For d,m given,let F bethe setof integersof theform xg 4+ x;m—+--- +
x¢_1m*~1 wherex € Z and0 < x; < m/4 for 0 < i < d— 1. If two vec-
tors (Xo, X1, - - -, Xd—1) and (X4, X, . ..,x1d — 1) of this form give the same

elementof F, then
d-1

i—x)m =0
i;(m X)
andby thesameargumeniasabore thevectors(xo, X1, . . ., Xda—1) and(Xg, Xq, .. ., XG_1)
areequal.ThereforeF hasatleast(m/4)¢ elementsandthereexistsr, 0 <

r < d(m/4)?, suchthattheset/ definedby (8.14)hasatleast(m/4)9-2d 1
elementsNotethatA c {0,...,L — 1} for L = mf. Choosingm= 29, we

have aset/A of theannouncedrderof magnitude. O
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